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Improved Upper Bounds on Sizes of Codes

Beniamin Mounits, Tuvi EtzionSenior Member, IEEEand Simon LitsynSenior Member, IEEE

Abstract—Let A(n, d) denote the maximum possible number ~ Theorem 1:

of codewords in a binary code of length: and minimum Hamming on
distanced. For large values ofn, the best known upper bound, for A(n, 264+ 1) < 3 . .
fixed d, is the Johnson bound. We give a new upper bound which is ) (n)

i

at least as good as the Johnson bound for all values efand d, and
for each d there are infinitely many values ofn for which the new
bound is better than the Johnson bound. For small values of and
d, the best known method to obtain upper bounds omA(n, d) is
linear programming. We give new inequalities for the linear pro-
gramming and show that with these new inequalities some of the . n .
known bounds on A(n, d) for n < 28 are improved. (n, 27, 1) codes for each = 1;

Index Terms—A(n, d), holes, Johnson bound, linear program- * (Zh+1, 2’k2k + 1) repetition codes for each > 0;
ming bound. o (28 — 1, 22" ~*=1 3) codes for eact > 2;

* the (23, 4096, 7) Golay code.

Codes which attain the sphere packing bound are called per-
fect codes and the only perfect codes are

. INTRODUCTION Johnson [9] has improved the sphere-packing bound. In his
ET F, = {0, 1} and letF} denote the set of all binary theorem, he used the quanti#(n, d, w), which is the max-
words of lengthn. Forz, y € F¥, d(z, y) denote the imum number of codewords in a binary code of lengttton-
Hamming distance betweerandy andW () = d(z, 0)isthe stant weights, and minimum distance.
weight ofz, where0 denote the all-zeros word. For a catieve

L X . L ) Theorem 2:
denote the minimum Hamming distance (or minimum distance, on
in short) ofC by d(C), i.e., A(n, 26+ 1) < — . O
& () (%) A, 26+2,2641)
d(c) = min d(eqy, ¢2). 72)(7) T A(n,2642,6+1)

c1,c2€C, e1#ce

An (n, M, 26+1) codeC, ¢ € {1, 2}, isabinary code of length ~ SinceA(n, 2k, k) = | 7| we have the following.
n, minimum distanc&¢é + 7, andM codewords. The cod& is

theextended codef C, i.e.,C. is obtained fronC by adding an Corollary 1: i
even parity bit to each codeword 6f Clearly, all codewords of Aln, 26+ 1) < 2 g
C. have even weight and#(C') = 26 + 1 thend(Cc) = 26 +2. ’ B 26: (%) + (e7) =T )AMn, 2642, 2641)

Let A(n, d) denote the maximum number of codewords in =0 | 7 ]

a binary code of length and minimum Hamming distancé ) )
A(n, d) is a basic quantity in coding theory. Lower bounds on Codes which attain the Johnson bound are called nearly per-
A(n, d) are obtained by constructions. For survey on the knovgct codes and_the only nearly perfect codes are the perfect codes
lower bounds the reader is referred to [12]. In this paper vi@d the following codes:

consider upper bounds at(n, d). We only have to consider (2F — 2, 22’“4&4727 3) codes for eaclk > 2;

the case where the minimum distanté odd because of the
well-known result proved by using the extended code.

Lemmal: A(n+1, d+ 1) = A(n, d) for oddd. O

e (28 — 1, 22°=2F 5) punctured Preparata codes for each
evenk > 4.

