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On the Stopping Redundancy of Reed—Muller Codes
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Abstract—The stopping redundancy of the code is an important
parameter which arises from analyzing the performance of a linear
code under iterative decoding on a binary erasure channel. In this
paper, we will consider the stopping redundancy of Reed-Muller
codes and related codes. Let R(£, m) be the Reed—Muller code
of length 2™ and order £. Schwartz and Vardy gave a recursive
construction of parity-check matrices for the Reed—Muller codes,
and asked whether the number of rows in those parity-check ma-
trices is the stopping redundancy of the codes. We prove that the
stopping redundancy of R(m — 2, m), which is also the extended
Hamming code of length 2™, is 2m — 1 and thus show that the
recursive bound is tight in this case. We prove that the stopping re-
dundancy of the simplex code equals its redundancy. Several con-
structions of codes for which the stopping redundancy equals the
redundancy are discussed. We prove an upper bound on the stop-
ping redundancy of R (1, m). This bound is better than the known
recursive bound and thus gives a negative answer to the question
of Schwartz and Vardy.

Index Terms—TIterative decoding on binary erasure channel,
Reed-Muller codes, simplex codes, stopping distance, stopping
redundancy, stopping sets.

I. INTRODUCTION

HE performance of iterative decoding algorithms on low-

density parity-check codes can be analyzed precisely on
the binary erasure channel. Di, Proietti, Telatar, Richardson,
and Urbanke[1] have shown that this performance is completely
determined by stopping sets in a Tanner graph of the code. A
stopping set S in a code C is a subset of the variable nodes of a
Tanner graph for C such that each neighbor of S is connected
to at least two members of S. The stopping distance of C is
the size of the smallest stopping set. The role of the stopping
distance in iterative decoding is akin to the role of minimum
Hamming distance in maximum-likelihood decoding. There-
fore, the aim is to try and maximize the stopping distance as
one tries to maximize the minimum Hamming distance. How-
ever, there is an important difference between the stopping dis-
tance of C and the minimum distance of C. While the minimum
distance is a property of the code C, the stopping distance is de-
termined by the specific choice of a Tanner graph for the code,
or equivalently, the specific choice of a parity-check matrix for
C. The stopping distance was discussed in several papers [4],
[71, [8]. Similar definitions with different terminology are given
in [2], [3], [9].
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Let F'5 be the vector space of binary words of length n. An
(n, k,d) binary linear code is a linear subspace of Fj' with di-
mension k£ and minimum Hamming distance d. Let C be an
(n, k,d) code. C has a k x n generator matrix G. C is the linear
span of the rows of G. C has a p X n parity-check matrix H. The
rows of H span the orthogonal space of C. Usually, when we
consider error-correcting codes we choose ptobe n — k. n — k
is called the redundancy of C and it will be denoted by r(C). We
will number the rows of the matrices from top to bottom, where
row 0 in a matrix is the top row. We will number the columns
of the matrices from left to right, where column 0 in a matrix is
the leftmost column. Given a code C with a parity-check matrix
'H, the stopping distance of 'H is defined as the largest integer
s('H) such that each nonempty set of s(?H) — 1 or less columns
of H contains a row with weight one. The stopping redundancy
of an (n, k, d) code C, p(C), is defined as the smallest number of
rows in a parity-check matrix H of C, such that s(H) = d(C),
where d(C) is the minimum distance of C.

In this paper we consider the Reed—Muller codes and related
codes. Reed—Muller codes can be defined in terms of Boolean
functions. For a code of length 2™, we have m variables
vg, *** ,Um_1, Which can have values of 0 or 1. A Boolean
function is a function f(vg, --- ,v;,_1) which can have the
values 0 or 1. Such a function can be specified by a truth table
that gives a value of f for each of its 2™ arguments. Each
function f can be represented as sum of products of variables.
The degree of a function f is the largest number of distinct
variables in a product of variables. Note that given a product
and a variable v;, either v; or ¥; can appear in the product, but
not both. The ¢th order Reed-Muller code R(¢,m) is the set
of functions with degree at most £. For more information about
the representation of a Reed—Muller code as sets of boolean
functions, the reader is referred to [5, pp. 370-377]. To find
the stopping redundancy of R (¢, m), we first have to know the
minimum distance of the code. This distance is well known.

Lemma 1: The minimum Hamming distance of R(¢, m) is
2m—t,

It was proved in [8] that the matrix

HUl—-1,m—-1) HL-1,m-1)
H(l,m) = 0 H(l,m —1) (1)
H(,m —1) 0

where

’H(m—l,m) = [1 1]/ H(O/m) = [1 IQm_l]

1 is the all-one column vector, and I, is the k& X k identity matrix,
is a parity-check matrix for R(¢, m), for which s(H(¢,m)) =
2m—t Schwartz and Vardy [8] asked whether the number of
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rows in H (¢, m) is the stopping redundancy of R(¢,m), i.e.,
whether this recursive construction is optimal.

In Section II, we discuss the stopping redundancy of the ex-
tended Hamming code of length 2™, which is the Reed—Muller
code of length 2™ and order m — 2. Schwartz and Vardy [8]
have proved that p(R(m —2,m)) < 2m— 1. We will prove that
this bound is tight, i.e., p(R(m — 2,m)) = 2m — 1. The proof
is done by showing first that the parity-check matrix must in-
clude all rows of the classic parity-check matrix of R(m—2,m).
The linear combinations of these rows in the other rows of the
parity-chick matrix are translated into another matrix, and prop-
erties of this new matrix which implies stopping distance 4 are
examined.

We continue in Section III to examine the stopping redun-
dancy of other codes with minimum distance 4. A general bound
on the stopping redundancy of these codes is given.

In Section IV, we examine the stopping redundancy of the
(2™ —1,m, 2™~1) simplex code. This code is closely related to
the (2™, m+1,2™ 1) first-order Reed—Muller code. ¢ is a code-
word in the simplex code if and only if O and ¢1 are codewords
in the first-order Reed—Muller code. The method for proving
the stopping redundancy of the simplex code is the basis for the
technique used for the first-order Reed—Muller code. We prove
that the stopping redundancy of the simplex code is equal to
its redundancy. We present a few constructions for other codes
whose stopping redundancies are equal to their redundancies.

In Section V, we prove that the general bound for
Reed—Muller codes given in [8] is not tight. We show that

(6m —7)2m~1 4 (—1)™~!
p(R(1,m)) < 5 :

This bound is better than the previous bound (p(R(1,m)) <
(m — 2)2™~! + 1) obtained by the recursive construction of
Schwartz and Vardy and thus provides a negative answer to their
question. The proof is done by constructing a parity-check ma-
trix for R(1, m). Several matrices are used and defined recur-
sively, where each one uses some of the other matrices of smaller
length.

In Section VI, we conclude with a discussion and a list of
open problems.

II. THE EXTENDED HAMMING CODES

For two given integers 4, m, 0 < i < m, let v; ,, be the
binary row vector of length 2™ consisting of 2™~ ~1 periods of
2! zeroes followed by 2' ones. Let vy, , be the all-ones binary
vector of length 2™.

Example:

19,4 = 0101010101010101
v1,4 =0011001100110011
vg 4 = 0000111100001111
v3,4 = 0000000011111111
V4,4 = 1111111111111111.

Let V[m] be the (m + 1) x 2™ matrix whose ith row is v; .,
0 < ¢ < m. By definition we have (see [5]) the following.
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Lemma 2: V[m)] is a parity-check matrix for R(m — 2,m).
The first result is due to [8].
Lemma 3: Form > 2, p(R(m —2,m)) <2m —1

Schwartz and Vardy [8] have shown that the matrix P,,,, m >
2, whose definition is given below, is a parity-check matrix of
R(m — 2, m) with stopping distance 4 and redundancy 2m — 1

0 0 1 1
P=1]1 1 0 0
01 0 1
00---0 11---1
Prn=|11---1 00---0 m >3
_Pm—l Pm—l

In this section, we will prove that the upper bound of
Schwartz and Vardy is tight, i.e., the stopping redundancy of
R(m — 2,m) is 2m — 1.

