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Abstract

Contemporary deformation tools let designers modify the
geometry of deformed models. This approach can be restric-
tive if the designer wants to incorporate holes or gaps into
a model while deforming it into a different shape. This work
presents a variant of FFD that would let the designer in-
corporate iso-parametric discontinuities into the deforma-
tion function. The input model is automatically split at these
discontinuities, allowing the deformed model to reflect topo-
logical discontinuity changes.

We demonstrate the deformation algorithm using two dif-
ferent applications. The first application wraps a moving
model around obstacles in a scene, splitting and then re-
forming it. The second application works locally, enabling
the end-user to insert arbitrarily shaped cuts into the sur-
face of the model.

1. Introduction

The deformation of geometric models has become a fun-
damental modeling tool in computer graphics. Following the
terminology of [16],Model Deformationdenotes the appli-
cation of a non-linear transformationF(u,v,w) : IR3 ⇒ IR3

to a geometric model. Applying the deformation to an exist-
ing model results in a new, altered version.

There are many available deformation techniques. Some
modify selected parts of a model by applying local defor-
mations while others operate on the whole model at once
and are denoted as global deformation methods. Among the
global methods, one of the most widely-accepted techniques
is Free Form Deformation (FFD) [19]. Here, trivariate func-
tions, usually in the form of tensor product Bézier or B-spline
functions, are used to map a box into a contorted box in
IR3. Then, an application of this FFD function to a geomet-
ric model results in a deformed version of the model. FFD
is usually applied to polygonal models but it is not restricted
to them. Its application to free-form models is also possi-

ble [19]. In this work however, we only consider triangular
meshes.

Most deformation approaches alter the geometry of the
deformed object without affecting its topology. This can be-
come restrictive when a designer wishes to incorporate holes
or tears into an existing model. A deformation tool that can
potentially modify the topology of a model as part of the de-
formation specification will offer diverse applications as a
modeling tool.

This work proposes a new FFD variant, coinedDiscontin-
uous FFD(DFFD). DFFD will account for the needed dis-
continuities and deform the model properly while automati-
cally allowing it to split and re-form at the proper locations.

The DFFD operation is demonstrated using two different
applications. The first application splits a deformable object
and then wraps it around an obstacle(s) in the scene, split-
ting the deformable object and then re-forming it behind the
obstacle(s). The second application demonstrates DFFD as a
general framework for inserting cuts into the surfaces of ge-
ometric models, in real-time.

The rest of the work is organized as follows. In Sec-
tion 2, we survey related work on deformation functions
and geometric modeling of cuts. In Section 3, we present
an overview of the proposed approach. Section 3.1 details
the construction steps of a discontinuous deformation func-
tion. Section 3.2 defines two approaches to closing holes in a
mapped model that result from the application of the DFFD
operation. In Section 4, we examine the use of DFFDs as
a generic cutting tool. Section 5 demonstrates some results
that were achieved by using DFFDs and finally, in Section 6,
we conclude and consider some future directions for the pro-
posed method.

2. Related Work

Throughout the years, researchers have devised many
competing deformation methodologies. Such methodologies
can be classified according to the locality of their influence,
the types of input that can be handled by the deformation
method and whether the deformations are physically based
or purely geometrical in nature. Local deformation methods



such as [12, 21, 13] are usually found to provide designers
with finer control over the shape of the deformed object than
global methods. Global deformation methods are more suit-
able for specifying large scale deformation over their source
model.

Among the global deformation techniques, Free Form De-
formations (FFD) [19] is probably the most widely accepted
general deformation tool. FFD was first suggested by Seder-
berg and Parry as a mapping,IR3 ⇒ IR3, based on a trivari-
ate tensor-product Bézier function. Later work by Griessmair
and Purgathofer [7] suggested a B-spline representation for
better localized control over the deformation process. This
work was later generalized to NURBS-based FFDs by Lam-
ousin and Waggenspack [11].

A significant shortcoming of FFD stems from the fact that
it maps a box-shaped domain into a contorted-box in Eu-
clidean space. When used to deform objects of complex ge-
ometry, the deformation function only remotely resembles
the deformed object. As a result, it becomes even harder to
control the final shape of the deformed object by manipu-
lating the control points of the deformation function. To im-
prove that shortcoming, the Extended FFD (EFFD) by Co-
quillart [4] combined multiple FFD volumes to construct a
single deformation function that better resembles the shape
of the deformed model. Later, MacCracken and Joy [14] sug-
gested the use of arbitrary topology FFD based on subdi-
vision volumes for free-form deformation. The method im-
proves the localization of the deformation since the deforma-
tion mesh approximates the deformed model at the expense
of higher computational complexity.

