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Abstract—We present a few new constructions for perfect linear single
REFERENCES byte-correcting codes. These constructions generate some perfect single
byte-correcting codes with new parameters, and some perfect single byte-
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In this correspondence we consider perfect codes which are byte-
correcting codes. In this metric, the distance between two werds
andy is d, if they differ in exactlyd bytes. Such perfect codes were
considered by Hong and Patel [10]. Our goal is to find when perfect
byte-correcting codes can exist, when they do exist, and when they
cannot exist. We will consider these codes both for practical use as
the “best” byte-correcting codes, and for theoretical point of view as
perfect codes.

We distinguish between five types of byte-correcting codes, ac-
cording to the different sizes of the bytes in the code. Some of these
types have practical use, and some do not have such practical use,
at least at this point in time.

Type 1: All bytes have the same size.

Type 2: One byte is of sizé; and the other bytes are of size.

Type 3: Each byte is of either siz& or sizeb,.

Type 4: The size of each byte is a power 2f

Type 5: All the other cases.

Note that a specific byte-correcting code can belong to a few
different types at the same time. For all these types there is a
simple necessary condition for the existence of the corresponding
perfect byte-correcting code. Given a code of length n, for a
given codeword: € C' and an integer, let S be the set of words
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which differ in no more thart bytes frome. We say thatS is the Theorem 1: A perfect single-byte-correcting code with one byte
sphere of radiug from c. C' is a perfectt-byte-correcting code if of sizeb; and the other bytes of siZe, with b; < b2, cannot exist.
its minimum distance i2¢ + 1 and |C||S| = 2". If C is a linear Proof: Assume thatH is anp x n parity-check matrix of a
code of dimensiork, thenC is a perfectt-byte-correcting code if perfect single-byte-correcting code of lengthand p parity-check
and only if each syndrome of length— % is produced by exactly symbols, with one byte of siZg, ands bytes of sizé., b1 < b. The
one linear combination of columns from no more thdnytes in the b, columns in the byte of sizk, are linearly independent and hence,
parity-check matrix ofC. Therefore, a necessary condition for thevithout loss of generality (w.l.0.g.) we can assume that column
existence of perfect linear single-byte-correcting code witlsizes 1 < i < by, is a vector of weight one with a ONE in tlith entry. Let

of bytes,s; bytes of sizeb;, 1 < i < m, is that H be theb; x n matrix whose rows are the firét rows of H. Since
m all the 2” — 1 linear combinations of nonempty subsets of columns

1= Zsz'(Qbi —-1). (1) from the bytes off consists of all nonzero binarytuples, it follows

i=1 that in H, these linear combinations result in+ s(2%2 — 1)/2%

Byte-correcting codes are closely related to mixed codes. A co@gyual 2°~"* by Lemma 1) occurrences of each nonzéretuple,
of lengthn is calledmixedif its codewords are subset @fi x A2 x  ands(2°2 —1)/2°* = 277" — 1 occurrences of the all-zeiq-tuple.

- x A, whered;, 1 < i < m, is some alphabet whose size isGiven ab; x by matrix A with rank m < by, there are2®2—™ — 1
at least2. Some necessary conditions and constructions for perfeigfear combinations of nonempty subsets of columns frérwhich
single-error-correcting mixed codes can be found in [6]-[9] and [11fesult in the all-zerch;-tuple. For each (of th@™ — 1) nonzero
If we consider the rows of a byte of size in a perfectt-byte- 5, -tuple v in the subspace spanned by the columnsipthere are
correcting codeC’, as elements in GR") then the byte becomes aexactly2°2~"" linear combinations of nonempty subsets of columns
single coordinate over GR®). If C'is a perfectt-byte-correcting from A which result inv. The firstb; rows of H in each byte of size
with s; bytes of sizeb;, 1 < i < m, then the corresponding b, can be viewed as such matrik Since each nonzeig-tuple is a
code ist-error-correcting mixed code with codewords taken fromesult of exactly one linear combination of the byte of dizen H,,
A1 x Ay x--- x Ay, WhereA; = GF(2°1)*i, Etzion and Greenberg it follows that it should be a result & —* — 1 linear combinations
[4] have constructed nonlinear perfect two-error-correcting mixest columns in the other bytes. But this is not possible since for any
codes overZ;" x Zj._., n even and greater thad. This code m < b,, 2*2~™ is even and greater than Thus there is no perfect
implies the existence of a perfect two-byte-error-correcting code wigngle-byte-correcting code with one byte of sizeand the other
2™ pytes of sizel and one byte of siz&”~'. No other nontrivial bytes of sizehs, with b1 < bs. d

