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Perfect Byte-Correcting Codes

Tuvi Etzion, Member, IEEE

Abstract—We present a few new constructions for perfect linear single
byte-correcting codes. These constructions generate some perfect single
byte-correcting codes with new parameters, and some perfect single byte-
correcting codes with known parameters and simpler presentation and
implementation over the known codes. It is also shown that nonequivalent
perfect linear single byte-correcting codes exist when all the bytes have
the same size.

Index Terms—Byte-correcting code, equivalent codes, perfect code,
perfect mixed code, syndrome.

I. INTRODUCTION

In most memory and storage systems, the information is stored
in bytes. In many of these systems, when an error event occurs it
does in a few places of the same byte. Hence, when we consider
error detection and correction in such systems, we want to be able to
detect and correct all errors that occur in the same byte. Therefore,
we considert-byte-correcting codes for these systems. For more
information on these systems and codes see [1], [2], and [13].

Let Fn be the set of all words of lengthn over a finite field
F . A binary codeC of length n, in a given metric, is perfect if
for some integert � 0, every wordx 2 Fn, is within distancet
from exactly one codeword ofC in the given metric. The study of
perfect codes has always been one of the most fascinating subjects
in coding theory. They were investigated for various metrics such as
the Hamming, Johnson, and Lee [3].

In this correspondence we consider perfect codes which are byte-
correcting codes. In this metric, the distance between two wordsx

andy is d, if they differ in exactlyd bytes. Such perfect codes were
considered by Hong and Patel [10]. Our goal is to find when perfect
byte-correcting codes can exist, when they do exist, and when they
cannot exist. We will consider these codes both for practical use as
the “best” byte-correcting codes, and for theoretical point of view as
perfect codes.

We distinguish between five types of byte-correcting codes, ac-
cording to the different sizes of the bytes in the code. Some of these
types have practical use, and some do not have such practical use,
at least at this point in time.

Type 1: All bytes have the same size.
Type 2: One byte is of sizeb1 and the other bytes are of sizeb2.
Type 3: Each byte is of either sizeb1 or sizeb2.
Type 4: The size of each byte is a power of2.
Type 5: All the other cases.

Note that a specific byte-correcting code can belong to a few
different types at the same time. For all these types there is a
simple necessary condition for the existence of the corresponding
perfect byte-correcting code. Given a codeC of length n, for a
given codewordc 2 C and an integert, let S be the set of words
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which differ in no more thant bytes fromc. We say thatS is the
sphere of radiust from c. C is a perfectt-byte-correcting code if
its minimum distance is2t + 1 and jCjjSj = 2n. If C is a linear
code of dimensionk, thenC is a perfectt-byte-correcting code if
and only if each syndrome of lengthn � k is produced by exactly
one linear combination of columns from no more thant bytes in the
parity-check matrix ofC. Therefore, a necessary condition for the
existence of perfect linear single-byte-correcting code withm sizes
of bytes,si bytes of sizebi, 1 � i � m, is that

2n�k � 1 =

m

i=1

si(2
b � 1): (1)

Byte-correcting codes are closely related to mixed codes. A code
of lengthn is calledmixedif its codewords are subset ofA1�A2�
� � � � Am, whereAi, 1 � i � m, is some alphabet whose size is
at least2. Some necessary conditions and constructions for perfect
single-error-correcting mixed codes can be found in [6]–[9] and [11].
If we consider the rows of a byte of sizeb, in a perfectt-byte-
correcting codeC, as elements in GF(2b) then the byte becomes a
single coordinate over GF(2b). If C is a perfectt-byte-correcting
with si bytes of sizebi, 1 � i � m, then the corresponding
code is t-error-correcting mixed code with codewords taken from
A1�A2�� � ��Am, whereAi = GF(2b )s . Etzion and Greenberg
[4] have constructed nonlinear perfect two-error-correcting mixed
codes overZ2

2 � Z1
2 , n even and greater than2. This code

implies the existence of a perfect two-byte-error-correcting code with
2n bytes of size1 and one byte of size2n�1. No other nontrivial
perfectt-byte-correcting codes witht > 1 are known.

In the rest of this correspondence we consider only linear codes. In
Section II we show that the necessary condition (1) for the existence
of perfect linear single-byte-correcting codes is not always sufficient.
In Section III we consider constructions for perfect single-byte-
correcting codes of all the five types mentioned above. In Section
IV we consider the question of equivalence between perfect single-
byte-correcting codes. In the Hamming scheme, which corresponds
to the case when all the bytes are of size1, the linear Hamming code
is the unique perfect linear single-error-correcting code. We show
that one can find nonequivalent perfect linear single-byte-correcting
codes. We consider in this context the case in which all bytes have the
same size which is the most interesting type of byte-correcting codes.