Let A be a t X n matrix with ¢ distinct rows. A ¢ X n matrix
B, with ¢ distinct rows, is a submatrix of A if the q rows of B
are also rows of A. Let A an B be two ¢ x n matrices. A and B
are called isomorphic matrices if B can be obtained from .4 by a
permutation on the rows of A and a permutation on the columns
of A. Note that two matrices .4 and B are isomorphic if and only
if their corresponding Tanner graphs are isomorphic. In the se-
quel, throughout the paper we will sometimes abuse definitions
when we sometimes say “column” and we really mean ~column
number.” The real meaning will be always understood from the
context.

Lemma 4: If 'H is a parity-check matrix for R(m — 2,m),
then there exists a submatrix of H isomorphic to the submatrix
obtained from the first m rows of V[m)].

Proof: Since H is spanned by V[m], it follows that H
has m linearly independent rows which are spanned by vectors
Ug, U1y .y Um—_1, Where for each 2, 0 < ¢ < m — 1, either
Uj = Vim OF Ui = Vi m + Um,m. Let wi,woa, ..., w, besucha
set of m linearly independent rows of H. One can easily verify
that the m x 2™ matrix defined by these m rows has each ele-
ment of F'5" appearing exactly once as a column. Therefore, we
can permute the columns of this matrix to obtain the order of
the 2™ columns of V[m].

Thus, there exists a submatrix of H isomorphic to the subma-
trix obtained from the first m rows of V[m]. O

Let H be an (m+k) x 2™ parity-check matrix of R(m—2,m)
whose first rn rows are the first 7 rows of V[m] and its stopping
distance is 4. The stopping distance of V[rn] is 3 and therefore
k > 0.Let h berowm +14,0 < i < k—1, of H. We
can write h; as a linear combination of the rows of V[m], i.e.,
hi = 3270 bi,jvjm, bij € {0,1}. We define a k x (m + 1)
translation matrix B[H] whose entry in row 4, column j is b, ;,
0<i<k-1,0<j<m.

Let Z,,+1 = {0,1,...,m} be the set of columns of B[H].
Let II;, II, I3, be three disjoint nonempty subsets of Z,,, 11
such that m € 1l3. If for any such three subsets, there exists a
row of B[H] in which

¢ the number of ones in the columns of 113 is odd;
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¢ the number of ones in the columns of II; is odd or the
number of ones in the columns of II5 is odd;
then the matrix B[] will be called stopping free.

Let A be an r X n binary matrix and let o, s, ..., a; be
t distinct integers between 0 and n — 1. A(aq, g, ..., a4) is
the projection of A onto the columns a1, as, - . ., ;. For a set

of columns S, we denote by .A(S) the projection of .4 onto the
set of columns S. The set of b — a + 1 consecutive integers
{a,a+1,...,b} will be denoted by [a..b].

Lemma 5: Let H be an (m + k) x 2™ parity-check matrix of
R(m — 2, m) whose first m rows are the first m rows of V[m].
‘H has stopping distance 4 if and only if B[H] is stopping free.

Proof: The first m rows of H are the first m rows of V[m)].
Hence, we can consider each of these rows as a Boolean variable
and a column in these m rows as an assignment of Boolean
values to these m variables. There are 2™ distinct columns. Each
one has one of the 2 different assignments of boolean values
to these m variables. Consider now three different columns «,
&, and y of H. If H has stopping distance 4 then H (v, £, ) must
have a row of weight one. If the first m rows of H(«, £, ) do not
have such a row of weight one then each one of these m rows
has one of the values 000,111,011, 101, or 110. Note, that at
least two of the three patterns 011, 101, 110, must appear as a
row since otherwise there will be two identical columns in the
first m rows of H(«, £, v). The last k rows of H (and hence also
of H(a, €,7)) are linear combinations of the first m rows and
the all-ones vector. We distinguish between the following two
cases.

Case 1: Exactly two of these three patterns appear (without
loss of generality (w.l.0.g.) we assume that 011 and 101 are
these patterns). As in the last k£ rows of H(«, &, ), we must have
a row of weight one and this row is a linear combination of the
m + 1 rows of V[m](«, &, v) we must have in this combination
the following set of conditions fulfilled.

* An odd number of vectors which correspond to the pattern
011 or an odd number of vectors which correspond to the
pattern 101.

* An odd number of vectors which correspond to the pattern
111 (including the all-ones row of V[m]).

* Each one of the vectors which corresponds to the pat-
tern 000 can appear in the combination (but also can be
omitted).

Let

I ={i:vim(a,§,7) =011, 0<i <m—1}
Iy ={i : vim(a,§,7) =101, 0< i <m—1}
H3 :{L : Ui,m(O‘?ga’Y) = 111 0 < [ < m}

Note, that each of these sets is nonempty, but otherwise can con-
tain any element between 0 to m — 1 provided they are all dis-
joint. It can be verified now that the set of conditions is satisfied
for any «, £, and v, if and only if B[H] is stopping free.

Case 2: All three patterns appear. Similarly, in the last k£ rows
of H(a, &, ), we must have a row of weight one and this row is
linear combination of the m + 1 rows of V[m](«, &, v), so we
must have in this combination the following set of conditions
fulfilled.
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* An odd number of vectors which correspond to the pattern
011 or an odd number of vectors which correspond to the
pattern 101, or an odd number of vectors which correspond
to the pattern 110, but not an odd number of vectors for all
the three patterns.

* An odd number of vectors which correspond to the pattern
111 (including the all-ones row of V[m]).

* Each one of the vectors which correspond to the pat-
tern 000 can appear in the combination (but also can be
omitted).

This case is resolved similarly to Case 1. We need to give a
slightly different definitions for II; and II, from those given in
Case 1. We leave the definitions to the reader.

Thus, H has stopping distance 4 if and only if B[H] is stop-
ping free. O

Let Hbean (m + k) x 2™, 0 < k < m — 1, parity-check
matrix of R(m — 2, m) whose first m rows are the first m rows
of V[m] and let B[H] = [5o, b1, - - -, Bm] be its translation ma-
trix. Assume further that the last column of B[H] is the all-ones
column vector. Assume that the maximum number of linearly
independent columns from the first m columns of B[H] is 7.
Let A be a set of such 7 linearly independent columns. We dis-
tinguish between two cases.

Case 1: Column m of B[H] is linearly dependent in the
columns of A. Let A; C A be the set of columns from A
which sums to all-ones column vector. Clearly, 7 < m — 2,
since k < m — 1, and hence there are at least two columns,
except for column m, which are not in A;. Let II; be a set
with one of these columns, II, a set with a second column,
and I3 = A; U {m}. Since the sum of the columns of II3
is the all-zeroes column vector, it follows that all the rows of
B[H](II5) have even weight and hence B[H] is not stopping
free.