perfectt-byte-correcting codes with > 1 are known. o ) .
In the rest of this correspondence we consider only linear codes. |nf heorem 1 exgludes the POSSll)blhty of perfect single-byte-correcting
des of lengtl2”tb, 4 b; with 2°* bytes of sizeéb, and one byte of

Section Il we show that the necessary condition (1) for the existent® k . i e ]
of perfect linear single-byte-correcting codes is not always sufficiefiZ€?1- In this casep = b +b» and condition (1) is satisfied since
In Section 1l we consider constructions for perfect single-byte-
correcting codes of all the five types mentioned above. In Section 2Pr(2b2 1) 2ft — 1 =20t =90 1,
IV we consider the question of equivalence between perfect single-
byte-correcting codes. In the Hamming scheme, which corresponds
to the case when all the bytes are of sizeéhe linear Hamming code
is the unique perfect linear single-error-correcting code. We showThis section is devoted to constructions of perfect single-byte-
that one can find nonequivalent perfect linear single-byte-correctiggrrecting codes. We will consider all the first four types of byte-
codes. We consider in this context the case in which all bytes have g@recting codes mentioned in Section |I. If all bytes are of the
same size which is the most interesting type of byte-correcting codéame sizeb, then it is well known, e.g., [10] that perfect single-
byte-correcting code with redundangyexists if and only if2° — 1

1. NONEXISTENCE THEOREM divides2” — 1, i.e., b dividesp. Hence for codes of Type 1 condition

(1) is also sufficient. The code can be derived from a perfect single-

Two linear subspaces are calldi$joint if their intersection is the . de of | . GR2"). similarl
zero element. If the sum of the sizes of the two largest bytes qgror-_corre'ctmg code o engtEa_,,_l over H2"), similarly as was
lained in Section | for perfect mixed codes. For completeness we

greater than the number of parity-check symbols of the code, th i itv-check X of h
clearly the necessary condition (1) is not sufficient, since in a spa gscribe now one way to construct a parity-check matrix of suc

of dimensionp there cannot be two disjoint subspaces of dimensiornge' T_hrougho_ut this sectlon_ and the ne_xt one whenGF (2™) IS
by andb., whereb; + bs > p. Therefore, in a perfect linear Single_wrltten in a parity-check matrix, we consideras the column of its

byte-correcting code with redundangyand bytes of sizé: and b p|ngrg7;;£uple (rjepriseggltlonlln tg? f|elld.dft:>e a erl_rmtlve gle_n_went
we must haveb; + b, < p. Now, we will show that this condition " GF( )f ahn 5 o (Id — D/ dad ), thena® is ﬁ_ﬁﬂ'ﬂ‘.‘“"e
and condition (1) are not sufficient for the existence of perfect singEéer,nem of the subfield GR") anda’, 0", 0™, -+, 0 IS a

asis for the subfield. Thus for each 0 < i < s — 1, the

byte-correcting codes of Type 2. =

Ill. CONSTRUCTIONS FORBYTE-CORRECTING CODES

2° elements{(),cﬁ,ai“,ari“s,---,a“r@b*”_s} are closed under
Lemma 1:If C is a perfect single-byte-correcting code withaddition in GR2"*) anda’, a'**, a't%*, ..., /T~ 1% gre linearly
redundancyp, one byte of sizé;, ands bytes of sizeb,, then independent. Therefore, the matrix
s =220 —1)/(2%2 — 1) H =[HoH: - H,_]
and b, divides p — b,. wheres = (2" — 1)/(2° — 1) and
Proof: By condition (1) we have that H = [0{;70{;%’ At "0’:7‘+(h—1)5]7 0<i<s—1