II. NONEXISTENCE THEOREM

Two linear subspaces are calleddisjoint if their intersection is the
zero element. If the sum of the sizes of the two largest bytes is
greater than the number of parity-check symbols of the code, then
clearly the necessary condition (1) is not sufficient, since in a space
of dimension� there cannot be two disjoint subspaces of dimensions
b1 andb2, whereb1 + b2 > �. Therefore, in a perfect linear single-
byte-correcting code with redundancy� and bytes of sizeb1 andb2
we must haveb1 + b2 � �. Now, we will show that this condition
and condition (1) are not sufficient for the existence of perfect single
byte-correcting codes of Type 2.

Lemma 1: If C is a perfect single-byte-correcting code with
redundancy�, one byte of sizeb1 ands bytes of sizeb2, then

s = 2b (2��b � 1)=(2b � 1)

and b2 divides � � b1.
Proof: By condition (1) we have that

2� � 1 = 2b � 1 + s(2b � 1)

and hence
s = 2b (2��b � 1)=(2b � 1):

Therefore,b2 divides�� b1.

Theorem 1: A perfect single-byte-correcting code with one byte
of sizeb1 and the other bytes of sizeb2, with b1 < b2, cannot exist.

Proof: Assume thatH is an � � n parity-check matrix of a
perfect single-byte-correcting code of lengthn and � parity-check
symbols, with one byte of sizeb1, ands bytes of sizeb2, b1 < b2. The
b1 columns in the byte of sizeb1 are linearly independent and hence,
without loss of generality (w.l.o.g.) we can assume that columni,
1 � i � b1, is a vector of weight one with a ONE in theith entry. Let
H1 be theb1�n matrix whose rows are the firstb1 rows ofH. Since
all the 2� � 1 linear combinations of nonempty subsets of columns
from the bytes ofH consists of all nonzero binaryr-tuples, it follows
that in H1 these linear combinations result in1 + s(2b � 1)=2b

(equal 2��b by Lemma 1) occurrences of each nonzerob1-tuple,
ands(2b �1)=2b = 2��b �1 occurrences of the all-zerob1-tuple.
Given ab1 � b2 matrix A with rankm � b1, there are2b �m � 1
linear combinations of nonempty subsets of columns fromA which
result in the all-zerob1-tuple. For each (of the2m � 1) nonzero
b1-tuple v in the subspace spanned by the columns ofA, there are
exactly2b �m linear combinations of nonempty subsets of columns
from A which result inv. The firstb1 rows ofH in each byte of size
b2 can be viewed as such matrixA. Since each nonzerob1-tuple is a
result of exactly one linear combination of the byte of sizeb1 in H1,
it follows that it should be a result of2��b � 1 linear combinations
of columns in the other bytes. But this is not possible since for any
m � b1, 2b �m is even and greater than1. Thus there is no perfect
single-byte-correcting code with one byte of sizeb1 and the other
bytes of sizeb2, with b1 < b2.

Theorem 1 excludes the possibility of perfect single-byte-correcting
codes of length2b b2+ b1 with 2b bytes of sizeb2 and one byte of
sizeb1. In this case,� = b1 + b2 and condition (1) is satisfied since

2b (2b � 1) + 2b � 1 = 2b +b � 1 = 2� � 1:

III. CONSTRUCTIONS FORBYTE-CORRECTING CODES

This section is devoted to constructions of perfect single-byte-
correcting codes. We will consider all the first four types of byte-
correcting codes mentioned in Section I. If all bytes are of the
same sizeb, then it is well known, e.g., [10] that perfect single-
byte-correcting code with redundancy� exists if and only if2b � 1
divides2��1, i.e.,b divides�. Hence for codes of Type 1 condition
(1) is also sufficient. The code can be derived from a perfect single-
error-correcting code of length2 �1

2 �1
over GF(2b), similarly as was

explained in Section I for perfect mixed codes. For completeness we
describe now one way to construct a parity-check matrix of such
code. Throughout this section and the next one when
 2 GF(2m) is
written in a parity-check matrix, we consider
 as the column of its
binarym-tuple representation in the field. If� be a primitive element
in GF(2rb) and s = (2rb � 1)=(2b � 1), then �s is a primitive
element of the subfield GF(2b) and �0; �s; �2s; � � � ; �(b�1)s is a
basis for the subfield. Thus for eachi, 0 � i � s � 1, the
2b elementsf0; �i; �i+s; �i+2s; � � � ; �i+(2 �2)sg are closed under
addition in GF(2rb) and�i; �i+s; �i+2s; � � � ; �i+(b�1)s are linearly
independent. Therefore, the matrix