All the results concerning perfect codes, nearly perfect codes,
The most basic upper bound et{n, d), d = 26 + 1, isthe and bounds oni(n, d) given above are summarized in [5] and
sphere packing bound, also known as the Hamming bound. [13]. Johnson [9] also provided an improvement of his bound,

but it works only for small values of for any givend. We will
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It was proved by Levenshtein [11] that the Plotkin bound i&words of weight+1. Finally, two codewords,, ¢ € C cannot
attained with equality for many parameters. His constructiaover the same word and hence
is based on the existence of Hadamard matrices and since it is
) ) ! o n 26 +1
conjectured that Hadamard matrices exist for all orders divisible Hs1(C) = s+1) " st Azs41(C). O
by 4, itis also conjectured that for all parameters there are codes
that attain the Plotkin bound with equality.
When someone is given specific, relatively small values, of
; i n 26+1 26+2
n an_d d, the best mgthod to find upper b_ound ﬂr@n, d) is Hst (C)=< >_< )AQ&H(C)—< )A26-|—2(C).
the linear programming bound. We will discuss this bound in 0+2 0+2 042
_detalls at a later stage. However, the computatloq of this bound Proof: The total number of words of weigkit+ 2 in 7
is not tractable for large values af Therefore, for fixed! and is ( n

. . Words of weight 4 2 can be covered either by code-
Iarge valut()as ohd, the best known upper bound ékfn, d) is the woréars2)of weight2s + 2 or by codewords of weights + 1. A
Johnson bound.

: , : deword of weigh2s + 2 20+2) words of weight +2.
The paper is organized as follows. In Section II, we proveCO eword ofweighio + covers( )Wor S OTWeIght -+

5+2

H 2641 H
new upper bound or(n, 26 + 1). Itis given by the following 5 codeword of weighis + 1 covers( 6+2) words of weight
inequality:

Lemma 3:

+ 2. Finally, two codewords;, ¢; € C cannot cover the same
word and hence

2" n 26+1 2642
Aln, 26 +1) < — ) = _ _ .
(n <3 wy | () (3EE) A, 2542, 2542) Hy+2(C) <6+2> <6+2 )A”*l(c) <6+2 )A”*?(C)
> (D+ A (L, 2592, 570

=0 O
In Section 1ll, we first prove that the new bound is always at Lemma 4:
least as good as the Johnson bound. Then we show that for each
§ > 1 there exist infinitely many values of for which the Hs12(Ce) = H511(C) + Hs42(C).
new bound is better than the Johnson bound. In Section IV, we Proof: If w, is a hole of weights + 1 with respect taC
givg aset of new inequalities for_the Iinggr progrgmmi_ng bounﬁi1en cIeariywﬂ is a hole of weight + 2 with respect t&. and
\é\lfhilrﬁgqir:nzggevsetzwee Il(gor:'ésv'z%?;?lEgjhéjssgglthg ?(?rw Sl?th is a hole of weight + 2 with respect ta” thenw-0 is a
n < 28 andd < 10. Finally, in the Appendix we discuss thehOIe of weightd + 2 with respect tac. . Therefore
improvement of Johnson to his bound and show that our bound H;s 2(C.) > Hs;1(C) + Hsy2(C). (1)
has a similar improvement.

Let hb be a hole of weight + 2 with respect tdC., where
h € F3 andb € Fy, i.e.,d(hb, C.) > 6. Therefored(h, C) >
6. We claim thath is a hole with respect t6. We distinguish
LetC be an(n, M, 26+1) code, for whichAf = A(n, 26+1), between two cases.
andC, be its extendedn + 1, M, 26 + 2) code. Without loss  Case 1)b = 0, i.e., the weight ofh is § + 2. If 1 is not a

Il. THE NEwW BOUND

of generality we assume thatis a codeword of . We say that hole then there exists a codewatde C such that
awords € Fy(FyT) is covered by a codeworde C(C.) if d(z, h) = 6, and sinced(C) = 25 + 1, W(h) =
d(z, ¢) < 6. Forawords € 77, d(x, C) stands for the Ham- 8§ 4 2, it follows that W (z) = 26 + 2. Therefore,
ming distance betweenandC, i.e.,d(z, C) = min.cc d(z, c). 20 € C., d(z0, hb) = 6, andhb is not a hole with
Aword h € Fy is called aholeif d(h, C) > 6. The number respect ta’,, which is a contradiction.

of holes of weighti, with respect taC, is denoted byH;(C),
and A;(C) stands for the number of codewords with weight
in C. We will write 4; instead ofA;(C) if the codeC is under-
stood from the context. L&/ (C) be the total number of holes
with respect toC. Finally, we defineNH (¢, C, A) to be the
number of holes at distane® from a codeword: in a codeC,
NC(h, C, A) to be the number of codewords @fat distance ] ]
A from a holeh, and H(C, A) to be the number of holes at BOth cases imply that is a hole and hence
distanceA from C. Similar definitions are given fog. .