Case 2: Column m and the columns of A are linearly inde-
pendent. Therefore, 7 < k, and there are at least three columns
in the first m columns of B[H] which are not in A. Let 3, and
By be two of these three column vectors. Since A is a maximal
set of independent columns it follows that 3, and /3, are linear
combinations of columns from A. Hence, we can write

ﬂr = Z ﬁz + Z ﬁz
z€EAq zEA3
and
By=Y_ B+ > B
ZEA2 zEA3

where A; C A, i € {1,2,3}, and for i # j, A; NA; = 0,
L,_] € {1,2,3} NOW, let H1 = Al U {J}}, H2 = Az U {y},
and TT3 = A3 U {m}. Note that the number of ones in each
row of B[H](II; U A3) is even, and the number of ones in each
row of B[H](IIz U As3) is even. Consider a row ¢ in B[H], we
distinguish between two subcases.
Case 2.1: The number of ones in row ¢ of B[H](A3) is odd.
It follows that the number of ones in row ¢ of B[H](II3) is even.
Case 2.2: The number of ones in row ¢ of B[H](A3) is even.
It follows that the number of ones in row ¢ of B[H](11;) is even
and the number of ones in row ¢ of B[H](II3) is even.
Both subcases imply that B[H] is not stopping free.
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This analysis of the matrix B[H] in which the last column is the
all-ones vector is generalized to a general matrix B[] in the fol-
lowing lemma. In fact, the case in which the last column is the all-
ones vector is covered by this lemma. We have given it as it clari-
fiesin a simple way the more general and complicated case.

Lemma 6: If Hisan (m 4+ k) x 2™, 0 < kK < m — 1,
parity-check matrix of R(m — 2, m), whose first m rows are
the first m rows of V[m], then B[H] is not stopping free.

Proof: From the discussion preceding the lemma we have
that B[H] = [6o,01,---,0m] is not stopping free if its last
column is the all-ones vector. By definition it is not stopping
free if the last column is the all-zeroes vector. Hence, we can
assume that the last column of B[H] has exactly ¢ ones, where
0 < t < k. Again, w.l.o.g. we assume that the ¢ ones are in
the first ¢ rows of B[H]. Let B'[H] = [5, 51, ..., 3] be the
t x (m + 1) matrix obtained from the first ¢ rows of B[H] and
let B"[H] = (8,6, .-, 0] be the (k — t) x (m + 1) matrix
obtained from the last k& — ¢ rows of B[H]. Let 7 be the max-
imum number of linearly independent columns from the first
m columns of B'[H] and let A be a corresponding set with 7
columns indices. Let x be a column index, 0 < x < m — 1,
which is not in A. We write 8, as a linear combination of
columns from B'[H|(A), i.e., B, = Y .ca, B2, Where Ay C
A. Let Ay be the set of columns indices which are not in A
and does not include both = and m. One can easily verify that
7= |A] < tand |Ay] = m —7—1. Ay has 2m~7"1 — 1
nonempty subsets. Let Y be a nonempty subset of Ay and let
I'1(Y), T2(Y), T3(Y) be three disjoint subsets of A such that

A =T1(Y)UT3(Y) )
o= > g+ S 8 3)

z€T1(Y) z€l3(Y)
So= N g+ Y s “)

z€Y zeTa(Y) zel3(Y)

and let
LY, x)= Y B ©)
Z€F3(Y)

i.e., I'3(Y) refers to the set of columns from A which appears
in the linear combination which sums to /3, and also appears in
the linear combination which sums to } 7 _y- 8. L(Y, z) is the
sum of the corresponding columns in B”[H].

L(Y,z) is a column vector of length k — ¢ and hence there
are 2F=* possible values for £(Y,z). Since k < m — 1 and
7 < t, it follows that 2= < 2m~7—1 _ 1 and hence there
exist two different nonempty subsets Y7, Y5, of Ay, such that
L(Yl, J}) = ;C(Yz, I)

Let A;, 1 < i < 7, be the unique seven disjoint subsets of A
which fulfill the following set of nine conditions, which are an
extension of (2)—(4).

(Y1) =A1UA;
(Y1) =AU Ag
[3(Y1) = A4 U A, (6)
I (Ys) =A1 UAy
Iy (Ys) =A3 U Ag
[5(Ys) = A5 UAy (7N
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Bo=Y BL+Y B+Y B+> 68 ©®
ZEAN ZENy zEA5 zZEN7

DB=D B+ B+Y B+ 8O
z€Yy ZEAN2 ZzE€ENy zE€EANg zEA7

DB =D B+ B+ B+ AL 10
z€Y> ZEA3 zE€EA5 zE€EANg zEA7

From (5) and (6) we have

LY,y =Y B+ Bl (11)
ZENA,4 zEA7
From (5) and (7) we have
L(Ypx)= Y pl+ > Bl (12)

zEAs zE€A7

Consider now the subset Y3 of A, defined by Y3 = Y3 UY;5 \
(Y1 N'Y3). By (9) and (10) we have

YB=D B B By B (3
2€Y3 z€A> z€A3 z€A4 z€A5
By (3), (4), (8), and (13)
[3(V3) = Ay U As (14)
and by (5) and (14) we have
L(Ys,x)= > B+ 8.
zEN4 zEN5
By (11), (12), and since L(Y1,x) = L(Y2, ) we have
L(Ys,m)= > Bl+ Y pl=0 (15)

z€Ny z€A5

where 0 is the all-zeroes column vector.

Now, we want to show that B[H] is not stopping free. We
define the following three subsets of Z,,,11: IT; = {&}UA;UA7,
IIs = Y3 U Ay U A3, 113 =A4UA5U{m}.

First, we have to show that II;, I, and II3 are nonempty.
This is easy to verify since x € Il;; Y7 # Y5 implies that
Y; = 1UYs \ (Y1 NnYs) # 0, ie., To is nonempty; and
m € Ils.

Next, we have to show that for each row of B[H] one of the
following holds:

¢ the number of ones in the columns of I3 is even;

¢ the number of ones in the columns of II; is even and the

number of ones in the columns of Il5 is even.

Consider row j of B[H]. We distinguish between three cases.

Case 1: 0 < j <t — 1 and the number of ones in row j of
B[H](A4 U Aj5) is odd. Since column m of row j has a one, it
follows that the number of ones in row j of B[H](Il3) is even.

Case 2: 0 < 57 <t — 1 and the number of ones in row j
of B[H](A4 U As5) is even. Since by (8) in row j the number of
ones in B[H]({z} UA1 UA4UA5U A7) is even (note that {z},
A1, Ay, A5, A7, are disjoint subsets), and by (13) the number of
ones in row j of B[H](Y3 U A2 U A3 U A4 U As5) is even (note
that Y3, Ag, As, Ay, As, are disjoint subsets), it follows that in
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row j the number of ones in B[H](II;) is even and the number
of ones in B[H](Il,) is even.

Case 3:t < j < k — 1. By (15) we have that the number
of ones in row j of B[H](A4 U As5) is even. Since column m of
row 7 has a zero, it follows that the number of ones in row j of
B[H](II3) is even.

Thus, B[H] is not stopping free. O

As a consequence of Lemmas 1 and 3-6, we have the
following.

Theorem 1: The stopping redundancy of the extended
Hamming code (R(m — 2,m)) is 2m — 1.

Corollary 1: The following matrix is a parity-check matrix
of R(m — 2, m) with 2 — 1 rows and stopping distance 4:

Vo,m
V1,m
V2.m

Um—1,m

’DO,m
617ﬂ1

L Um—2,m ]

where v; ., = Vi m + Vim-

How many nonisomorphic parity-check matrices of
R(m—2,m) with stopping distance 4 have redundancy 2m—1?
We conjecture that there are exactly two nonisomorphic
parity-check matrices. The first one is P,, and the second one
is defined recursively by

[0 0 1 1
Pyi=10 1 0 1
1 0 0 1
[00---0 11---1
Po=|11---1 00---0 m > 3.
/ /
m—1 m—1

III. CoDES WITH MINIMUM DISTANCE 4

The extended Hamming code is only one of the linear codes
with minimum distance 4. The stopping redundancy of all codes
with minimum distance less than 4 is known [8].

Theorem 2: Let C be a binary linear code with minimum dis-
tance d(C) < 3. Then any parity-check matrix H of C satisfies
s(H) = d(C), and therefore p(C) = r(C).