H = [H0H1 � � �Hs�1]

wheres = (2rb � 1)=(2b � 1) and

Hi = [�i; �i+s; �i+2s; � � � ; �i+(b�1)s]; 0 � i � s� 1

is a parity-check matrix for a perfect single-byte-correcting code of
lengthsb, rb parity-check symbols, and bytes of sizeb. Clearly, the
set f0; �i; �i+s; �i+2s; � � � ; �i+(2 �2)sg can be further partitioned
into disjoint linear subspaces of size2b if and only if 2b �1 divides
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2b � 1, i.e., b0 divides b. This result is easily generalized to any
subspace of rankb.

Lemma 2: Any subspace of rankb can be partitioned intos =

(2b � 1)=(2b � 1) disjoint subspaces of rankb0, for eachb0 which
divides b.

Proof: Let � be a primitive element in GF(2b) andL be a sub-
space of rankb. Let �0; �1; � � � ; �b�1 be anyb linearly independent
elements inL. We define the following mappingh from GF(2b)
into L, h(0) = 0, h(�i) = �i, 0 � i � b � 1, andh(�i) = �i,
b � i � 2b � 2, where

�i =

b�1

j=0

cj�
j ; cj 2 f0; 1g

and

�i =

b�1

j=0

cj�j :

We claim that for eachi, 0 � i � s � 1, the subset

f0; �i; �i+s; �i+2s; � � � ; �i+(2 �2)sg

is a subspace of rankb0. Clearly, �i+k s = b�1
j=0 dj�

j and

�i+k s = b�1
j=0 ej�

j ; dj ; ej 2 f0; 1g; 0 � j � b� 1 and hence

�i+k s + �i+k s = �i+k s =

b�1

j=0

(dj + ej)�
j :

Therefore, by the definition of the mappingh we have that

�i+k s + �i+k s =

b�1

j=0

dj�j +

b�1

j=0

ej�j

=

b�1

j=0

(dj + ej)�j = �i+k s:

Thus the set

f0; �i; �i+s; �i+2s; � � � ; �i+(2 �2)sg

is a subspace of rankb0.

Lemma 2, and condition (1) implies the following result.

Theorem 2: A perfect single-byte-correcting code with redun-
dancy � and si bytes of sizebi, 1 � i � m, such thatbi,
1 � i � m� 1, dividesbi+1 andbm divides�, exists if and only if

m

i=1

si(2
b � 1) = 2� � 1:

Theorem 2 provides a proof to the fact that the necessary condition
(1) for the existence of perfect single-byte-correcting codes of Type 4
is also sufficient if the number of parity-check symbols is also a power
of 2. Next, we consider the case when one byte is of sizeb1 and the
other bytes are of sizeb2. We have shown already in Lemma 1 and
Theorem 1 that a necessary condition for the existence of such code
with � parity-check symbols is thatb2 divides� � b1 and b1 > b2.
Hong and Patel [10] proved that this necessary condition is also
sufficient if condition (1) holds. We will present a construction for
codes with the same parameters, which have a simpler presentation
and implementation over the codes of Hong and Patel [10].

Construction A

Let b1 > b2, � be a primitive element in GF(2rb ), � a primitive
element in GF(2b ), ands = (2rb � 1)=(2b � 1). Let H be the
matrix defined by

H = [A B C]:

1) A is the (rb2 + b1) � b1 matrix defined by

A =

I
0
...
0

whereI is the identity matrix of orderb1 and0 is a b2 � b1
all-zero matrix.

2) B is the (rb2 + b1)� (sb2) matrix of the form

B = [B0 B1 � � � Bs�1]

whereBi, 0 � i � s�1, is an(rb2+b1)�b2 matrix defined by

Bi =

...
... � � �

...
0 0 � � � 0
...

... � � �
...

�i �i+s � � � �i+(b �1)s

:

3) C is the (rb2 + b1)� s(2b � 1)b2 matrix of the form

C = C0 C1 � � � Cs(2 �1)�1

whereCk; k = js + i; 0 � j � 2b � 2; 0 � i � s � 1, is
an (rb2 + b1) � b2 matrix defined by

Ck =
�j �j+1 � � � �j+b �1

�i �i+s � � � �i+(b �1)s :

Theorem 3: Construction A produces a parity-check matrix for a
perfect single-byte-correcting code with redundancyrb2 + b1, one
byte of sizeb1 and the other bytes of sizeb2.