Case 2)b = 1, i.e., the weight ofr is é + 1. If his not a
hole then there exists a codeworde C such that
d(x, h) = é, and sincel(C) = 26+ 1 it follows that
W(z) = 26+1. Thereforezl € C.,d(x1, hb) =6,
and hb is not a hole with respect t6., which is a
contradiction.

Hs12(Ce) < Hs11(C) + Hs12(C). 2
Lemma 2: Equations (1) and (2) imply that
n 264+1
Hs1(C)= {5 1)~ {541 )A2r(O): Hs42(Ce) = Hs11(C) + Hs42(C). O

Proof: The total number of words of weight+ 1in Fyis ~ Lemma5:

(611) . Words of weight + 1 can be covered only by codewords

n+1 26 +2
of weight26+1 of C. A codeword of weigh2é+1 covers(?jll) Hsp2(Ce) 2 <5 + 2) - < §+2 )A(” +1,26+2,26+2).
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Proof: By Lemmas 2-4
Hs42(Ce) = H51+1(C) + Hs42(C)

- <5i 1) - <2664J—r11>‘425+1(c) + <6i2)

_ <26 + 1) Azs1(C) — <26 M 2) Azs42(C)

o+ 2 o+ 2
and hence
n+1 26 + 2
Hsy2(Ce) = <6 i 2) - <6 n 2>[A25+1(C) + Az542(C)].
3)

It is easily verified that
A5 11(C) 4 As42(C)

= Aos12(Ce) K Aln+1,2642,264+2) (4)

and, therefore, by (3) and (4) we have

n+1 26 +2
Hs 5(C.)> _ A(n+1, 26+2, 26+42). O
6+2(C,)_<6+2> <6—|—2> (n+1, 2642, 26+2)

Corollary 2: If ¢ € C. then

n+1 26+2
> — .
NH(c,C,,542) > <5+2> <6+2 )A(n+1,26—|—2,26—|—2) O

Lemma 6: If for a hole & with respect toC, there exists a
codewordc; € C. such thati(h, ¢;) = 6 + 2, thend(h, C.) =
o+ 2.

Proof: Clearly,d(h, C.) < 6+2. To complete the proof we

only have to show that(h, C.)+# &+1. Assume the contrary, i.e.
that there exists a codeword € C. such thati(h, ¢2) =6+1.

But this implies thati(c;, ¢2) is odd which is a contradiction

since all codewords df. have even weight. O

Lemma 7:
[

n
H{C.,6+2)<2" - M R
cornzr a3y ()

Proof: Clearly,
8 n
H =2" - M .
©) > (2)

By Lemma 4, each hole of the forib, h € F§,b € F, with
respect tC,, for which d(hb, ) = § + 2, for somez € C,

is obtained from a holé of C. To complete the proof we only

have to show that ik is a hole for whichi(ib, y) = 6 + 2, for

somey € C., thenhb, whereb stands for the binary complement

of b, is not a hole for whichi(hb, z) = & + 2, for somez €
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Theorem 4:
2n
. TN (2 A(nfl, 2642, 2542)
Z:O(i)Jr S G, 2502, 57

Proof: By Corollary 2 we have

> NH(c, Ce, 6+2)

ceCe

n+1 20+2
> — .
(D) (252) i 512 251 @

We also have that for each hdlewith respect ta’.
NC(h,Ce, 6+2) < Aln+1,26+2,6+2). (6)

By Lemmas 6, 7, and (6) we have

2.

h,d(h,C.)=6+2

]
< <2n_MZ <7)> An+1,264+2,6+2) (7)
7=0

NC(h, Ce, 6 +2)

and
> NH(c,C.,6+2)= >  NC(hC,5+2) (8)
c€Ce h,d(h,Cc)=6+2

since each paifc, h}, wherec € C., andd(h, C.) = 6 + 2, is
counted exactly once on each side of the equation.