Most of the existing deformation techniques preserve the
topology of the deformed object. This can be explained by
the fact that common design paradigms are modeled after op-
erations that do not change the topology of the object (bend-
ing, twisting, stretching, skewing and more). However, such
deformations also prevent the introduction of holes or gaps
into the models during the deformation process. Recently,
Steyn and Gain [22] suggested a deformation scheme that
tries to address this issue. [22] starts by extruding the three-
dimensional (3D) object into a four-dimensional (4D) space
followed by an application of a deformation operation on the
4D object. The extrusion is performed by making copies of
the 3D object and stacking these copies as layers of a 4D ob-
ject. Respective vertices of the model layers are connected,
forming a 4D object comprising prismatic-shaped primitives
that are later subdivided into tetrahedrons. Deformation con-
trol is achieved by using Direct Manipulation FFD [8] on the
4D object. The deformed 4D object is then intersected with
a hyperplane in order to extract the deformed 3D object. The
main shortcoming of this approach hinges on the fact that
it requires the manipulation of objects in a 4D space. Such a
manipulation may be counter-intuitive for designers who live
and work in normal 3D space.

A completely different approach, which can be viewed
as topological alteration of deformed models, was presented
by Chen et al. [2]. [2] suggest the use of transfer functions

as tools that prescribe spatial modifications on a volumet-
ric dataset. Transfer functions are usually used to define a
mapping between two different domains, such as heat and
color. [2] extend this notion by suggesting transfer functions
that map between locations in space,IR3⇒ IR3. Such transfer
functions are denoted Spatial Transfer Functions (STF). STF
are applied to volumetric models, resulting in non-structured
volumetric models that may later be sampled on a structured
grid of voxels and rendered using standard volume visualiza-
tion techniques. By properly designing the STF, the user can
introduce holes into an original solid volumetric model.

While the introduction of feature lines as part of the sur-
face modeling process is of major importance in shape de-
sign, not many works are concentrated on the use ofC−1 for
design. Ellens and Cohen [5] suggestedteared surfacesas a
scheme for the incorporation of non-iso-parametric lines of
C−1 discontinuity inside B-spline surfaces. The crux of their
work was the localization of the influence of B-spline con-
trol points with the addition of a local overlapping layers of
control points to accommodate aC−1 discontinuity. Points in
the parametric domain are tagged as belonging to either side
of the discontinuity curve. The evaluation of a teared surface
is done by selecting the proper layer of control points.

Cutting through meshes is a common operation in the
field of surgical simulation. Most systems employ a complex
collision detection scheme and, at times, a haptic feedback
mechanism. In the rest of this overview, we focus mostly on
the geometric part of these efforts, namely the parts that deal
with cutting through meshes.

Bielser et al. [1] described a procedure that cuts tetrahe-
dral meshes. One problem with their approach, as well as
with every other subdivision-based approach, is that the com-
plexity of the mesh increases as the cutting operation pro-
gresses. To prevent this problem, Neinhuys et al. [17] pro-
posed locally aligning the mesh to the curve that the virtual
scalpel traces. This approach alleviates the increase in the
size of the mesh but it also suffers from some drawbacks.
First, the face alignment procedure can produce zero-volume
tetrahedras that get in the way of the Finite Element Analysis
(FEA) deformation engine. Second, if textures are mapped
over the model, this process may cause undesirable stretches.
Finally, if the scalpel is cutting through fine model details,
those details tend to vanish since the mesh near them is al-
tered. To combat the creation of degeneracies in the model,
Neinhuys and Van der Stappen [18] combined mesh cutting
with a Delauny-based triangulation approach. Local edge-
flip operations are used on the faces that are affected by the
cutting operation. The result of employing edge-flips is the
elimination of triangles with large circumference. [18] con-
sider surface meshes only.

3. The Discontinuous Deformation Algorithm

The DFFD algorithm operates in two phases. The first
phase constructs a discontinuous deformation function. The
selection of B-spline functions as the FFD tool lets us exploit



a rich set of modeling techniques that are readily available for
surface modeling. For the task at hand, knot insertion [3] will
be used to introduce a potential iso-parametricC−1 discon-
tinuity into a tensor product B-spline FFD. The proposed al-
gorithm automatically manipulates the control points of the
deformation function to allow the deformation of the geo-
metric model around the potential discontinuity and the cre-
ation of gaps or tears in the model. The two sides of the iso-
parametricC−1 discontinuity retain their former spatial con-
tinuity in every place but the regions of influence of the mod-
ified control points. This easily ensures the continuity of the
deformed model everywhere but for the openings.