Proof: We have to show that each nonzero syndrome of length
rb2 + b1 is produced by exactly one linear combination of columns
from one byte ofH. The syndromes which are produced fromA
are exactly all those vectors whose lastrb2 entries are zeros. The
syndromes which are produced from the linear combinations of the
columns inside the bytes ofB are exactly all those with zeros in the
first b1 entries. It remains to be shown that each syndrome which is
nonzero in the firstb1 entries and nonzero in the lastrb2 entries is
produced by linear combination of exactly one of theCk’s. Given
such syndromev, wherevT = ((�l )T j (�l )T ), by Lemma 2 there
exists a uniquei, 0 � i � s � 1, and a unique linear combination
such that

�l =

b �1

m=0

cm�
i+ms; cm 2 f0; 1g:

Since b1 > b2, it follows that


 =

b �1

m=0

cm�
m 6= 0

and there exists a uniquej, 0 � j � 2b �2, such that�l = �j
, and
hencev is obtained by a unique linear combination fromCjs+i.

As we said, the parameters of the codes obtained by Construction A
are the same as the ones obtained in [10]. But, our presentation and the
implementation of Construction A is simpler. We only need primitive
elements in GF(2rb ) and GF(2b ), while in [10] the presentation
and the implementation require primitive elements in each one of the
fields GF(2ib +b ), 0 � i � r � 1. As a consequence of Lemma 1,
and Theorems 1 and 3, we have the following.

Corollary 1: A perfect single-byte-correcting code with redun-
dancy�, one byte of sizeb1 and the other bytes of sizeb2, exists if
and only if b2 divides � � b1 and b1 > b2.

A more generalized construction is the following one.
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Construction B

Let H1 be the parity-check matrix of a perfect single-byte-
correcting codeC1 with redundancy�, and ni bytes of sizebi,
1 � i � m. Let further� be a primitive element in GF(2�) and
bm+1 be a positive integer less than or equal to� (bm+1 is not
necessarily distinct from the otherbi’s). We define a matrixH2 as
follows:

H2 =
H1 0 A0 A1 � � � A2 �2

0 I I I � � � I

whereI is the identity matrix of orderbm+1 andAi, 0 � i � 2��2,
is a � � bm+1 matrix defined by

Ai = [�i �i+1 � � � �i+b �1]:

The proof of the following theorem is very similar to the one of
Theorem 3.

Theorem 4: Construction B produces a parity-check matrix for a
perfect single-byte-correcting code with redundancy�+bm+1, where
bm+1 � �, with ni bytes of sizebi, 1 � i � m, and2� bytes of
size bm+1.

Construction B can be further applied to obtain perfect single-
byte-correcting codes with various parameters. The parameters of
the perfect single-byte-correcting codes obtained in Construction A
can be also obtained via Construction B, but the presentation in
Construction A is simpler and can be easily implemented. To obtain
more perfect single-byte-correcting codes we should use Lemma 2 to
replace a byte of sizeb by (2b � 1)=(2b � 1) bytes of sizeb0 for
anyb0 which dividesb. Several other methods in which several bytes
of size b1 are replaced by several bytes of sizeb2 to obtain perfect
single-byte-correcting codes with other parameters are presented in
the Appendix.

IV. NONEQUIVALENT BYTE-CORRECTING CODES

Two linear codesC1 andC2 are calledequivalentif there exists
a permutation� such thatC1 = f�(c) : c 2 C2g. It is well
known that the unique linear perfect single-error-correcting code is
the [2� � 1; 2� � � � 1] Hamming code. When we consider other
perfect single-byte-correcting codes we have to make some slight
changes in the definition of equivalent codes, such that a permutation
� can permute elements only inside bytes and permute bytes. For
simplicity, we only give the formal definition for byte-correcting
codes with bytes of sizeb. Two linear byte-correcting codesC1 and
C2 of length mb with m bytes of sizeb are calledequivalent if
there exist a permutation� such thatC1 = f�(c) : c 2 C2g and
� = (�0; �1; � � � ; �mb�1), where for eachi, 0 � i � m� 1

f�ib; �ib+1; � � � ; �ib+b�1g = fjb; jb+ 1; � � � ; jb+ b� 1g

for somej; 0 � j � m � 1: A similar definition can be given
to other types of byte-correcting codes. We will now show that for
each redundancyrb, r � 3, b � 2, there exist two nonequivalent
perfect single-byte-correcting codesC1 andC2 with bytes of sizeb,
and redundancyrb.