We substitute (5) and (7) into (8) and use the initial assump-
tion thatM = A(n, 26 + 1) to obtain

' Aln, 25+1) <<”+1> - <26+2>A(n+1, 2642, 25+2))

042 0+2

&

>

=0

< <2" — A(n, 26+ 1) <”)> An+1,28+2,6+2)
(2

which implies the claim of the theorem. O

I1l. COMPARISONWITH THE JOHNSON BOUND

In this section, we will examine the bound given in Theorem
4 in Section Il. We will first prove that the bound is at least
as good as the Johnson bound and then we will show that for
eaché there exist infinitely many values effor which the new
bound is better than the Johnson bound..Lgt, §) denote the
Johnson upper bound of(n, 26+1) andH L(n, 6) denote the
new upper bound ori(n, 26 + 1), i.e.,

2 n

C.. Assume the contrary, i.e., that there exist two codeworgsd

c1, ca € C. such thatl(hb, ¢1) = §+2andd(hb, o) = §+ 2.

But this implies that(c;, ¢2) is odd which is a contradiction

since all codewords af. have even weight.
Thus,

H(c€,5+2)sH(C)=2"_M§6:<7>. O

¢ 1
=0

J(TL, 5) = 75 ( n )_(26+1)A( 2642, 2641)
;J(?) + S Sere s
2n
HL(TL’&):(S ) (&) .
n LY (282 A(n41, 2642, 264-2)
20(7) + e Aé;j—1,26+2,6+2)

To prove the next theorem we need the following lemma
which is one of the Johnson bounds for constant-weight codes
[10].
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Lemma8: A(n, d, w) < [2A(n—1,d, w—1)]. O Lemma10:If n = (6+1)((6+2)k+2), for any givens > 0

In the next theorem we prove that our new bound is at Ieaasr'gdk > 0 then

as good as the Johnson bound. 6+2 {”Jrl { n H _.n ¢
1164+2[6+1 6+1 1
Theorem 5: HL(n, 6) < J(n, §). nt + + _ + nt
Proof: We use Lemma 8 and obtain the following equali- ~ Proof: The proof of the claim follows from the sequence
ties and inequalities: of equalities given below
6+2 |n+1 n
n 28641
(1) = (34 Atn, 202,25+ ) ot [ sl
et e e (R )
542 ((6-1—1) - (541) A, 26 +2, 26+ 1)) -
B ntl A 25 +2, 6+ 1) _6+2 1 2
" ;S:; 1 nr1 Y 6+2 5+2
<(a+2)_(6+2)27312*4(” 26+2,26+1) §+2 5
Aln+1,26+2,6+2) =T (”+1)k+2(5+1)k+3+mJ
() — (B A(n 41, 26 + 2, 26+ 2)
< §+2 5+2 ’ ) _ 6_|_
= Aln+1,26+2,6+2) = 7 ((r+ Dk +2(6 + Dk +3)
and since = (5 +2)k+2— 6 _ 5 O

n+1 6+1 n+1

(o32) = (5D A, 26 +2,26+1)

A(n, 2642, 6+1)

Finally, before our main theorem we need the following
lemma.

is always nonnegative we have tiétL(n, 6) < J(n, 6). 0 Lemmall:If n = (§+1)((6+2)k+2), for any givens > 0