A deformation operation is a mappingIR3 ⇒ IR3. In most
cases the deformation is applied to polygonal models that
discretely approximate a free-form object. The vertices of the
model are deformed while the edges linearly connect these
deformed vertices. Thus, edges and faces that cross the dis-
continuity are oblivious to the potential presence of that dis-
continuity and, consequently, do not reflect the needed topo-
logical change. To overcome this problem, the proposed al-
gorithm incorporates an automatic model-split operation that
splits the edges and faces that cross all discontinuities in the
DFFD. In Section 3.1, we discuss the construction of the dis-
continuous deformation function and the automatic split op-
eration.

Definition 1 A hole is introduced into a valid two-manifold
geometric model resulting in an increase of the genus of the
model while retaining its two-manifold validity. Anopening
in a geometric model introduces a boundary-cut that trans-
forms it from a valid two-manifold geometric model into a
non-manifold geometric model.

One undesirable result of our model-split operation is the in-
troduction of openings into the model. Openings can be un-
desirable for applications that require closed, two-manifold,
valid models. To seam such openings, two automatic ap-
proaches are presented. The first approach applies Boolean
operations to the model before the deformation is applied in
order to identify and fill the opening. Since Boolean opera-
tions are not always tractable, a second method that stitches
openings is presented. This second method requires an ad-
ditional manipulation of the deformation function and may
yield a noticeable stretching effect in the deformed model.
Section 3.2 elaborates on these two options for seaming an
opening in a model.

3.1. Construction of the Discontinuous Deforma-
tion Function

As described above, a trivariate tensor product B-spline
function serves here as the deformation function:

F(u,v,w) =
l

∑
i=0

m

∑
j=0

n

∑
k=0

Pi jkBo
i (u)Bo

j (v)B
o
k(w), (1)

(u,v,w) ∈ [Umin,Umax)× [Vmin,Vmax)× [Wmin,Wmax),

wherePi jk are the control points andBo
i (u) are the univari-

ate basis functions of ordero, in all three directions. In this
application, we initially use uniform knot sequences in all di-
rections, which complete the initial definition of a B-spline
function. This function is continuous with a continuity that is
governed byo, the order of the basis functions.

The insertion ofo knots into a knot sequence of curveC(t)
of ordero att0 would result in the interpolation of two differ-
ent control points atC(t0), which, for clarity, are referred to
asC(t−0 ) andC(t+0 ), accommodating a potentialC−1 discon-
tinuity. The same knot insertion algorithm is directly applica-
ble to any of the three parametric directions of the trivariate
tensor product B-spline functionF in Equation (1). The re-
sult of insertingoknots at a parameterumin < u0 < umax intro-
duces two identical and adjacent control mesh planes along a
potentialC−1 discontinuity. In the ensuing discussion, we as-
sume that the knots are inserted in theu parametric direction
of F(u,v,w).

Definition 2 A potential C−1 discontinuity due to the in-
sertion of o knots into the parametric domain of a trivari-
ate B-spline function F of order o at u= u0 defines two
potentialdiscontinuity planes. These planes are denoted as
F− = F(u−0 ,v,w) and F+ = F(u+

0 ,v,w), respectively.

The newly introduced discontinuity planes of con-
trol points, which are inserted into the deformation function,
and the control points in their immediate vicinity, will pro-
vide the extra degree of flexibility that is needed in order to
wrap the space around an obstacle.

In order to define the DFFD function, the algo-
rithm starts by constructing a trivariate B-spline func-
tion that spans somewhat beyond all the obstacles in
the scene. The obstacles are static objects around which
we wish to split and wrap a moving deformable ob-
ject. The algorithm uses the axis-aligned bounding box,
B = [xmin,xmax], [ymin,ymax], [zmin,zmax], of these obsta-
cles to deduce the dimensions of the scene. The parametric
domain of the DFFD function is then prescribed to fol-
low B. In order to fully determine the deformation func-
tion, F, the user supplies the order,o, of the basis functions
and the number of control points in each direction,l , m and
n. Uniformly-spaced knot sequences in each parametric di-
rection complete the specification ofF. Then, the control
points of the deformation function,Pi jk , are placed uni-
formly insideB.