Construction C

For a primitive element� in GF(2(r�1)b) construct the following
four sets ofrb � b matrices.

1) The first set consists of onerb � b matrix

A =

I
0
...
0

whereI is the identity matrix of orderb.
2) The second set consists ofs = (2(r�1)b�1)=(2b�1) matrices

of the form

Bi =
0 0 � � � 0
�i �i+s � � � �i+(b�1)s

; 0 � i � s� 1:

3) The third set consists of2(r�1)b � 1 matrices of the form

Ck =

1 0 � � � 0
0 1 � � � 0
...

...
...

...
0 0 � � � 1
�k �k+1 � � � �k+b�1

; 0 � k � 2(r�1)b � 2:

4) The fourth set consists of2(r�1)b � 1 matrices of the form

Dk =

1 0 � � � 0
0 1 � � � 0
...

...
...

...
0 0 � � � 1

�i+js �i+(j+1)s � � � �i+(j+b�1)s

;

0 � i � s� 1; 0 � j � 2b � 2; k = js+ i:

DefineF1 as the code whose parity-check matrix is

H1 = [A B0 � � � Bs�1 C0 � � � C2 �1]

andF2 as the code whose parity-check matrix is

H2 = [A B0 � � � Bs�1 D0 � � � D2 �1]:

Eachrb� b matrix corresponds to a distinct byte of sizeb.

Theorem 5: The codesF1 andF2 defined in Construction C are
perfect single-byte-correcting codes of lengthb(2rb � 1)=(2b � 1)
and bytes of sizeb.

Proof: We have to show that each nonzero syndrome of length
rb is produced by exactly one linear combination of columns from
one byte of the parity-check matrixHi, i = 1; 2. The syndromes
which are produced fromA are exactly all those vectors whose last
(r � 1)b entries are zeros. By Lemma 2, the syndromes which are
produced from the linear combinations of the columns inside the
bytes ofB are exactly all those with zeros in the firstb entries. It
remains to be shown that each syndrome which is nonzero in the
first b entries and nonzero in the last(r � 1)b entries is produced
by linear combination of exactly one of theCk’s and exactly one
linear combination of theDk’s. Given such syndromev, where
vT = ((u)T j(�l)T ), u = (u0u1 � � � ub�1), let

� =

b�1

i=0

ui�
i

and


 =

b�1

i=0

ui�
is:

There exists a uniquek, 0 � k � 2(r�1)b � 2, such that�l = �k�,
and hencev is obtained by a unique linear combination fromCk.
There is also a uniquek, 0 � k � 2(r�1)b � 2, such that�l = �k
,
and hencev is obtained by a unique linear combination fromDk.
Thus the lemma is proved.



3144 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 44, NO. 7, NOVEMBER 1998

Theorem 6: The codeF1 and F2 defined in Construction C are
not equivalent.

We will assume thatF1 and F2 are equivalent. Therefore, also
their dual codesG1 and G2 are equivalent.H1 and H2 are the
generator matrices ofG1 andG2, respectively. Hence, by elementary
row operations onH1, with possible permutations on rows, columns
within bytes, and bytes we can obtain the matrixH2. We will first
prove that no elementary row operations are needed. LetD0

i(C
0
i) be

the (r � 1)b � b matrix consisting of the last(r � 1)b rows ofDi

(Ci), 0 � i � 2(r�1)b � 2. First note thatC 0
i, 0 � i � 2(r�1)b � 2,

consists of columnsi throughi+ b� 1, where computation is done
modulo2(r�1)b � 1, of the (r � 1)b� (2(r�1)b � 1) matrix

M = �0 �1 � � � �2 �2 :

Each row ofM is a shift of anm-sequence~S of order (r � 1)b

[5], [12], when them-sequence~S and the field GF(2(r�1)b) are
generated from the same primitive polynomial. This means that each
nonzero[(r�1)b]-tuples appears exactly once as a window of length
(r� 1)b in each (cyclic) row. Next, we want to remind that addition
of two different cyclic shifts of ~S is a different cyclic shift of ~S
[5], and since the rank ofM is (r � 1)b, it follows that any linear
combination of nonempty set of rows fromM is another cyclic shift
of ~S. Each nonzerob-tuple appears