In a similar way to the proof of Theorem 5 we prove the fol@"d* > 0 then

lowing result. < n ) 3 <26+ 1)A(n, 26 +2,2641) > 0.
Lemma 9: 6+1 6
on Proof: LetC be an optimal constant-weight code of length
HL(n, §) < — . (9 n,weight26 4+ 1, and minimum distanceé + 2. Each word
my o () = () A, 2642, 2641) of weight 26 + 1 covers(%“) words of weights + 1 within
> (7)) + EEEARTEDY
i=0 aik=oiE=dl distanced. Therefore,
Proof: As in Theorem 5, we obtain the following equali- 24 = < n ) _ <25+ 1)A(n 2542, 256 +1)
ties and inequalities: 6+1 8 ’ ’
" i is the total number of words of weight+ 1 not covered by
(6+1) - (20;1) (n, 26 +2,26 +1) within distances. It is well known (see [13, Ch. 2]) thét = 0
6+2 Ln_Jrl LLJJ implies thaté + 1 dividesn — §. Since,§ 4+ 1 does not divide
L Lotz Lo n — § it follows that™ > 0. O
o) ((511) () A(n, 26 +2, 26 + 1)) We now intend to prove the main theorem of this section,
= s i.e., for any given minimum distance greater ti2athere exist

@_H_Qui; A(n, 26+ 2, 6+1)J

infinitely many lengths for which the new bound is better than

(n+l) _ (2@+2) ntl 4 A(n, 26 +2, 26+ 1) the Johnson bound. In fact, we will show for these values that

042 8+2/ 2542 the difference between the two bounds is exponential with the
< (552) = A +1,26 +2,26+ 2) Theorem 6: For any givens > 0 and integerk > 0 let
- Aln+1,2042,6+2) ’ e = (6 +1)((6 +2)k 4 2). There exist infinitely many values
of k for which HL(ny,, 6) < |J(ns, 6)].
Therefore, Proof: Using Lemmas 9 and 10 we have the expression at
on the top of the following page.
HL(n, ) < 5 - B —. U By Lemma 11, the numerator is a positive integer. The de-
(%) + () 76&212;11(” 2042, 2041) nominator is clearly a positive polynomialin.. Therefore, the
i=0 nft Lotz Les expression tends to infinity ds— cc. O

The next lemma will be used to substitute the denominator of As a simple example of the superiority of the new bound over
(9). the Johnson bound we can compare them for small valués of
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2nk 2nk
](nk,é)—HL(TLk,&)I . — — T
ZO: (nk) + (671‘1) — (26?1)‘4(7”” 2642,2641) ZO: (le) + (néka ) — (2664:;2)‘4("1»"1'1: 26+42,26+42)
P A(ng, 26042, 6+1) P Alng+1, 2642,6+2)
2nk 2nk
> _
- & (2E) — (P2 ) Al 2642, 2641) S s (750 = D) A(ng, 2542, 2641)
Z (nlk) + A(:lk72(5+2, §+1) E (nzk) + St 5+26 nE L ng
= 3= s
0 0 ES Y L itz |_5+1 J
— onk 1 . 1
6 ") 2 (2640 4 (ny, 2542, 2641 s P Y (2641 4 (ny,, 2642, 2641
Z (nzk) + (6+1) ( I3 E”(knj ) E (nzk) + (6+1) ( |_5” ) (_"k - )
1=0 &+1 i=0 1 et
(7k) = () Ay, 2642, 2641) (oF) = P Aln, 2642, 2641)
— 9Nk % _ ”1‘% 571‘1
5 (n (gir’“l)—(%jl)A(m,Qé—i—Q 26+1) nk 671"1 — (3 ) Aln, 2642, 26+1)
=0\ i) T
<Zz—0( 7 ) L ﬁ — n;\%
> oni (6711) - (26;1)14(”% 20+2,26+1)
= 2
n 4l (| ne 5 (7F) = () Alng, 2642, 2641)
5 S+1| T mp+l 5+1 Z( ) LwJ_ &