P _1 =09t _ s(2b2 —
2 1=2 1+s(2 1 is a parity-check matrix for a perfect single-byte-correcting code of

by ropby by length sb, »b parity-check symbols, and bytes of sizeClearly, the

L« — . . . S ob .

s=2"(2 - D/(27=1). set{0,a’, '™, ait2e ... o F(2"=2)%} can be further partitioned
Therefore b, dividesp — b;. O into disjoint linear subspaces of si2é if and only if 2° — 1 divides

and hence
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2> — 1, i.e., b’ divides b. This result is easily generalized to any 1) Ais the(rba + b1) x b1 matrix defined by

subspace of rank. T
Lemma 2: Any subspace of rank can be partitioned inte = A= 0
(2® —1)/(2* — 1) disjoint subspaces of rarik, for eachb’ which -
divides b. 0
Proof: Let a be a primitive element in GR") and L be a sub- . . . . .
space of rank. Let 4o, f1.- - -, Bo_, be anyb linearly independent where! is the identity matrix of ordeb; and0 is ab, x by

all-zero matrix.

elements inL. We define the following mapping from GF(2") 2) B is the (rbs + b1) x (sbs) matrix of the form

into L, h(0) = 0, h(a') = 5;, 0 < i < b—1, andh(a’) = 3,

b < i< 2"—2 where B=[By Bi -+ Bs_]
b—1 . . . .
of = cha/jv ¢; € {0,1} whereB;, 0 < i < s—1,isan(rbz2+b1 ) x b2 matrix defined by
=0 : : :
and : : :
- B0 0 - 0
Bi=ciBi. : S :
i=o (},i (},i+3 . (}ii+(b271)3
We claim that for each, 0 < i < s — 1, the subset 3) C is the (rby + b1) x 5(2°* — 1)by matrix of the form
{0’ Bis Bigss Bizss oo 'di-‘r(Q”,—?)S } C = [00 (@ 05(251 —1)—1]
is a subspace of rank’. Clearly, a'**1* = $*~14.47 and '
P Y, o 25=0 L whereCr, k = js+i,0<j <2 —2.0<i<s—1,is

jtkes _ =1 i g ; —
@ TR =5 s0 ey djej € {0,1}, 0 < j < b—1and hence an (rb2 + by) x bz matrix defined by
b—1 . .
i+kyis i s 7 s j 37 /3]+1 e /3'7+b2_1
T T = T = R (d ) Cr = /a aits L gitz=Ds
7=0
Therefore, by the definition of the mappikgwe have that

b—

. Theorem 3: Construction A produces a parity-check matrix for a
! — perfect single-byte-correcting code with redundaméy + b;, one
Bitkrs + Bithys = Z‘liﬁi + Ze’fﬁf byte of sizeb; and the other bytes of sizZe.
=0 7=0 Proof: We have to show that each nonzero syndrome of length
_ o, rby + by is produced by exactly one linear combination of columns
- Z(df + )05 = Bitias- from one byte ofH. The syndromes which are produced froin
=0 are exactly all those vectors whose last entries are zeros. The
syndromes which are produced from the linear combinations of the
{0, 3, Bits, Bitos, s ,HL,JF(Q;,,_Q)S} columns inside the bytes & are exactly all those with zeros in the
first b; entries. It remains to be shown that each syndrome which is
nonzero in the firsb; entries and nonzero in the lash; entries is
Lemma 2, and condition (1) implies the following result. produced by linear combination of exactly one of thig’s. Given
such syndrome, wherev” = ((3'*)"] («'2)"), by Lemma 2 there

Theorem 2: A perfect sm_gle-byte-corrgctmg code with rEdun'exists a unique, 0 < i < s — 1, and a unique linear combination
dancy p and s; bytes of sizeb;, 1 < i < m, such thatb,,

b—1

Thus the set

is a subspace of rank.