2(r�1)b

2b
= 2(r�2)b

times as a window of widthb in ~S, and the allzerob-tuple appears
2(r�2)b � 1 times. Hence, in a given row of theC 0

i ’s, each nonzero
b-tuple appears in2(r�2)b bytes, and the allzerob-tuple in2(r�2)b�1

bytes. Note, that in each of the bytes of the firstb rows of bothH1

andH2, in each row we have ab-tuple of weight one which appears
2(r�1)b times and the all-zerob-tuple which appearss times. Hence,
any linear combination of at least one of the last(r�1)b rows and at
least one of the firstb rows will not result in a row which includes in
the bytes ab-tuple of weight one2(r�1)b times. Therefore, the first
b rows ofH1 should remain unchanged with possible permutations
of rows and columns.

As for the last(r � 1)b rows of H1, note that inA these rows
consist of zeros only. In order to have inH1 such a matrix after the
row operations and the permutations applied, we have to consider
two cases:

Case 1: We take only linear combinations of the last(r � 1)b

rows which practically leave these rows unchanged (in the sense that
we obtain(r � 1)s linearly independent shifts of~S).

Case 2: We obtain the matrixA from Ck by adding ~Ck (given
below), for somek ,0 � k � 2(r�1)b � 2, (it is euivalent for some
row operations) toA and all theCi’s

~Ck =

0 0 � � � 0
0 0 � � � 0
...

...
...

...
0 0 � � � 0
�k �k+1 � � � �k+b�1

:

Now, for i 6= k

1 0 � � � 0
0 1 � � � 0
...

...
...

...
0 0 � � � 1
�i �i+1 � � � �i+b�1

+

0 0 � � � 0
0 0 � � � 0
...

...
...

...
0 0 � � � 0
�k �k+1 � � � �k+b�1

=

1 0 � � � 0
0 1 � � � 0
...

...
...

...
0 0 � � � 1

�i + �k �i+1 + �k+1 � � � �i+b�1 + �k+b�1

=

1 0 � � � 0
0 1 � � � 0
...

...
...

...
0 0 � � � 1

�i + �k (�i + �k)� � � � (�i + �k)�b�1

=

1 0 � � � 0
0 1 � � � 0
...

...
...

...
0 0 � � � 1
�j �j+1 � � � �j+b�1

:

Since �i + �k 6= �i + �k for i1 6= i2, it follows that the
set of matrices containingA and theCi’s are left invariant under
the addition of ~Ck. Therefore, except for possible permutations of
rows and columns, the firstb rows ofH1 remain unchanged and the
last (r � 1)b rows remain as(r � 1)b different linearly independent
cyclic shifts of ~S.

Now, note thatC 0
i andC 0

i+1, 0 � i � 2(r�1)b � 2, shareb � 1
columns, and alsoD0

i andD0
i+s, 0 � i � 2(r�1)b � 2, shareb � 1

columns. LetG(C) = (V1; E1) be a graph whose set of vertices is
V1 = fvi : 0 � i � 2(r�1)b � 2g and set of edgesE1 consists
of all the pairsfvi; vjg such thatC 0

i andC 0
j shareb � 1 columns

in common. Clearly,G is a cycle of length2(r�1)b. Now, note that
by permuting columns within bytes, the newly defined graphG (by
the same definition) remains a cycle of length2(r�1)b. Similarly, we
define a graphG(D) = (V2; E2) whose set of vertices isV2 = V1
and set of edgesE2 consists of all the pairsfvi; vjg such thatD0

i

andD0
j shareb� 1 columns in common. The graphG(D) contains

s cycles of length2b� 1. Thus there is no permutation on bytes and
columns within bytes which maps theC 0

i ’s into theD0
ij ’s, i.e., F1

and F2 are not equivalent.
Thus we have proved

Corollary 2: For each redundancyrb, b � 2, r � 3, there exist
two nonequivalent perfect single-byte-correcting codes with bytes of
size b, and redundancyrb.

APPENDIX

In this appendix we present a few more constructions for perfect
byte-correcting codes. For the first method we need the following
two lemmas.

Lemma 3: Let b1 and b2 be two distinct integers smaller than
b, which divide b. If si = (2b � 1)=(2b � 1); i = 1; 2; then
g.c.d.(s1; s2) > 1, where g.c.d. is thegreatest common divisorof
s1 and s2.