Theorem 2 implies that the first distance d for which the stop-
ping redundancy of codes with minimum distance d is unknown
is 4. Schwartz and Vardy [8] also provide an upper bound on the
stopping redundancy of linear codes with minimum distance 4.

Theorem 3: Let C be an (n, k, 3) binary linear code. Then the
extended code C, is an (n + 1, k,4) code with

p(Ce) <2p(C) =2r(C) — 2.

Theorem 3 can be slightly improved.
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Theorem 4: LetC be an (n, k, 3) binary linear code. Then the
extended code C, is an (n + 1, k,4) code with

p(Ce) <2p(C)—1=2r(C) - 3.
Proof: Let H be and arbitrary r(C) X n parity-check matrix

for C. Assume that
lA
1= L]
apay - Apn—1

where H’ is an (7(C) — 1) x n matrix. We construct a parity-
check matrix H,. as follows:
H 0
n= [
where T is the bitwise complement of 7T', and 0, 1 are the all-
zeroes and all-ones column vectors, respectively. Obviously the

matrix
H 0
11---1 1

is a parity-check matrix of C.. It is easy to verify that this matrix
and H,. span the same vector space and hence H, is a parity-
check matrix for C..

Let Z, |Z| < 3, be a subset of Z,, 1. We have to show that
H.(T) has a row with weight one. By Theorem 2, we have to
consider only subsets for which |Z| = 3.If n € 7 then the claim
follows from the fact that any two columns of H are distinct. As-
sume Z = {«, £, v}, n ¢ Z; each one of the matrices H.(c, £),
He(a,v), He(&,v), must have a row with weight one. Hence, in
H(w, &, ) there are at least two rows with weights one or two.
If one of them has weight one then the claim is proved. If they
both have weight two then their complements have weight one
and at least one of them appears in H'(«, £, 7).

Thus, p(C.) < 2p(C) —1=2r(C) — 3. O

Itis interesting to note that the bound of Theorem 4 is attained
by the extended Hamming code as a consequence of Theorem 1.

IV. THE SIMPLEX CODE

As noted in the Introduction, there is a tight connection be-
tween the first-order Reed—Muller codes and the simplex codes.
The (2™, m+1,2™~1) first-order Reed—Muller code is the dual
code of the (2™, 2™ — m — 1,4) extended Hamming code; the
(2™ —1,m, 2™~ 1) simplex code is the dual of the (2™ —1,2™ —
m —1,3) Hamming code. We start to examine first the stopping
redundancy of the (2™ — 1,m,2™~1) simplex code S,,. Con-
sider the following generator matrix G, of the simplex code:

Gm =191 92 - g2 1]

where the g;’s are the 2™ — 1 different nonzero column vectors
of length m.
The matrix G,,, can be defined recursively as follows:

110
92_{0 1 1}
_ gm,—l gm,—l 0
gm_[oo---o 11---1 1}’ m 2 3.
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For each m > 2 we define a matrix H,,, as follows:

Hy=1[1 1 1]

Izm—l_l Izm—l_l 1

=13 0 0.0 0

The following lemma is a trivial observation.

Lemma 7: H,,, m > 2, is the parity-check matrix for the
simplex code of order m.

Lemma 8: The stopping distance of H,,, is 2™~ 1.

Proof: The proof is be induction on m. For m = 2 it is
trivial that s(Hs) = 2. For the induction step let Z C Zgm,
|Z| < 2m~1 — 1. We distinguish between three cases.

Case1: 2™ — 2 € 1.

By the pigeon-hole principle, there is a pair {j, j+2m "1 —1},
0<j<2mt -2 suchthat Z N {j,5 +2m 1 -1} = 0.
Therefore, row j of H,,(Z) has weight one.

Case 2: 2™ — 2 ¢ T and there exists a j, 0 < j < 2m~1 -2,
such that [T N {j,j+2™ 1 -1} = 1L

Row j of H,,(Z) has weight one.

Case 3:2™ — 2 ¢ T and foreach j,0 < j < 2™~1 — 2, we
have [Z N {j,j+ 2™~ — 1}| € {0,2}.

The size of Z is even, |[ZN[0.2m7!—2]| =
|Iﬂ [2m—1 —1.2m — 2]| < 2m=2 — 1. Therefore, by

the induction hypothesis the projection of the 2™~! — m
bottom rows of H,, onto Z contains a row with weight one
Thus, the stopping distance of H,,, is gm—1, O

Theorem 5: The stopping redundancy of the (2™ — 1,m,
2m~1) simplex code is 2™ — m — 1.

Proof: By Lemma 8, the stopping distance of H,, is 2™~1
which is the minimum Hamming distance of the simplex code.
Since the redundancy of the simplex code is 2™ — m — 1 which
is also the number of rows in H,,, it follows that the stopping
redundancy of the (2™—1,m, 2™ 1) simplex code is 2™ —m—1.

(]

The simplex codes are a family of codes with the property that

the redundancy of the codes in the family equals their stopping

redundancy. Schwartz and Vardy [8] gave two recursive con-

structions which obtain other families of codes with this prop-

erty. Their constructions are summarized in the following two
theorems.

Theorem 6: Let C1, Cy be (nl, k1, d1), (TLQ, ks, dQ) binary
linear codes with p(C1) = 7(C1) = n1 — k1, p(C2) = r(C2) =
ng — ko, respectively. Then C3 = {(u,v) : u€Cy,vE€Cy} is an
(’I’Ll + no, k‘l + k‘g,min{dl, dz}) code with p(C3) = T’(Cg) =
ny+ng— (k1 + ko). If Hy and H are the corresponding parity-
check matrices of C; and Co, respectively, then

_|H:+ O
no- [0 Al
is the corresponding parity-check matrix of Cs.

Theorem 7: Let Cy be an (n, k,d) binary linear code with
p(C1) = r(C1) = n — k. Then the code Cy = {(u,u) : u € C1}
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isa (2n, k, 2d) code with p(Cs) = r(C3) = 2n — k. If H; is the
corresponding parity-check matrix of C; then

I, I
o=l o)

is the corresponding parity-check matrix of C,.

The proof that the stopping redundancy of the simplex code
equals its redundancy is a special case of the following theorems
which are proved similarly to Theorem 5.

Theorem 8: Let Cy be an (n, k,d) binary linear code with
p(C1) = r(C1) = n — k. Then the code
Co = {(u,u,0) :u € C1} U {(u,u,1):u€Ci}

isa(2n+1,k+1, min{n+1,2d}) code with p(C2) = r(C3) =
2n—k.If H; is the corresponding parity-check matrix of C; then

Hy = {In I, 1}

Hy 0---0 O

is the corresponding parity-check matrix of Cs.

Theorem 9: Let Cq be an (n, k,d) binary linear code with
p(C1) = r(C1) = n — k. Then the code
Cy= {(u,v,u, 0) : (U7U) € Cl} U {(u*,U;Uw 1) : (u7 ?)) € Cl}

where the length of vis £,isa (2n — £+ 1,k + 1, min{n — £+
1,2d — ¢}) code with p(Co) = r(C2) = 2n — £ — k. If H; is the
corresponding parity-check matrix of C; then

In,[() I n—~{ 1
=1 "% 0.0 0

where 0 is an (n — £) x £ all-zeroes matrix, is the corresponding
parity-check matrix of Cs.

The combination of Theorems 6 through 9 can be used to
obtain various codes for which the stopping redundancy is equal
to the redundancy. Some of these codes can be proved to have
the largest dimension, given their length and minimum distance.
For many others we suspect this is the case too.