The process of building up the DFFD function contin-
ues by inserting potentialC−1 discontinuities into the initial
trivariate function,F . Let the center of mass of theith obsta-
cle, Oi , in theu parametric direction beu0

i (see Figure 1).o
knots are inserted atuo

i , resulting in a potentialC−1 discon-
tinuity at that parameter. Control points that are associated
with theu= uo

i parameter, or are in close proximity, are relo-
cated in order to avoid obstacleOi . In other words, we seek
to modify F(u,v,w) so that its range will have an empty in-
tersection with the obstacles,F(u,v,w)∩Oi = ∅,∀i.



In order to achieve this object avoidance,Oi is intersected
with a series ofw-parallel planesWk : w = wk,0 ≤ k < n.
For eachWk, the set of intersection points,Wk∩Oi , is then
used to construct two boundary curves,C+(v) andC−(v),
which wrapOi at planeWk (see Figure 1). Each pair of con-
trol points,Pi jk , from F− andF+ along theC−1 discontinu-
ity, are projected ontoC−(v) andC+(v), respectively, result-
ing in a gap in the range ofF that approximates the shape of
Oi .

The projection procedure, though simple to implement
and comprehend, also possesses some limitations. A con-
trol point,Pi jk , on the discontinuity plane, could be projected
over adjacent control points, resulting in self-intersections
in the deformation function. Self-intersections in the de-
formation function are undesirable and may lead to self-
intersections in the deformed model (see [6]). Denote byPu

i jk

the component of the control pointPi jk and byVu±
i jk the com-

puted translation vector for control pointP±i jk ∈ F± along

theu axis. The influence ofVu±
i jk is propagated to neighbor-

ing vertices such thatP±q jk = P±i jk + κ(Pq jk,Pi jk)Vu±
i jk , where

κ(Pq jk,Pi jk) is a finite kernel filter that decays from one to
zero asPq jk moves away fromPi jk . In this work, we used a
truncated Gaussian function and a quadratic B-spline func-
tion for κ(·, ·). Proper specification ofκ(·, ·) is needed to pre-
vent the introduction of self-intersections into the deforma-
tion function, on the one hand, and excessively wide defor-
mations, on the other. In this application the kernel parame-
ters, such as the variance and cut-off level in the case of the
Gaussian kernel and the shape of the B-spline filter, are con-
trolled by the user.

As described in [6], the presence of zeros in the Jacobian
of F, J(F) =< ∂F

∂u × ∂F
∂v , ∂F

∂w >, signals when the application
of a kernel function,κ(·, ·), introduces self intersections into
F . Let F be a trivariate tensor product function with control
pointsPi jk that are uniformly spread over a 3D box. Then,

Theorem 1 Given F, a trivariate tensor product B-spline
function with uniformly distributed control points along a
3D box Pi jk , such that Pui+1, j ,k > Pu

i, j ,k and ‖J(F)‖ > 0. As-
sume we move control points along the u axis such that
Pu

i+1, j ,k > Pu
i, j ,k is preserved∀i, j,k after the application of

κ(·, ·) to F. Then‖J(F)‖> 0 still holds.

Proof: ∂F
∂u continues to point to the+u direction and∂F

∂v

retains its+v component. Hence, the projection of∂F
∂u × ∂F

∂v
on thew axis never vanishes. Since all control points move
orthogonally to thew direction,∂F

∂w retains its+w coefficient

and the inner product< ∂F
∂u × ∂F

∂v , ∂F
∂w > remains positive.2

Therefore, it is sufficient to test for the occurrence of fold-
overs of control points in theu direction to identify the intro-
duction of zeros into the Jacobian ofF .

This projection procedure limits the types of obstacles that
can be properly embedded. LetPi jk be a control point along

the insertedC−1 discontinuity. Then, the projection opera-
tion of that point on the curveC±(v) should be unique, which
allows only obstacles that are monotonic relative to thev di-
rection. In addition, one should recall thatC±(v) only ap-
proximates the shape of the obstacle. For objects with com-
plex geometry such an approximation might be too crude, re-
vealing gaps between the obstacle and the deformed object,
or causing the deformed object to penetrate the obstacle. This
problem may be alleviated by inserting more degrees of free-
dom into the deformation function.

Thus far, we have described the insertion of a single dis-
continuity into the DFFD function. Conceptually, the inser-
tion of multiple discontinuities is similar; see Figures 10
and 11. However, since each control point in the control vol-
ume has a finite region of influence, discontinuities that are
too closely packed in theU direction will interfere with each
other. To eliminate such interference, there should be enough
degrees of freedom between each pair of obstacles,Oi and
Oj . The minimal number of required control points in the di-
rection of the manipulation depends on the order of the de-
formation function,o, and on the support of the kernel func-
tion, κ(·, ·).