Proof: Clearly,b1 � d b2e andb2 � d b2e. Without loss of gener-

ality, we can assume thatb2 < b1 and hences1 � 2d e and
s2 � 2d e+1, and therefore,s1s2 > 2b. Since boths1 ands2 divides
2b � 1 ands1s2 > 2b � 1, it follows that g.c.d.(s1; s2) > 1.
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Lemma 4: Let b1 and b2 be two distinct integers smaller thanb,
which divide b. If si = (2b � 1)=(2b � 1), i = 1; 2; then there
is no solution for the equationis1 + js2 � 0 (mod 2b � 1), for
0 � i � s

s
� 1, 0 � j � 2b � 2, wheres3 = g.c.d.(s1; s2).

Proof: By definition,s1 = s3x1 ands2 = s3x2 for two integers
x1 andx2 such that g.c.d.(x1; x2) = 1. Hence,2b � 1 = s3x1x2y
and, therefore,2b � 1 = x2y and 2b � 1 = x1y. Now, assume
there is a solution for the equationis1 + js2 � 0 (mod 2b � 1), for
0 � i � s

s
� 1; 0 � j � 2b � 2, i.e.,

i
2b � 1

2b � 1
+ j

2b � 1

2b � 1
= k(2b � 1); k � 1

and hence

i+ j
2b � 1

2b � 1
= k(2b � 1)

or

i+ j
x2
x1

= k(2b � 1):

It follows that j must be a multiple ofx1 and hence its maximum
value can bex1(y � 1) and our equation can take the form

i+ x2y � x2 � k(2b � 1) = kx2y

and hencei � x2. But 0 � i � s

s
� 1 = x2 � 1, a contradiction.

Thus the lemma follows.

The next construction is in some sense based on a double appli-
cation of Lemma 2

Construction D

Let b be an integer divisible byb1 andb2, si = (2b�1)=(2b �1),
i = 1; 2, ands3 = g.c.d.(s1; s2). For a givenm, 0 � m � s3�1, let

H = H0H1 � � � H
�1A

where

Hi = [�m+is ; �m+is +s ; �m+is +2s ; � � � ; �m+is +(b �1)s ];

0 � i �
s1
s3
� 1

corresponds to a byte of sizeb1, and � is a primitive element in
GF(2b), be the parity-check matrix of a perfect single-byte-correcting
codeC. Let

Gi = [�m+is ; �m+is +s ; �m+is +2s ; � � � ; �m+is +(b �1)s ];

0 � i �
s2
s3
� 1

and define

H 0 = G0G1 � � � G
�1A :

Theorem 7: The matrixH 0 defined in Construction D is a parity-
check matrix of a perfect single-byte-correcting code.

Proof: We only have to prove that the syndromes generated
by the matricesHi, 0 � i � s

s
� 1, are the same as the ones

generated by the matricesGi, 0 � i � s

s
� 1. Without loss of

generality, we assume thatm = 0. Hi, 0 � i � s

s
� 1, produces

the syndromesf�is +js : 0 � j � 2b � 2g. These are exactly
all the 2 �1

s
multiples of s3. Gi, 0 � i � s

s
� 1, produces the

syndromesf�is +js : 0 � j � 2b � 2g. Again, these are clearly
2 �1
s

multiples of s3. By Lemma 4, no two of these multiples are
equal and hence these are all the multiples ofs3 and thus theHi’s
and theGi’s generate the same syndromes.

The second method will replace2b �1 bytes of sizeb2 by 2b �1
bytes of sizeb1, where b1 < b2, if the 2b � 1 bytes of sizeb2
arranged in a certain form which can be obtained for most parameters
of byte-correcting codes mentioned before.

Construction E

Let b1 and b2 be two integers greater than1 such that
b1 < b2, and � be a primitive element in GF(2b ). Let
f0; �i ; �i ; � � � ; �

i
g be the subspace spanned by�0;

�1; � � � ; �b �1. Let

H = [R1R2 � � � R2 �1A]

be the parity-check matrix of a perfect single-byte-correcting code
C, where

Rk =
0 0 � � � 0
�0 �1 � � � �b �1

�i �1+i � � � �b �1+i

; 1 � k � 2b � 1

where 0 is all-zero r-tuple. Let Tj , 0 � j � 2b � 2, be the
(r + 2b2) � b1 matrix

Tj =
0 0 � � � 0
�j �j+1 � � � �j+b �1

�j �j+2 � � � �j+2(b �1)

and define

H 0 = [T0T1 � � � T2 �2A]:

Theorem 8: The matrixH 0 defined in Construction E is a parity-
check matrix of a perfect single-byte-correcting code.