V. FIRST-ORDER REED-MULLER CODES

The first-order Reed—Muller code can be obtained easily
from the simplex code. Let S,, be the (2™ — 1,m,2™~1)
simplex code. The (2™, m + 1,2™~1) first-order Reed-Muller
code R(1,m) can be defined by {(u,0) : v € S,,} U{(@,1) :
u € Sy}

The following matrix is a generator matrix of R(1, 3):

G(1,3) =

_o O =

1
0
1
1

SO O
OO ==
o= O =
O == =
—_ O = =
—_

We define now the generator matrix G(1,m) of R(1,m) re-
cursively from G(1,3)

G(1,m—1)
00---0

G(1,m—1)
1.1
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It was asked in [8] whether p(R(1,m)) is equal to the number
of rows in the parity-check matrix obtained via (1) starting with
the parity-check matrix

01010101
00110011
000011 1 1 (16)
10101010
1 1001100

for R(1,3). Indeed, p(R(1,3)) = 5, while for larger lengths
the construction yields p(R(1,4)) < 17, p(R(1,5)) < 49, and
p(R(1,6)) < 129, and generally p(R(1,m)) < (m—2)2m~1+
1. We will prove that p(R(1,4)) < 15, p(R(1,5)) < 41, and
p(R(1,6)) < 103. In general our main result in this section is
as follows.

Theorem 10: For m > 2

(6m —7)2m ! 4 (-)™!
p(R(1,m)) < 5 .

This result reduces the number of rows in a parity-check ma-
trix with no stopping sets of size 2™ ! — 1 or less by one third
compared to the recursive construction of [8]. The proof of The-
orem 10 is by constructing a parity-check matrix for R(1,m).
This matrix will consist of a few submatrices of the parity-check
matrices of R(1,n), n < m. We will first present these subma-
trices with their properties. The first lemma presents one of the
main ideas for reducing the number of rows in our parity-check
matrix. The proof is trivial and hence it is omitted. We will say
that a subset Z of columns are covered by a matrix A if A(7)
contains a row with weight one. In this case, we also say that .4
covers the subset Z.

Lemma 9: Assume I = {l1,05,... 4p} C Zyn—, k <
2"=2 — 1 is covered by the r x 2"~ matrix

Anfl

Bn—l ’
Then the subset {f1,0a,..., 05,2771 + £1,2" 7L + 4y ...,
2"~ 4 /;.} is covered by the matrix

An_1 0
0 Bn—l ’

We will present now a few types of matrices which will be
used in the recursion for the proof of Theorem 10. For any given
matrix A, let A® be the right cyclic shift of A by 4 positions. Note
that A = A°.

For the first type of matrices we want to form a parity-check
matrix for R(1,n), n > 2, called ¥,,, such that given a subset
I CZy,0€Z,|I|] <27t —1,of the columns, ¥,,(Z) has
a row of weight one. We first present the matrices ¥, and U3,
which are the basis for the recursive construction

Uy=[1 1 1 1

Uy =

O O = O
o= o O
O = ==
OO O
—_— 0 = O
— -0 O
e e i
—_ o o
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For a given integer £ > 1 and 0 < i < 2 — 1, let A? be the
following (2¢ — 1) x 2¢ matrix:

i |01 Iy
Af_[li 1 0 }

U,, n > 4, is defined by

n—2 n—2
AZZy AR
U,=|0,1 0
(U Cy
I R et 0
where O,_1= [ 0 an_z} . a7

Lemma 10: For a given n/, assume that for all 3 < n < n/,
W,, covers any subset Z C Zy~ such that |Z| < 2"~! — 1 and
0 € Z. Then the matrix A,, defined by

gn—2 gn—2
An—l An—l

‘Pn] On_1 0

An = |:®n = 0 \1’211_712 ) n Z 47
) U, _1 0
0 \I}n—l
0 0 1 1 0 011
U, 1 01 01 0 1 0
Ag:[ ]201100110 (18)
O3 11110000
0O 0 0 0 1 1 1 1
covers any subset Z such that |Z| < 27! — 1,0 ¢ Z, and
2"l e 7.

Proof: The proof is by induction on n. The basis of the
induction is Aj. For the induction step let n > 4 and Z C Zsn,
such thatT . 3=t = 11 0 Gof 2pd 2'7 (ol -Lebn _q)
We distinguish between four cases.

Case 1: [{2"2,2"~1 4 2"=2} N T| = 0.

The projection of [A2"" A2 "] onto Z has a row with
weight one.

Case 2: [{2" 2,2 1+ 2" 2} NT| = 1.

By the pigeon-hole principle there exist at least one 7, 0 <
j<2nt — 1,4 # 2772, such that |{j,2"~' + j} nZ| = 0.
Hence, the projection of [A2"" A2" "] onto Z has a row
with weight one

Case3: |{2"2,2" 142" 2}NT|=2and [I,|<2" 2 -1.

The third row of (18) implies that A,,(Z) contains a row with
weight one.

Case 4: |{2"=2 2" =1 4+2"=2}NT|=2and [I;|<2""2-1.

Since 0 ¢ Z, 2"=2 € Z, and the projection of the second
and fourth rows of (18) onto Z5.—1 is A,,_1, it follows by the
induction hypothesis that A, (Z) contains a row with weight
one. O

It is important to note at this point that by permuting columns
of A, the resulting matrix will cover corresponding subsets
to the permutation taken. This property will be trivially true of
other matrices that we use, and we will use it quite often without
mentioning it.

Lemma 11: The matrix V,,, n > 4, is a parity-check matrix
of R(1,n) which covers each subset Z C Zy» such that |Z| <
2=l _1and 0 € 7.
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Proof: The proof has two parts. First, we will prove that
givenany subsetZ,0 € Z,|Z| < 2"~1—1, ¥, (Z) has arow with
weight one. After that we will prove that U, is a parity-check
matrix of R(1,n).

The proof of the first part is by induction on n. We will use
Wy and W3 as the induction basis. For the induction step let
I CZy,0€Z,|Z|] <2 t—1.LetZ; = ZN[0..2"~t—1]and
T, = I N[2"1.2" — 1]. We distinguish between four cases.

Case 1: |{2" 2 2" 142" 2}NT|=2and |T|<2" 2-1.

Since 2”71 + 272 € I, it follows by the induction hypoth-
esis on the bottom row of (17) that ¥,,(Z) contains a row with
weight one.

Case 2: |[{27=2 2"~ 1+2"=2}NT|=2and |I;| <2"~2-1.

LetZ, =7n[0.2"2—1]and T) = TN [2"~2.2""L —1].
Clearly, one of the following two holds: 0 € Z] and |Z]| <
2"=3 —1,0r2"7? € T} and |Z}| < 2”73 — 1. Therefore, by the
induction hypothesis, the second row of (17) implies that ¥, (7)
contains a row with weight one.

Case3: [{2" 22" 1 +2" 2} NT| = 1.

Since |Z| < 2"~! — 1 it follows by the pigeon-hole principle
that there exist an integer £ € Z5.—1 such that £,2" =1 + / ¢ T.
Therefore, the top row of (17) implies that ¥,,(Z) contains a
row with weight one.

Case 4: |{2"’27 2n-l 4 on=21n I| = 0, and there exist an
integer ¢, { € Z5n—1 such that |{€, 2n—t 47} ﬁI| =1

The top row of (17) implies that ¥,,(Z) contains a row with
weight one.

By examining the four cases, we infer that the only case which
was not considered is [{2772,2"=t +2"=2} N Z| = 0, and
there is no integer ¢, £ € Z5»-1 such that |{€, 2n Nzl =1.
Hence, |Z] = 2k 1 < k < 2772 — 1,
7 = {£17£27 . 7[]“ on—1 + £17 on—1 + £27 N on—1 + fk},
[{2n=2,2""1 42772} NZ| = 0,and |[{0,2"" '} NT| = 2.