= - S ' such that
1 <i<m—1,dividesh;; andb,, dividesp, exists if and only if b1
o
) - ’ m=0
=1
Theorem 2 provides a proof to the fact that the necessary conditdfice b1 > bz, it follows that

(1) for the existence of perfect single-byte-correcting codes of Type 4 ba—1 .
is also sufficient if the number of parity-check symbols is also a power V= emB" £ 0
of 2. Next, we consider the case when one byte is of &izand the m=0
other bytes are of sizk,. We have shown already in Lemma 1 andand there exists a uniqye0 < j < 2°'—2, such that?'' = 37+, and

Theorem 1 that a necessary condition for the existence of such ce@eicev is obtained by a unique linear combination frai,.;. O
with p parity-check symbols is thdt dividesp — b, andb; > b,. . . )
Hong and Patel [10] proved that this necessary condition is also™S We said, the parameters of the codes obtained by Construction A
sufficient if condition (1) holds. We will present a construction fof"® the same as the ones obtained in [10]. But, our presentation and the
codes with the same parameters, which have a simpler presentafipRlementation obeonstructlonbA is simpler. We only need primitive
and implementation over the codes of Hong and Patel [10]. elements in GF2"°2) and GK2"*), while in [10] the presentation
and the implementation require primitive elements in each one of the
_ fields GF(2?°2t*1), 0 < i < r — 1. As a consequence of Lemma 1,

Construction A and Theorems 1 and 3, we have the following.

Letb; > bs, o be a primitive element in GR"*2), 3 a primitive
element in GR2°1), ands = (272 — 1)/(2°2 — 1). Let H be the

matrix defined by

Corollary 1: A perfect single-byte-correcting code with redun-
dancyp, one byte of sizé, and the other bytes of siZe, exists if
and only if b, dividesp — by andb; > bs.

H=[A B (] A more generalized construction is the following one.
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Construction B 1) The first set consists of oné x b matrix
Let H, be the parity-check matrix of a perfect single-byte- T

correcting codeC; with redundancyp, and n; bytes of sizeb;, 0

1 < ¢ < m. Let furthera be a primitive element in GR”) and A= .

b1 be a positive integer less than or equal ptg(b,»,+1 is not

. . . . 0
necessarily distinct from the othés’s). We define a matrixl, as

follows: where ! is the identity matrix of ordeb.
2) The second set consistsof= (20°~D% —1)/(2* — 1) matrices
Hy, 0 Ay A -+ Ao o of the form
H, =
veh bt =% 9% .0 0<i<s—1
e N AN S o Chg DR Stxs— L

wherel is the identity matrix of ordeb,,,+; andA4;, 0 < i < 27 -2,

H H r—1)b _ :
is ap x by matrix defined by 3) The third set consists X 1 matrices of the form

rl o - 0
A, = [ai NS = I Ouurbmﬂﬂ]. 0 1 0
Ce=|": : : : . 0<k<2Th g
The proof of the following theorem is very similar to the one of 0 0 1
Theorem 3. ok aktt o Lo gktbel

Theorem 4: Construction B produces a parity-check matrix for a 4) The fourth set consists @’ ~"° — 1 matrices of the form
perfect single-byte-correcting code with redundapeyb...+, where

bmi1 < p, With n; bytes of sizeb;, 1 < i < m, and2” bytes of [ [1) (1) 8
Size by 1. : ) o .
D= - : : : ;
Construction B can be further applied to obtain perfect single- 0 0 1
byte-correcting codes with various parameters. The parameters of Wi tis TGS L it

the perfect single-byte-correcting codes obtained in Construction A

can be also obtained via Construction B, but the presentation in

Construction A is simpler and can be easily implemented. To obtainpgfine F

more perfect single-byte-correcting codes we should use Lemma 2 to

replace a byte of sizé by (2° — 1)/(2*" — 1) bytes of sizeb’ for Hi=[4 Bo - Bict Co ++ Chr—nyp_y]

anyb’ which dividesh. Several other methods in which several bytes . -
. : and F» as the code whose parity-check matrix is

of sizeb, are replaced by several bytes of sizeto obtain perfect

single-byte-correcting codes with other parameters are presented in H,;=[A By --- Bs—1 Do -+ Dy—1yo_,]-

the Appendix.