Proof: H is a parity-check matrix of a perfect single-byte-
correcting codeC and hence the structure ofA is irrelevant to the
proof. We only have to prove that the syndromes generated by the
matricesRk, 1 � k � 2b � 1, are the same as the ones generated
by the matricesTj , 0 � j � 2b � 2. Since�0; �1; � � � ; �b �1 is a
basis of GF(2b ), it follows thatRk produces exactly the2b � 1
syndromes of the form

0
�l

�l+i

; 0 � l � 2b � 2:

Recall now that GF(2b ) is a field with characteristic2 and hence
�i +�i = �i if and only if �2i +�2i = �2i . Also, recall that
�0; �1; � � � ; �b �1 span the subspacef0; �i ; �i ; � � � ; �

i
g. It

follows that Tj , 0 � j � 2b � 2, produces exactly the2b � 1
syndromes of the form

0
�j+i

�j+2i
; 1 � k � 2b � 1:

Now, it can be readily verified that theRk’s and theTj ’s produce
the same(2b � 1)(2b � 1) syndromes.

Now, we want to show that there exist perfect single-byte-
correcting codes that include the(r + 2b2) � b2 matricesRk,
0 � k � 2b � 2, as submatrices (which corresponds to bytes of size
b2) of their (r + 2b2) � n parity-check matrices. The construction
given can be easily applied to obtain codes with the parameters of
the codes obtained by Construction A.
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H2 =
H1 0 0 0 0 � � � 0 B0 � � � B2 �2 B0 � � � B2 �2

0 0 I A0 A0 � � � A0 I � � � I 0 � � � 0
0 I 0 A0 A1 � � � A

2 �2
0 � � � 0 I � � � I

B0 � � � B2 �2 B0 � � � B2 �2 � � � B0 � � � B2 �2

A0 � � � A0 A0 � � � A0 � � � A0 � � � A0

A0 � � � A0 A1 � � � A1 � � � A
2 �2

� � � A
2 �2

Construction F

Let C1 be a perfect single-byte-correcting code with redundancy
�, si bytes of sizeb0i, 1 � i � m, and parity-check matrixH1. Let
further,� be a primitive element in GF(2b ) and� be a primitive
element in GF(2�). Construct the parity-check matrix shown at the
top of this page, whereI is the identity matrix of orderb2, Ai is a
b2 � b2 matrix of the form

Ai = [�i
�
i+1 � � � �

i+b �1]; 0 � i � 2b � 2

andBi is an � � b2 matrix of the form

Bi = [�i
�
i+1 � � � �

i+b �1]; 0 � i � 2� � 2:

By similar techniques to those used in the Proof of Theorem 3 we
can prove the following theorem.

Theorem 9: The parity-check matrixH2 of Construction F is a
parity-check matrix of a perfect single-byte-correcting codeC2 with
si bytes of sizeb0i, 1 � i � m, and2�(2b + 1) bytes of sizeb2.
Furthermore,Rk, 1 � k � 2b � 1, of Construction E is the matrix

0
A0

Ai

:
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On Integer-Valued Rational Polynomials
and Depth Distributions of Binary Codes

Chris J. Mitchell,Member, IEEE

Abstract—The notion of the depth of a binary sequence was introduced
by Etzion. In this correspondence we show that the set of infinite
sequences of finite depth corresponds to a set of equivalence classes of
rational polynomials. We go on to characterize infinite sequences of finite
depth in terms of their periodicity. We conclude by giving the depth
distributions for all linear cyclic codes.

Index Terms—Cyclic code, depth, depth distribution, derivative, linear
complexity.

I. INTRODUCTION

In this correspondence we are concerned with considering the
depthsof binary sequences, where depth is as defined by Etzion, [1].
Etzion showed that a linear code of dimensionk contains codewords
of k distinct depths, and also gave the distribution of codeword depths
for certain classes of codes.

We first show that the set of infinite sequences of finite depth
corresponds to a set of equivalence classes of rational polynomials.
We secondly establish an equivalence between infinite sequences of
finite depth and sequences of specified periodicity. Finally, we give
the depth distributions for all linear cyclic codes, generalizing the
results in [1].

II. DEFINITIONS AND PRELIMINARY REMARKS

A. Binary Sequences

Supposesss = (si) (i � 0) is a binary sequence (either finite or
infinite). Then we saysss is periodic with periodt (t> 0) if si = si+t

for every i (i � 0): If t is the smallest positive integer for which
sss is periodic with periodt, thensss is said to have least periodt (in
which casesss has periodt0 if and only if tjt0).
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