3.2. Splitting and Stitching the Model

The constructed deformation function,F, as presented in
Section 3.1, when used to naively deform a polygonal model,
M, does not achieve its goal. While the vertices ofM are
properly mapped, the edges and faces ofM are not evalu-
ated through the deformation function. Edges that connect
vertices on opposite sides of the discontinuity would sim-
ply cross it; faces that share these edges would present the
same problem. To prevent the phenomena from occurring,M
must be split at each discontinuity,u = ui ,∀i, before the de-

C+(v)

C−(v)

Oi

Wk

V

U

Omax(v)
i

•

Omin(v)
i•

u0
i

Figure 1. The cross-section of obstacle Oi in plane
Wk, in the shape of a silhouette of a human face,
guides the construction of the DFFD function. The
two boundary curves, C+(u) and C−(u), on the cut-
ting plane Wk are shown in red.



formation takes place. The splitting operation is performed
in the parametric domain ofF, which is also the object space
of M. Since the object resides in the parametric domain ofF,
the split operation is done relative to a flat iso-parametric sur-
face. Denote byEj ,k = Vj ,Vk the edge connecting verticesVj
andVk, and letvu

j andvu
k be theu coordinates ofVj andVk, re-

spectively. Without loss of generality, assumevu
j < vu

k and re-
call thatui is the splitting parameter. Then, ifvu

j < ui < vu
k,

Ej ,k is a crossing edge that must be split. The result of the
polygon splitting phase is a modified model,M̄, which con-
tains no edges that cross the discontinuity As a result of the
potentialC−1 discontinuity inF , as described in Section 3.1,
points withu≥ ui would be mapped to one side of the dis-
continuity, while points withu < ui would be mapped to
the opposite side. Because the above edge-splitting proce-
dure introduces new points withu = ui , the algorithm moves
these points to the proper side by adding (subtracting) a small
amount, settingu±i = ui ± ε.

Mapping M̄ through F will result in openings in the
mapped model,F(M̄), along the discontinuities ofF (see
Figure 2(a)). In other words, as a result of the DFFD oper-
ation, a valid two-manifold model,M, will become a non-
manifold one, with openings with boundaries. This behav-
ior may not be desirable in many cases and ways to close
these openings must be sought. We propose two approaches
to close these openings. The first one employs Boolean op-
erations [15, 10]. LetMF = F(M) be the mapped model
and letP+ be an infinite cutting plane defined by the split
parameterui and capturing the half spaceu ≥ ui . Then,
M+ = F(M ∗ P+) and M− = F(M −P+) define the two
split parts ofMF , where∗ and− represent the intersection
and subtraction Boolean operations, respectively. IfM is a
valid two-manifold, these operations are well defined.M+

andM− are two closed objects that are fully contained in do-
mains [umin,ui) and [ui ,umax), respectively. Hence,F(M+)
andF(M−) are two closed objects at the opposite sides of the
discontinuity, with added caps at the intersection. See Fig-
ure 2(b) for an example of an application of this method to
openings in a model.

A potential difficulty in the general use of Boolean op-
erations is that many polygonal models are not proper two-

(a) (b)

Figure 2. A non-trivial shape, the silhouette of a hu-
man face, (see also Figure 1) is molded into the
center of a simple mechanical part using a DFFD
operation. In (a), the edges of the opening are left
open, while in (b), Boolean operations are used to
cap the introduced opening.

manifolds, for which Boolean operations are not applicable.
Moreover, the caps that Boolean operations create for seam-
ing the openings are onlyC0-continuous. For aC1 smooth
object,M, such low continuity might be insufficient. Thus,
a second option that offers better continuity, while assum-
ing nothing about the mapped objectM but demands an ad-
ditional manipulation of the trivariate deformation function,
is suggested.