0<i<s—1, 0<j<2"—2 Ek=js+i.

as the code whose parity-check matrix is

Eachrb x b matrix corresponds to a distinct byte of size

Theorem 5: The codesF; and F» defined in Construction C are
perfect single-byte-correcting codes of lengtiz™ — 1)/(2° — 1)

Two linear code<”; and C; are calledequivalentif there exists and bytes of sizeé.
a permutationt such thatCy = {m(c) : ¢ € Ca}. It is well Proof: We have to show that each nonzero syndrome of length
known that the unique linear perfect single-error-correcting code;ig is produced by exactly one linear combination of columns from
the [2° — 1,27 — p — 1] Hamming code. When we consider othepne byte of the parity-check matri&;, i = 1,2. The syndromes
perfect single-byte-correcting codes we have to make some sligifiich are produced fromt are exactly all those vectors whose last
Changes in the definition of equivalent codes, such that a permutatigm_ ]_)b entries are zeros. By Lemma 2, the syndromes which are
m can permute elements only inside bytes and permute bytes. pe$duced from the linear combinations of the columns inside the
simplicity, we only give the formal definition for byte-correctingpytes of B are exactly all those with zeros in the fifstentries. It
codes with bytes of sizé. Two linear byte-correcting codes; and  remains to be shown that each syndrome which is nonzero in the
C» of length mb with m bytes of sizeb are calledequivalentif  first ;, entries and nonzero in the last — 1)b entries is produced
there exist a permutation such thatCy = {x(c) : ¢ € C2} and py linear combination of exactly one of th@,’s and exactly one
7 = (7o, M1, +, Tmb—1), Where for eachi, 0 <i <m — 1 linear combination of theD,’s. Given such syndrome, where

oT = ((W)T1(HT), v = (wour -~ up_1), let

IV. NONEQUIVALENT BYTE-CORRECTING CODES

{mivs Tib1, - Tippp—1 } = {0, jb+1,---,jb+ b — 1}

for somej, 0 < j < m — 1. A similar definition can be given =0

to other types of byte-correcting codes. We will now show that faggnd

each redundancyb, r > 3, b > 2, there exist two nonequivalent b—1 )
perfect single-byte-correcting codés and C> with bytes of size, v = Zua
and redundancy-b. i=0

There exists a unique, 0 < k < 20~ — 2, such thaty' = o 3,

) and hencev is obtained by a unique linear combination fraih.
Construction C There is also a uniquk, 0 < k& < 20"~Y% — 2, such that! = a*~,
For a primitive element. in GF(2("~"*) construct the following and hencer is obtained by a unique linear combination frai,.
four sets ofrb x b matrices. Thus the lemma is proved. O
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Theorem 6: The codeF’ and F» defined in Construction C are Now, for i # &
not equivalent.

We will assume thatF; and F, are equivalent. Therefore, also [0 1 --- 0 0 o .- 0
their dual codes#, and G» are equivalent.H, and H- are the : : : : + | : : :
generator matrices @¥, andG-, respectively. Hence, by elementary | 0 o - 1 0 o - 0
row operations orf;, with possible permutations on rows, columns al ottt et al okt gk
within bytes, and bytes we can obtain the matHx. We will first ro1 0 0
prove that no elementary row operations are neededDLéf’;) be 0 1 0
the (r — 1)b x b matrix consisting of the lastr — 1)b rows of D; = : . : :
(Ci),0<i<20"=Db _ 2 First note that®!, 0 < i < 207=Db _ 2, l_ 0 . in 0 T e 1 o
consists of columns throughi + b — 1, where computation is done a’ta’ a’ita « T
modulo20~1% — 1, of the (r — 1)b x (207~D® — 1) matrix [ (1) (1) 8