By the induction hypothesis the claim is proved for ¥, u <
n. Therefore, by Lemma 10 the subset Z' = {{1,45,..., 4} C
Zyn—r, 272 ¢ T', is covered by the matrix

U, o 0
0 ‘ljn72
O,_ n— n—
[\1,212} = A?L—ZB A%—;
n—1 0 ®n72

v 0
Thus, by Lemma 9, the subset 7 is covered by the matrix

0,1 0
o )

Hence, ¥,,(Z) has a row with weight one.

Now, we have to prove that U,, is a parity-check matrix of
R(1,n), n > 2. The claim is proved again by induction. The
induction basis is n = 2 and n = 3 for which the claim
can be easily verified. The rows of [A%:lz Afl":f | are lin-
early independent and belong to the orthogonal subspace of
G(1,n). Clearly, these rows are linearly independent with any
other linear combination of rows from [0 \112_712 ] . By using
the induction hypothesis, we obtain that these rows of ¥,, be-
long to the orthogonal subspace of G(1, n) and include 2" ~! —n,
linearly independent rows. Hence, the total number of linearly
independent rows in ¥,, is 2" — 142771 5 = 2" — (n+1)
and hence, ¥, is a parity-check matrix of R(1,n). d
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Corollary 2: 1f h,, is the number of rows in V,, then for n >
4, h, =21 — 14 2h,_9 + hy_1.

Lemma 12:
L (3n —5)2" Tl 4+ 9+ (—1)"
" 18
forn > 2.
Proof: The proof is by induction with the basis ho = 1 and
hs = 4. O

It is interesting to note that the sequence {h;}:2, appears
in the on-line encyclopedia of integer sequences [6]. But, we
couldn’t find any connection between the two problems which
generate these sequences.

The second type of submatrices of R(1,n) will be denoted
by II,,. A subset Z C Zgn» U [27 12771 4 2n=2 — 1],
|Z| < 2"~% — 1, should be covered by II,, if one of the fol-
lowing holds:

e |Znf0.2"72 —1]] <2"7* —1and0,2" 3 € T;

o |In2n-t227tpon=2 ]| < 2773 — 1 and 277,

anl + 2n73 + 2n74 c I;

o |Z| =2k, k<2" 3 —1,T = {ly, by, ... 0, 2" L + 4y,
on—1 + £27 . .72n—1 + fk}, 0 ¢ 7, and 2n—372n—3 +
2"t e T.

Subsets of this type will be called triple uncovered subsets of

order 7.

We define
d,» 0 0 0
Tn=1"9"0 .o 0 (19)
where
(AZH 0 g o AT
T4 0 0 0
o o 0 0 o wr e
! 0 AZT) A 0
0 0 0,4 0
0 w0 0o
(20)
TA2ZY) 00 AT, 0
d,_y 0 0 0
Moz | @ 0, W 0 @1
0 A, 0 AY,
0 0 0 O, .4
L o w2, o0 0

and 0 is a zero matrix with 2" ~2 columns.
The following lemma is proved similarly to Lemma 11.

Lemma 13:
¢ Assume the matrix ®,,_» covers each subset Z C Zyn—2
such that 2 < |Z| < 2"=3 — 1 and 0,2"~3 € 7. Then the
matrix
A A
D, o 0
o v

covers any subsetZ C Zyn-1 such that |Z| < 2"~2—1 and
0el.
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¢ Assume the matrix 1',,_s covers each subset Z such that
2 <|Z|] €272 —1and 0,273 4 2"~* € T. Then the
matrix

n—3 n—4 n—3 n—4
A2+ A2+
oo 0
0 g2, e
covers any subset Z such that |Z| < 2”72 — 1 and 0 € .

Lemma 14: The matrix ®,,_5 covers each subset Z C Zgn—2
suchthat2 < |Z| < 2" 3—1and0,2" 3 € Z.The matrix I',,_»
covers each subset Z C Zyn—2 such that 2 < |Z] < 2773 — 1
and 0,273 +2"~* ¢ T.

Proof: The proof is by induction on n. The basis of the
induction are the following four matrices, shown at the bottom
of the page.

For the induction step, let Z C Zy»—2, and we define the
following eight subsets of Z:

« Iy =In[0.27* —1].

e Iy =TIn[2r4.2n3 —1].

o« Iy=In[2v 3203 4ot
« I, =TIN[2" 3 4204272 1.
e I = jé Lljé.

o Ty = jé Lljz.

® :Zé = 121 U :25.

hd 424 = :Zi LJ4j4.

We distinguish between two cases.

Case1: 0,273 ¢ 7.

This case has two subcases:

Case 1.1: |7, < 2n=% — 1.

By Lemma 13 and by the induction hypothesis on I';,_4 the
first three rows of (20) cover Z.
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Case 1.2: [7;| < 2"~ — 1.

By Lemma 11, the bottom three rows of (20) cover Z.

Case2: 0,273 4 274 ¢ T.

This case has two subcases:

Case 2.1: |Z3| < 2" % — 1.

By Lemma 13 and by the induction hypothesis on ®,,_4, the
first three rows of (21) cover Z.

Case 2.2: |Ip| < 2"* — 1.

By Lemma 11, the bottom three rows of (21) cover Z. O

Lemma 15: The matrix II,, covers all triple uncovered subsets
of order n.

Proof: The proof is by induction on n. We claim that II,,
covers all triple uncovered subsets of order . The basis for the
induction are the matrices II; and 1l as defined by (19).

For the remainder of our discussion we define again the fol-
lowing eight subsets of Z:

« Iy =IN[0.2"* —1].

o I, =In[2n—t2n=3 ).

e« Iy=In[2n3.2n 3 42t 1)
c Iy=In[2"?42nt2n2 1.
e 1) =1, UZT;.

* Iy = 1o U,

e I3 =11 UZ;.

o Ty =11 U1y

For the induction step, let 7 be a triple uncovered subset of
order n. We distinguish between three cases.

Case 1: |ZN[0.2"2—1]| <23 —1and 0,23 € T.
By Lemma 14, these subsets are covered by ®,,_5 (in II,).

Case 2: |[ZTn[2nt.2n 1422 —1]| < 23 — 1 and
gn—1 gn—1 4 9n=3 4 9n—41 ¢ 7. By Lemma 14, these subsets
are covered by I',,_o (in II,,).

Case 3: [Z| = 2k, k < 2% — 1, T = {ly,0s,... 04,
2n oy 2n 2 g 2n 3 o3 ont e
and 0 ¢ 7.

@3:1100001
001 1110
F3:'1100110
001 100 1
T 001 0 0 0
01 01000
001 1000
(1)4:0000000
000 0O0O0°1
000 0101
0000011
LO O OO 1 1 1
0O 01 10 0 0
1010000
01 10000
F4:0000000
000 0001
000 0101
000 0011
LO O OO 1 1 1

—o OO0 ROOROOOO PO OF

0 000 1T 0 0 17
0 000 01T O01
000 0O0O0T1T1
0 0001 111
00110000
1010 0 0 0O
011000 00O
000 00 0 0 0l
001 1 0 0 0 07
101 0 00 O0O
01100000
1 1110 0 0 O
0 000 O0O0OT1T1
000 O01O010
000 0O0T1T10
0 000 0 O0 0 0l
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We distinguish between four subcases.

Case 3.1: [7;| < 2"~* — 1.

The third and the second columns of (20) consist of ¥,, _3 and
since 2"~ € Z, it follows from Lemma 11 that IT,,(Z) contains
a row with weight one.

Case 3.2: |Z| < 2" — 1.

This case is solved exactly as Case 3.1 with the fourth and
second columns of (21).

Case 3.3: |73 < 2" 4 — 1.

By considering the projection of the first row of (21) the
only uncovered subsets are those in which 0 ¢ Z3 and 2"~5,
on=3 gn=3 4 9n=5 ¢ 7. If |Z,| < 275 — 1, then these sub-
sets are covered by the top third row of (21). Thus, the only
uncovered subsets are those in which ‘Z‘ <2n5_1.0 ¢ j'l,
=5 ¢ 7.