In order to close the openings that are formed in a
model as a result of the DFFD operation, the deforma-
tion function can also be further manipulated. ModifyF
such that F(ui ,v,w) = F(ui ,v,ws),∀w, where ws serves
as thew-stitching parametric level. As a result, all con-
trol points of F interpolating the discontinuity plane at
u = ui would be stitched together at a single paramet-
ric level w = ws. ws could be derived in several manners,
and currently, the algorithm selectsws to be the aver-
age w-value of all the vertices,Vi , with vu

i = ui , in M̄.
To complete the stitching operation, the control points of
F, Pi jk = (ui ,vj ,wk) on the two discontinuity planes are
moved toPi jk = (ui ,vj ,ws),∀ j,k. Figure 3 presents the re-
sult of stitching shut a rounded hole in a DFFD trivari-
ate function. A properly stitched DFFD function,F, has
the property that every application ofF to M̄ will pre-
serve the two-manifold property inF(M̄), if M̄ is a
two-manifold geometric object. No new openings are intro-
duced intoF(M̄) and the openings along the discontinuity
u = ui are stitched together into a closed seam.

C±(v) areC0 continuous in two locations, at the minimal

and maximalv values ofOi , Omin(v)
i and Omax(v)

i (see Fig-
ure 1). Projecting control pointsPi jk ontoC±(v) is insuffi-
cient to capture this low continuity inC±(v). Hence, we insert

o−1 knots in thev parametric direction at parametersvi
max

andvi
min corresponding to the twoC0 locationsOmin(v)

i and

Omax(v)
i , respectively. Figure 4 shows the difference with and

without an interpolation constraint in thev direction of the

DFFD function atOmin(v)
i andOmax(v)

i .

(a) (b) - U

6
W

Q
QsU

6
W�

�>
V

F(u,v,w)

Figure 3. In (a), a modified trivariate function, F ,
which has a circular hole in it, is stitched together,
closing the opening. The stitching operation pre-
serves a closed mapped object, F(M̄). In (b), a
side-view of F is shown.



(a) (b)

Figure 4. A model of a sphere is squashed in the
vertical direction and wrapped around a cylindri-
cal obstacle in front. In (a) no interpolation con-
straint is imposed on the control points in the v di-
rection, which results in an opening in the middle
of the model. (b) shows the effect of inserting o−1

knots in the v direction at Omax(v)
i , thereby closing

the gap.

4. Local DFFD

Section 3 described the construction and manipulation
of the DFFD algorithm from the point of view of a global
deformation algorithm. Alternatively, the DFFD algorithm
can also be treated as a local mesh-splitting algorithm that
cuts the surface of polygonal meshes while properly han-
dling the shape and deepness of the cut and preserving its
two-manifold property. The algorithm models the shape and
deepness of the cut produced by the shape of the cutting tool.
Moreover, by properly designing the the DFFD function, the
algorithm can simulate the time-response of the deformable
object in the vicinity of the cut.

The local DFFD cutting operation comprises three steps.
First, the end-user defines the region that should be influ-
enced by the cutting operation and constructs a DFFD func-
tion. Then, the algorithm identifies the geometry that is em-
bedded in the spatial support of the DFFD function. Assum-
ing a polygonal geometry, we need to locally parameterize
the vertices of these polygons relative to the range of the
DFFD function. Finally, the DFFD should be evaluated by
computing the deformation of the target surface polygons,
splitting polygons that cross the discontinuities of the DFFD
function and adding the polygons that define the deepness of
the cut.

To define the DFFD function, we locate thegenerator
curveon the surfaces of the geometry to be cut. A series of
mouse-recorded hit points on the surface is used to construct
a B-spline curve that approximates the generator curve,G(v),
in a least-squares sense. FromG(v) we also derive thetan-

gent curve, T(v) = dG(v)
dv . Moreover, from the surface nor-

mals at the hit points we construct anormal curve, N(v)
(see Figure 5). Denote byGi a sampled position alongG(v),
and byTi andNi the normalized unit vectors sampled along
T(v) andN(v), respectively; letSi = Ti ×Ni . Then, the con-
trol pointsPi jk of the DFFD trivariate functionF are defined

N(v)

S(u)

N(v)

S(u)

Pi jk•Pi jk•
GiGi

u = 0 u = 1
w = 0

w = 1

u = 0 u = 1

w = 0

w = 1

(b)(a)
Figure 5. A cross-section of a local DFFD func-
tion placed over a cylindrical surface. The direc-
tion of the scalpel G(v) is oriented into the page.
(a) shows the DFFD function prior to the insertion
of discontinuities, while (b) shows the same func-
tion after the introduction of the discontinuity cut;
see also Figure 6.