M=[" o o2 0 o . ;
Lo’ + % (o +af)a - (o +af)a’?
Each row of M is a shift of anm-sequenceS of order (r — 1)b Ml 0o - 0
[5], [12], when them-sequenceS and the field GF2("~"") are o 1 - 0
generated from the same primitive polynomial. This means that each = | : : : :
nonzerd[(r — 1)b]-tuples appears exactly once as a window of length 0 o - 1
(r —1)b in each (cyclic) row. Next, we want to remind that addition L7 adtt L

of two different cyclic shifts ofS is a different cyclic shift ofS

) i ) _ Since o't + af # o™ + oF for iy # iy, it follows that the
[5], and since the rank al{ is (r — 1)b, it follows that any linear

o i 2 set of matrices _containingl and theC;'s are left invariant under
combination of nonempty set of rows froi is another cyclic shift the addition ofC';.. Therefore, except for possible permutations of

of 5. Each nonzerd-tuple appears rows and columns, the firétrows of H; remain unchanged and the
last (r — 1)b rows remain agr — 1)b different linearly independent
P L cyclic shifts of 5.
55— = 2 Now, note thatC! andC\,,, 0 < i < 20"=Y" — 2 shareb — 1
- columns, and als®’ and D/, ., 0 < i < 20"=Y" _ 2 shareb — 1

. ind ¢ width in & and the all | columns. LetG(C') = (V1, E,) be a graph whose set of vertices is
times as a window of widt in .S, and the allzer@-tuple appears Vi = {u;: 0 <i< 20D _ 21 and set of edged; consists

277" — 1 times. Hence, in a given row of th&{’s, each nonzero of a the pairs{v;.v,} such thatC! and C’ shareb — 1 columns
b-tuple appears ia" )" bytes, and the allzefptuple in2""~**~1  jn common. Clearly( is a cycle of lengt2’~1. Now, note that
bytes. Note, that in each of the bytes of the firsbws of bothH; by permuting columns within bytes, the newly defined grapliby
and H., in each row we have &tuple of weight one which appearsthe same definition) remains a cycle of lengtfi*. Similarly, we
20"~ times and the all-zerb-tuple which appears times. Hence, define a grapi(D) = (V2, E) whose set of vertices is; = V1

any linear combination of at least one of the last- 1)b rows and at an(cj:l ;,et Ohf eoll)geﬁig c?nssts. of all the p?ﬁm, vit S;Ch tha:tl.)‘
least one of the firsk rows will not result in a row which includes in 219D shareb — 1 columns in common. The grapH(D) contains

he b a-tuple of weight one("—1D? Theref he first * cycles of length2® — 1. Thus there is no permutation on bytes and
the bytes a-tuple of weig .t on t'm?S' er.e ore, the |r§t columns within bytes which maps th&’s into the D},’s, i.e., Fy
b rows of H, should remain unchanged with possible permutationgg F, are not equivalent.

of rows and columns. Thus we have proved

As for the last(r — 1)b rows of H;, note that inA these rows Corollary 2: For each redundancyb, b > 2, > 3, there exist

consist of zgros only. In order to havem S_UCh a matrix after the_two nonequivalent perfect single-byte-correcting codes with bytes of
row operations and the permutations applied, we have to considgie ;, and redundancyb.

two cases:
Case 1: We take only linear combinations of the lagt — 1)b

rows which practically leave these rows unchanged (in the sense tha\t . . .
. . . . - n this appendix we present a few more constructions for perfect
we obtain(r — 1)s linearly independent shifts of).

. . . ) byte-correcting codes. For the first method we need the following
Case 2: We obtain the matrix4 from Cj by addingCy (given

\ two lemmas.
below), for somek ,0 < k < 20"=1% _ 2 (it is euivalent for some
row operations) tad and all theC;’s

APPENDIX

Lemma 3: Let b; and b2 be two distinct integers smaller than
b, which divide b. If s; = (2° = 1)/(2% — 1), i = 1,2, then
g.c.d.(s1,s2) > 1, where g.c.d. is thgreatest common divisaof
s1 and s2.