Case 3.4: |7,| < 2" % — 1.

This case is dealt with as Case 3.3 by using the top first and
third rows of (20). The only uncovered subsets are those in
which |Z;| < 2"75 —1,0 ¢ 7;,2" % + 2" 6 ¢ 7.

If either Case 3.1 or Case 3.2 holds then the subset Z is cov-
ered. Clearly, Case 3.1 or Case 3.4 must hold; also Case 3.2
or Case 3.3 must hold. Thus, uncovered subsets remain if both
Cases 3.3 and 3.4 hold. Thus, the only uncovered subsets are
those in which ‘fl‘ <275 —1,0 ¢ Ty, and 275,275 4

2n=6 ¢ fl. Now, we can use the induction hypothesis on II,,_5,
on the second row in both (20) and (21), and Lemma 9, to con-
clude the proof that all subsets are covered. O

We are now in a position to define our parity-check matrix of
R(1,m). The construction of this matrix H(m) is in three steps.

Step 1: The first 2 ~! — 1 rows of H(m) are the rows of the

following matrix:
Q= [Amfl Amfl ] .

As before, the key to understanding the remaining construc-
tion is to understand which subsets are covered, which subsets
are uncovered, and which subsets we will cover such that all the
uncovered subsets will be covered. Let Z be a subset of Zom
such that |Z| < 2™~1 — 1. We distinguish between three cases.

Case 1: |[{0,2m 1} nZ| = 1.

By the pigeon-hole principle there exist at least one 7, 1 <
j < 2m=' — 1, such that |{j,2™~! + j} NZ| = 0. Hence,
Q,,,(Z) has a row with weight one.

Case 2: |{0,2m"~1} nZ| = 0.

If there exist at least one 5, 1 < j < 2™~1 — 1, such that
|{j, 2m-1 4 41 ﬂIl = 1 then Q,,(Z) has a row with weight
one. If such j does not exist then |Z| = 2k, k < 2™~2 — 1, and
1= {617£27 . 7€k72m—1 + £172m—1 + £27 - 72m—1 +£k}

Case 3: |{0,2m "'} nZ| = 2.

All the rows of ,,,(Z) have at least weight two.

Step 2: Let Q1 and €2 » be the following (2t —1) x 2¢
matrices:
Qea = [AZ A2

_ 2272+2£73 2[—2+2273
Qo = [Az_1 A7 ]
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The next 2 ~! — 2 rows of H(m) are the rows of the matrix

Q11 0
0 Q12

It is important to note that €,,_1; and €,,_; 2 are iso-
morphic to 2,1 and the analysis of Cases 1 through
3 holds for Q,,—1,; and Q,,_12 by using the corre-
sponding permutations of columns. Therefore, we can
easily find the subsets of Zsm which are not covered by
the 2™ — 3 rows defined in Steps 1 and 2. Given a subset
I = I; UZIy, where I; = I n {0,1,...,2m~ 1 — 1},
Iy =In{2m-t2m=141,...,2"—1},and |Z] < 2" 1 -1,
T is not covered by the first 2™ — 3 rows of H(m) if it is of one
of the following four types.

Type 1: {0,273, 2m=2 4 2m=3 9m=1} C T and |Z;| <
2m=2 — 1; or {0,2m~ 1 2m=1y gm=34 gm=4 ogm—1 4 om=2 4
2m=342m=41 C T and |Z5| < 2™~2 — 1 (see Case 3 for Q,,
and Case 3 for Q,,,_1).

Type 2: {0,2"~'} C Z, |{2m~3,2m~2 + 2m =3} nI| =0,
|Il| = 2k, k < 2m=3 _ 1, and Z; = {£17€2~,---7£k~,
2m—2 + 41; 2m—2 + EQ., cey 2m—2 + gk}; or {0 2m_1} Cc 7,
[{2m—142m=3om=4 gm—lpgm=24 gm=3  gm=41NT| =0,
|1-2| = 2k, k < 2m=3 _ 1, and Zo, = {£17€2~,---7£k~,
2m=2 4 01,272 4 4y,...,2m72 4+ /,.} (see Case 3 for Q,,
and Case 2 for €2,,,_1).

Type 3: 0,2m 3 ¢ I, |I| = 4k, k < 2m 3 — 1,
I = {41762, Ce 7£k7 om—2 + 517 om—2 + 62, ey om—2 +
U, 2m b g om gy, o om gy oml pome2
£, 2m=t 4 oom=2 4 gy o 2ml o om=2 ), or
0,2m=3 4 2m=% ¢ T |Z| = 4k, k < 2m73 — 1,
I = {£17£27 . 7£k7 om=—2 + £17 om=—2 + fg, R om—2 +
G, 2m b g oM gy oM gy oMl ome2
£,2m=E 4 2m=2 4y o 2m Tl 4 9m=2 4 i (see Case 2
for €2,,, and Case 2 for €,,,_1).

Type 4: 0 ¢ Z,2m=3 2m=349m=4 gm=24 gm=3 om=24
2m=3 4 9m=4 ¢ T, |I| = 2k, k < 2m72 —1,and T =
{£17£27 ey b, om—1 4 £y, om-1 4 loy .., om—1 4 gk} (see
Case 2 for €2,,, and Case 3 for Q,,_1).

This analysis implies the following lemma.

Lemma 16: If the uncovered subsets of Types 1 through 4
will be covered then all subsets of size 21 — 1 or less will be
covered.

Step 3: The remaining rows of H(m) are composed from the
matrix

rd,,_o 0 0 0
0 Ymos O 0
Tm=1 9 0 | A 0
L 0 0 0 Y22
where ) )
N Ve
0 Uy 0 0
Yyss= | O o 0 Wm0
s A2 T2 0 0 AX_T?
0 0 0 @72::;
L Tim—ap 0 0 0
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ro 01 1 0 0 1 17
Yai— 01 1.0 0 1 10
’ 1 01 01 0 10
L1 1.1 1 0 0 0 0l
0O 01 1 1 1 0 07
Yoy 01 1 010 01
’ 1 01 01010
L1111 0 0 0 0l
ro 0o o o110000001 1 0 07
o 00 O01O01TO0O0OO0O0O0OT1UO0T1T0
o0 001001 0O0O0O0T1O0O0T1
1 0001O0O0O0OT1TO0TO0OO0OT1TTO0TO0OTGO
01 0010O0O0O0OT1O0O0OT1TO0TO0OO
0o 01010O0O0O0OO0O0DT1O0T1O0TGO0FO0
Y4p=(0 0 01 1.0 000001 T1TO0O0O0
o0 00111 100O0O0O0O0O0°O0
0o 00O0O0OO0OO0OO0OT1TT1TT1T1O0O0O0O0
1 0010O0O0OO0OO0O0O0ODO0OO0OT1TTO0TGO0O1
o101 00O0O0O0OO0OO0OO0OO0OT1TO0T1
o 01100 0O0O0OOUOUOUOO0OTI1ITI1
L1 1.1 1.0 06 000 0 0 0 0 0 0 0l
o 0 001100 1 1 00 00 0 07
o0 0010101010000 0O0
0o 00O01O0O0OT1T1O0O0T1TO0O0O0O0
10001 0O0OO0O01O0O0O0T1O0O0O0
o1 001 0O0O0OT1TUO0OUO0OUO0OO0OT1TO0O0
o 01010 0O0O1TO0O0OUO0OO0OO0OT1TO0
Tan o0 o011 00O01O0O0O0O0O0O0T1 O
0000111 10O0O0O0O0OO0TO0O0
o0 o0 o0o0O0O0OO0OO0OO0DO0DO0DT1TT1TT1T?1
o 01100 0 0 OOT1TT1TTUO0OUO0OTUO0ODO
101 00O0O0OO0O0O1O0T1O0O0O0O0O0
o1 1000O0O0O0OO0OT1T1TTO0TO0TO0TQO0O0
(1111 1.0 0 0 0 0 0 0 0 0 O 0 04
and Lemma 18: H(m) is a parity-check matrix of R(1,m).
A2 Am_s Proof: Tt is easy to verify that the 2~ + 2m=2 — 2
0 U,y 0 0 rows of Q,,, and [Q,,_11 0] are linearly independent. These
Y, ny = 0 0 0 |\ 2m—1 4 2m=2 _ 2 rows are linearly independent with any
m—2, A%n_ 40 0 A%’:‘_j 0 linear combination of rows from [0 Y,,_21 0 O0]. As
0 0 Opma 0 Y,—2,1 is isomorphic to ¥, > we have by Lemma 11 that
Yon—an 0 0 0 [0 Y,—21 0 O] includes 272 — m + 1 linearly in-

Lemma 17: LetZ C Zym—» and |Z| < 2m73 — 1.
o If2m—3 € T, then Y21 covers 7.
o If2m=3 4+ 2m=% € 7, then Y,,,_2 5 covers Z.