(a) (b) -U
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Figure 6. In (a), a general view of a local DFFD
function is shown. The two red iso-parametric sur-
faces depict the cut. (b) presents the iso-surface
F(u,0.5,w).

as

Pi jk = Gj +
(⌊

l
2

⌋
− i

)
αSi +

(⌊n
2

⌋
−k

)
βNi , (2)

0≤ i < l , 0≤ j < m , 0≤ k < n,

where l , m and n follow the notation of Equation (1), and
α andβ are two user-defined offset-amount scaling factors.
Equation (2) positions the trivariate deformation function
such that the generator curve,G(v), is approximately equidis-
tant from the outer envelope of the DFFD function,F , at
F(1

2,v, 1
2), assuming[0,1] domain inu andw. In a similar

way to the construction ofF in Section 3.1,o knots are in-
serted in the middle of theu parametric axis ofF , resulting
in a potentialC−1 discontinuity. Since the DFFD construc-
tion scheme generates curved-shaped deformation functions,
a different algorithm is used to model the shape of the discon-
tinuity. To form the cut, the control points that reside near
and on the discontinuity,P±i jk for i =

⌊
l
2

⌋
, are moved along

theu parametric axis. The amount of movement is controlled
by the kernel function,κ(P±i jk ,P±b l

2c jk
); see, for example, Fig-

ure 6.



The next step of the cutting algorithm is the detection of
polygons in the cut geometry that are contained in the range
of the deformation function. Here, we select all the polygons
that were traversed by the generator curve as well as poly-
gons with close proximity whose vertices are contained in
the spatial domain ofF. Vertices that are contained in the do-
main of the deformation function are selected and parameter-
ized by their local coordinates inside the volume ofF. LetVi
be a vertex on the discontinuity. We parameterizeVi such that
u = 1

2, v = arg
v

min‖G(v)−Vi‖, andw = 1
2. Edges and faces

that cross the potential discontinuity are split and the defor-
mation function is evaluated (as in Section 3.1).

As was described in Section 3.2, we should maintain the
two-manifold validity of the model in the presence of cut-
ting operations. Here, we can use the assumption that our
cutting operation is local, which means that the cutting tool
always cuts a single patch of the input geometry. This as-
sumption lets us construct a new geometry for the deepness
of the cut, in the shape of the cutting tool. An evaluation of
the original and new geometries through the DFFD function
completes the construction of the deepness of the cut, and
also guarantees the validity of the surface. The introduction
of new geometry to close the opening can be further viewed
as another option to seaming the opening that is formed dur-
ing the DFFD operation. We presented this method in an-
other paper [20] that focused on the applications of DFFD as
a cutting framework for surgical simulations.

5. Results

We present some results of applying DFFD operations to
various models. Figure 7(a) shows the application of the em-
bedding algorithm to the Stanford bunny model with a cylin-
drical shaped tool entering from above. The opening in the
model that results is clearly visible. In Figure 7(b), the stitch-
ing algorithm was applied to the DFFD function and then the
deformation was applied to the model, resulting in a valid
two-manifold object.

Figure 8 demonstrates the use of local DFFD operations
for real-time cutting operations. The shape of the DFFD is
designed to produce an incision in a model of a face. Each
incision on the face corresponds to an application of a lo-
cal DFFD operation. The deepness of the cut is modeled and
textured to replicate the influence of a cut to the model.

Cases exist where the stretching introduced by the stitch-
ing method are significant. If the mapped model,M, is a
two-manifold, Boolean operations can be used to generate
caps over the holes that are introduced into the model by
the DFFD operation. Figure 9 shows several snapshots of an
animation sequence of a moving bulldozer. A redwood tree
splits open to admit the moving tractor; the split is shown
as a gradually widening gap. Boolean operations were used
to define the caps in the interior of the tree, which are tex-
tured with a wood-like texture. In Figure 10, an animation se-
quence of a walking robot is shown. Multiple discontinuities

(a) (b)
Figure 7. The Stanford bunny model with a cylinder-
tool slicing through from above. In (a), the model
was left open so that its inside is exposed. In (b),
the DFFD’s stitching method is used to close the
opening.

Figure 8. The local DFFD method was used to in-
troduce several cuts into the cheek and nose. The
inner part of the cut is shown, with flesh-like tex-
ture.

are introduced into the DFFD function, one for each bar. The
robot simultaneously passes through several vertical paral-
lel bars. When the robot reaches the bars, it splits apart, only
to re-form beyond the bars. In this case, neither the DFFD
stitching technique nor the Boolean operation method was
used. As a result, the robot’s interior is exposed during the
split.

Figure 11 demonstrates that DFFD is independent of the
orientation of the model. The robot model is placed in three
different orientations relative to three semi-transparent paral-
lel bars.