N 0 O 0 Proof: Clearly,b; < [2] andb, < [2]. Without loss of gener-

C = ality, we can assume thdat < b; and hences; > 251 and
0o 0 0 so > 25117 and therefores; s, > 2°. Since boths; ands, divides
PN = SN Se e

a 2 — 1 ands; sz > 2" — 1, it follows that g.c.d(s, s2) > 1. O
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Lemma 4: Let b, andb, be two distinct integers smaller than The second method will repladd! — 1 bytes of sizeh, by 2°2 —1
which divide b. If s; = (2° — 1)/(2% — 1), i = 1,2, then there bytes of sizeb;, whereb; < b, if the 2°* — 1 bytes of sizeb,
is no solution for the equations, + js; = 0(mod 2° — 1), for arranged in a certain form which can be obtained for most parameters
0<i< j—g —1,0<j <2 —2 wheres; = g.c.d.(s, s2). of byte-correcting codes mentioned before.

Proof: By definition,s; = ssx1 andsz = sszx» for two integers

x; andx, such that g.c.da, 22) = 1. Hence,2® — 1 = ss2120y Construction E
and, therefore2’* — 1 = z,y and2®2 — 1 = z,y. Now, assume
there is a solution for the equation; + js; = 0 (mod 2° — 1), for
0<i< ;f-1.,0§,;’§2’>2—2,i.e.,

Let by and b2 be two integers greater thah such that
by < bs, and o be a primitive element in GR"2?). Let

{(]),ozil,ozjz,-1~~,ai(25‘ -1} be the subspace spanned hy’,
ob _ ob _ a',ooatT! Let
i;bl 11 +j22b2 11 = k(2" -1), E>1 T
H=[RiRy --- Ry_,4]
and hence
RS | (ot 1 be the parity-check matrix of a perfect single-byte-correcting code
ity =k2" 1) C, where
or
L re o o 0 - 0
l+].171 = k(2 1). R.= |a® ol et 1<k<2—1
otk T L0 gbe— 1t

It follows that j must be a multiple ofz; and hence its maximum

value can ber;(y — 1) and our equation can take the form . .
1y ) q where 0 is all-zero r-tuple. Let7;, 0 < j < 2P2 _ 2 pe the

1+ T2y — T2 > k(Zbl — ]_) = ]{;pzy (r + 2[)2) X by matrix
and hence > zo. But0 < < j—g — 1 = z2 — 1, a contradiction. 0 0 0
Thus the lemma follows. O T, = |a? o' ... githd
P R N e )
The next construction is in some sense based on a double appli-
cation of Lemma 2 and define
Construction D H =TTi - Ty, ,AL

Letb be an integer divisible by, andbs, s; = (2° —1)/(2% 1),
i=1,2,ands; = g.c.d(si,s). Foragivenn,0 <m < s3—1,let  Theorem 8: The matrixZ’ defined in Construction E is a parity-
H— [H0H1 o Ha 4] check matrix of a perfect single-byte-correcting code.

EE Proof: H is a parity-check matrix of a perfect single-byte-
correcting code” and hence the structure of is irrelevant to the
proof. We only have to prove that the syndromes generated by the
matricesR;, 1 < k < 2% — 1, are the same as the ones generated
0<i<f_ Dbythematriced}, 0 < j <2° —2. Sincea’,at,---,a” s a

= = s3 basis of GR2%?), it follows that R, produces exactly thg®? — 1

where

3

H = [(1/777,+i,~?3 a77l+i.‘!3+s‘1 a777,+i,~:3+231 a771+i.<:3+(b1—1).q1]
L > I bl Ll

corresponds to a byte of siZe, anda is a primitive element in Syndromes of the form

GF(2}), be the parity-check matrix of a perfect single-byte-correcting 0

code C. Let ol . 0<i<2_2
Y = [(}m+is1 ~0:,77,4-,',31-5-.‘;2 0’:7n+1‘s1+2,~:2 am+;ﬁs1+(b2—1)52] altie
0<i<® 1 by . »
s3 Recall now that GF2™) is a field with characteristie and hence
_ a'm™+a' =o' if and only if o' ™ + o' = o**". Also, recall that
and define 0o 1 by—1 i i tigh
a’,at, span the subspad®, o', a'2, -+ - o @ 1-D } |t
H =[GoGr -+ G Al follows thatT;, 0 < j < 2°2 — 2, produces exactly the’* — 1
3 syndromes of the form
Theorem 7: The matrix ' defined in Construction D is a parity- 0
check matrix of a perfect single-byte-correcting code. altie | 1<k<2 —1.
Proof: We only have to prove that the syndromes generated al T2