Proof: The proof is by induction and very similar to the
proof of Lemma 11. Note that Y,,,_2 1 and Y,,_» 2 have the
same structure as V,,,_o. We omit the proof and just mention
that the basis of the induction are the matrices shown at the top
of the page.

dependent rows. Therefore, H(m) has 2™ — m — 1 linearly
independent rows. It is also easy to verify (e.g., by use of
induction again) that all rows used in H(m) belong to the
orthogonal subspace of G(1,m). Thus, H(m) is a parity-check
matrix of R(1,m). O

Lemma 19: The stopping distance of H(m) is 2™ L.
Proof: By Lemma 16, we only have to show that Y,,
covers the uncovered subsets of Types 1 through 4. We distin-
guish between four cases; a case for each type.
1) The uncovered subsets of Type 1 are covered as follows:
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« |Zn0.2m72 —1]| < 2m73 —1and 0,273 € T.
These subsets are covered by ®,, _» as proved in Lemma
15 (Case 1).

e |ZTnem2.2m=t—1]] < 2m7% — 1 and 272 +
2m=3 ¢ T. These subsets are covered by Y21 as
proved in Lemma 17.

o |ZTnzmt2mmtp2m=2 ]| < 2m7% — 1 and
2m=1 gm=1 4 9m=3 4 9n—4 ¢ T These subsets are
covered by I',,,_2 as proved in Lemma 15 (Case 2).

o |Zn2mTt42m=22m — ]| <2m73—land 2™ 4
2m=2 4 gm=3 4 9m—4 ¢ T These subsets are covered
by Y,, 22 as proved in Lemma 17.

2) The uncovered subsets of Type 2 are covered as follows:

e |Znf0.2m=2—1]| < 2m73,0 € Z, and 2m73 ¢ T.

These subsets are covered by Y,,_2; and ®,,_o by
Tm—?,l
¢m—2

morphic to A,,,_» and using Lemmas 9 and 10.

o |[TnmTtammtpom2 ) < 2m3 omel e T,
and 2m~1 4 2m=3 4 9m=4 ¢ T These subsets are
covered by Y,,,_2 1 and I';,,_> by using the observation

using the observation that the matrix is iso-

Tm—2,2
1—‘7’n72
using Lemmas 9 and 10.
3) To show that uncovered subsets of Type 3 are covered it is
sufficient to prove that the matrix

that the matrix [ is isomorphic to A,, _o and

P,
Ly
Tn,l ’ " Z 3
Tn,2

covers any subset Z C Zan, such that 1 < |Z| <2771 —1.

This is done with induction by using similar arguments as

for the discussion in this section. We omit the proof and

leave it to the readers.
4) The uncovered subsets of Type 4 are covered as follows:

e |Zn[0.2m2 —1]] < 2m73, 2m=3 gm=3 4 gmd ¢
Z,and 0 ¢ Z. These subsets are covered by ®@,,,_» and
I';—2 as proved in Lemma 15 (Case 3).

o |Zn2m=22mTt — 1] <2m~Fand 2772 + 273 €
1. These subsets are covered by T,,,_» 1 as proved in
Lemma 17. O

Lemma 20: Let f,, be the number of rows in H(m).

(6m — 72" 4 ()"

fm: 9

m > 5.

Proof: f, is determined by Steps 1 through 3. One can
easily verify that
¢ the number of rows in ®,,, _s is 2h,,,_3;
¢ the number of rows in I',,,_5 is 2h,,—_3;
* the number of rows in Y, 1 1S fp—2;
* the number of rows in Y, _2 2 is Ay 2.
Hence, f, = 2™ —34+4hym_3+2hm_n = 2" 1 =142, _1.
The lemma follows immediately from Lemma 12. O

Theorem 11: p(R(1,m)) < Fp,,m > 2.
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Proof: The theorem is trivial for m = 2, and is verified for
m = 3 from (16). For m = 4, we use the following parity-check
matrix for R(1,4) with stopping redundancy 15:

rl 1.0 00 0 0 01 1 0 0 0 0 0 07
1 01 0000O0O1O0OT1TTO0TO0OTUO0OUO0UO
1 001 00O0OT1UO0OO0OT1TUO0TGO0OTUO0TUO
100 01 0001 0O0O0OT1TTO0O00O0
100 001 0O01O0UO0O0OO0T1TO0O0
1 0000 01 O01O0O0OTO0OUO0OTUO0OT1FU®O0
1 0000 O0OO0OT1T1O0TO0OODO0OUO0OTUO0OTUO0T1
0011001 1O0O0O0O0O0ODTO0OTUO0ODODO
1 01 01 01 00 0O OO0OOTUO0OU 0O
011 001 1 0O0O0O0O0OO0O0TUO0O0
0 00OT1T1T1T1WO0SUO0OO0OTO0OTO0OTO0OTUO0ODODO
0O 00O0O0OOOTODTI1IO0OOTI1T1TUO0OTGO0OT]1
0O 00O0OO0OOOTODOT1O0OT1TTWO0OT1TTO0O0OT1
0O 00O0OO0OOOTODOSOTILIT1TO0OTUO0OT1T1

LO O OOOO O0OO0OO0OO0OO0OO0OT1T1 1 1]

For m > 5 the theorem follows from Lemmas 18-20. O

The proof of Theorem 10 is an immediate consequence from
Lemma 20 and Theorem 11.

VI. CONCLUSION AND OPEN PROBLEMS

We have proved that the stopping redundancy of the extended
Hamming code of length 2™ is 2m — 1. We have shown that
the stopping redundancy of the simplex code is equal to its re-
dundancy. An upper bound on the stopping redundancy of the
first-order Reed—Muller code is given. The stopping redundancy
of related codes, such as codes with minimum distance 4 and
codes whose stopping redundancies is equal to their redundan-
cies, was also discussed.

Many interesting open problems remain in finding the stop-
ping redundancies of codes. Several problems are related to the
codes which are discussed in this paper.

* Characterize all codes for which the stopping redundancy
equals the redundancy.

¢ Our upper bound on the stopping redundancy of R(1,m)
implies new upper bounds for R(¢,m) if £ > 1 and
m — £ > 3 by using (1). Can better bounds than the ones
obtained by (1) be given?

* Is the upper bound on the stopping redundancy of R (1, m)
tight?

Finally, in [9], a similar stopping redundancy of a code C, in
which the only stopping sets of size d(C) are codewords, is dis-
cussed. In [3], this was generalized and stopping redundancies
of a code, in which all stopping sets of size m < 7(C) contain
codewords, is considered. This leads to hierarchy of stopping
redundancies. The values of these redundancies are interesting
for all codes, including the ones discussed in this paper.
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