The DFFD operation is fairly cheap in terms of execution



Figure 9. Snapshots from an animation sequence of a bulldozer moving through a forming hole in a tree. Boolean
operations were used to compute the interior of the hole, which is also wood-textured.

Figure 10. Snapshots from an animation sequence of a robot walking through vertical bars. The model was left
open to reveal its inner parts. In this example, the bars that were originally used to generate the opening were
replaced by slimmer bars to better expose the splitting effect.

Figure 11. The robot model is cut with bars with different orientations. The DFFD construction is not limited to
deformable objects with the same orientation as the obstacles.



time. A DFFD function with several thousand control points
can be constructed at interactive rates, regardless of the com-
plexity of any deformed model. The evaluation time of any
model is linear in the number of vertices. For example, a sin-
gle deformation of the model of the robot in Figure 10, which
contains about 32000 vertices, took about one second on a
Pentiumtm4 PC with 512 MB of RAM. For local DFFD (Sec-
tion 4), both the construction rates of the DFFD function and
the deformation time pose no limit on the real-time charac-
teristics of the system.

6. Discussion and Conclusions

We have presented an algorithm for modeling cuts and
openings in general meshes. The method builds upon a vari-
ant of FFD that supports the introduction ofC−1 disconti-
nuities into a deformation function. The algorithm employs
standard knot insertions, followed by a manipulation of the
control volume of the deformation function. To achieve a de-
formation that adheres to the discontinuities in the deforma-
tion function, a model-split algorithm is also defined. The
deformed model is first split in the parametric domain ofF.
Since the inputs to the algorithm are surface-based meshes,
we also present the means to close or stitch the openings
that are introduced into the model as a result of applying the
DFFD operation.

The DFFD operation has been demonstrated using two ap-
plications. The first automatically wraps deformable objects
around obstacles that are placed in a scene. Several animation
sequences that demonstrate the applicability of the proposed
method are shown. The second defines a local DFFD func-
tion that cuts the surface in real-time. The embedded parts
are parameterized relative to the DFFD volume and then
split and re-formed, resulting in an arbitrarily shaped cut. We
foresee that surgical simulators could benefit from such cut-
ting operations. We expect that a careful tissue-based anal-
ysis of the cutting models, such as FEA, could be encoded
into the cutting DFFD to a user-defined precision. Then, a
purely geometric deformation phase would cut into the ma-
terial in real-time, modifying the shape of the cut to resem-
ble the expected shape. Applying DFFD to local areas of a
model has two direct benefits. First, since only part of the
model undergoes a deformation, the algorithm can achieve
interactive manipulation rates. Second, the local version of
the algorithm lets the designer specify arbitrarily-shaped in-
cisions, alleviating the limitation of iso-parametric cuts.

DFFD operates by inserting iso-parametric discontinu-
ities into the deformation function. Nothing prevents us from
composing multiple DFFD operations on a single model,
each in a different direction. An anticipated problem with
such a composition will be in places where discontinuity
planes intersect. One simple solution would be to compute
the effect of a DFFD with a single iso-parametric disconti-
nuity over an input geometry and then feed the result into a
second, rotated in space, DFFD function.

The presented algorithm also has some limitations. First,
currently it can only handle iso-parametric cuts. This short-
coming is a direct result of using knot insertion to incor-
porate a potentialC−1 discontinuity. Enabling arbitrarily
shaped discontinuity contours possibly as trimmed volumet-
ric DFFD functions, would broaden the class of available
cuts. Toward this end, intuitive ways should be developed to
model the complex shape of the trimming surfaces. One ap-
proach that might present a feasible research direction is an
extension to direct manipulation tools [9] to the problem of
trimming surfaces design.

A second limitation of the algorithm results in the use
of a projection procedure to construct the DFFD function.
Such a projection procedure can only handle obstacles that
are monotone relative to the axis of movement,v, which im-
plies that each projected point might intersectC±(v) exactly
once. In order to broaden the class of objects that can be used
for design of the DFFD function, other construction methods
should be explored.

As presented, the algorithm cuts through surface-based
meshes or models. In order to improve the usability of the
algorithm for surgical simulations, we need to support cuts
through volumetric meshes. Since our deformation model
is volumetric by nature, we foresee no conceptual problem
here. However, surgical simulations require the deformation
engines to work in real-time.

Similarly, in order to make DFFDs into a more general
design tool, the support for free-form rational geometries
should be considered. Supporting free-form surface-based
models could be added by supporting trimmed surface in the
deformable models.
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