by the matricesH;, 0 < i < j—; — 1, are the same as the ones
generated by the matrices;, 0 < i < :—g — 1. Without loss of Now, it can be readily verified that thg,’s and the7;’s produce
generality, we assume that = 0. H,;, 0 < i < £ — 1, produces the samg2°t — 1)(2°2 — 1) syndromes. O

the sch{romesf,ta“ﬁ“‘ 10 < j < 2" —2). These are exactly  Now, we want to show that there exist perfect single-byte-
all the 2=+ multiples of s3. G4, 0 < i < 2 — 1, produces the correcting codes that include the: + 2bs) x by matrices Ry,
syndromes{a****7¢2 : 0 < j < 2°2 — 2}, Again, these are clearly 0 < k < 2* — 2, as submatrices (which corresponds to bytes of size
2:‘ multiples of s3. By Lemma 4, no two of these multiples areb) of their (r + 2b2) x n parity-check matrices. The construction
equal and hence these are all the multiplesofind thus theH;’s  given can be easily applied to obtain codes with the parameters of
and theG,’s generate the same syndromes. O the codes obtained by Construction A.
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H1 0 0 0 0 0 Bo B2,372 Bo e szfz
Ho=|0 0 I Ay Ao Ap I I 0o - 0
0 T 0 Ay A Ay, 5 0O 0 I ... I
By -+ Bsos_o By -+ DBop_o - By «e+ DBas_y
Ay - A Ay - A Ao Ao
Ay - Ag A - Ay S . PE T
Construction F [11] B. Lindstrom, “On group and non-group perfect codesyinymbols,”
. . . Math. Scand vol. 25, pp. 149-158, 1969.
Let ¢y be a perf/ect S|ngle-byte-correc_t|ng code W'th_ redundanc[xz] F. J. MacWilliams and N. J. A. Sloang&he Theory of Error-Correcting
p, si bytes of sizeb;, 1 < i < m, and parity-check matri¥i,. Let Codes Amsterdam, The Netherlands: North-Holland, 1977.

further, o be a primitive element in GR"2) and 3 be a primitive [13] T. R. N. Rao and E. FujiwaraError-Control Coding for Computer
element in GF2°). Construct the parity-check matrix shown at the ~ Systems London, U.K.: Prentice-Hall, 1989.

top of this page, wheré is the identity matrix of ordeb,, A; is a

b2 x b2 matrix of the form

A = [(17 (}ii+1 . (},i+b2—1]’ 0<i< 2b2 _9
and B; is anp x b, matrix of the form On Integer-Valued Rational Polynomials
— A and Depth Distributions of Binary Codes

B, =[5 gt ..o ot 0<i<2r -2

- . . Chris J. Mitchell, Member, IEEE
By similar techniques to those used in the Proof of Theorem 3 we

can prove the following theorem.

. . . . . Abstract—The notion of the depth of a binary sequence was introduced
Theorem 9: The parity-check matrixi{, of Construction F is a by Etzion. In this correspondence we show that the set of infinite

parity-check matrix of a perfect single-byte-correcting cédewith  sequences of finite depth corresponds to a set of equivalence classes of
s; bytes of sizeb}, 1 < i < m, and2°(2°2 4 1) bytes of sizeb,. rational polynomials. We go on to characterize infinite sequences of finite

Furthermore Ry, 1 < k < 2°* — 1, of Construction E is the matrix depth in terms of their periodicity. We conclude by giving the depth
- distributions for all linear cyclic codes.

N Index Terms—Cyclic code, depth, depth distribution, derivative, linear
<10 complexity.
A,
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In this correspondence we are concerned with considering the
pthsof binary sequences, where depth is as defined by Etzion, [1].
Etzion showed that a linear code of dimensionontains codewords

of & distinct depths, and also gave the distribution of codeword depths
for certain classes of codes.
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