1L EPESt

andn. In most cases, the new bound is superior. For example,Theorem 7: For every positive even integédr
J(21, 9) = 181 while HL(21, 9) = 130. Of course, the best
upper bound for such small values éfand~ is given by the A(n, d) <1+ [max (By + Bayz + -+ Baypyzy)] (10)
linear programming bound discussed in the next section.  gypject to the constraints

Finally, we ask which codes attain the new bound. Clearly,

all perfect codes and nearly perfect codes attain this bound asit 0 < B; < A(n, d, i), i=d,d+2,...,2[n/2]
is at least as good as the Johnson bound. For some small valugg 2]

of n andd, we found that the new bound is equal to the Plotkin Z By Pu(27) > —< ), k= , n/2]. (11)
bound and there exist codes which attain them. We conjecturg-d,2

that there are no more codes which attain the new bound. O

In some cases, the right-hand side of (11) can be slightly in-

creased, as in the following theorem proved in [4].
One of the most effective methods to obtain upper bounds on

A(n, d)for specific relatively small values efanddistoapply ~ Theorem 8:The distance distribution of afn, M, d) code

IV. THE LINEAR PROGRAMMING BOUND

the linear programming bound. of odd sizeM satisfies
Thedistance distributiorof an (n, M, d) codeC is defined  |n/2] 1— M /n
as the sequence Z(;/QBQJ»P,C(Zj) > <k>’ k=1,2 ..., |n/2].
=

B, = |{(c1, e2) € C x C: d(cy, c2) =i}|/|C| _
If M = 2(mod4), then there existse {0, ..., n} such that
for 0 < ¢ < n. The linear programming bound was introduced

by Delsarte [6], who showed that the distance distribution of a L 2=M)(F)+2P(D)
code satisfies B Pi(2)) 2 M , k=1, n/2].
J=d/2
Z BiP(@) = 0 In some cases, some more constraints were added to obtain

some specific bounds [4], [15], [8].
for 0 < k < n, wherePy(x) is theKrawtchouk polynomiabf We will prove now that we can add two sets of inequalities

degreek, given by to the set of constraints in the linear programming. These sets
N generalize some constraints given by Best [3].
B T EAY At If the minimum distance of the code ds= 26, then no two
- Z < ) <k - J> codewords of weight —é can have commo@is and, therefore,

i=0 there are at mogtn /6| codewords of weight — 6. Moreover,

By Lemma 1 it would be sufficient to consider only even value§there is a codeword of weight greater than- 6, then all the
of d, while assuming thaB; = 0 except forBy = 1, By, other words have weight — 6 — 1 or less. The next lemma is
Bgya, ..., By 2). This leads to the following theorem. a first consequence of these observations.
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Lemma 12: If a codeC of lengthn and minimum Hamming o A(27,6) < 157285(162400)
distanced = 26 contains a codeword of weight— 6 + j for o A(25, 8) < 5357(6425)
somej > 0, then all the other codewords have weight 6 — j o A(26, 8) < 9672(10336)
or less. If a cod€ of lengthn and minimum Hamming distance  « A(28, 8) < 32204(32205)
d=26 contains a codeword of weight-¢ then4,, s <%. U o A(26, 10) < 989(1029). O
Averaging Lemma 12 over the codewords we get the fol-
APPENDIX

lowing result.
In the appendix, we will prove that the refinement of Johnson
his bound is good only for small valuesrafThis will be done
by showing that each additional term in the refinement becomes

B, s+ L J Y B.i< L_J _ (12) negative as tends to infinity. This will imply that our bound is

ich at least as good as any refinement of the Johnson bound when
n is large and better for infinitely many values offor each
6. Moreover, we show refinements to our bound similar to the
In the same way we get the following two results. refinements of Johnson.
The refinements of the Johnson bound are given by

Theorem 9: For a cod& of lengthn and minimum Hamming
to
distanced = 26 we have

O

Lemma 13: If a codeC of lengthn and minimum Hamming

distanced = 26 contains a codeword of weight— & + 5 for < 2n
some0 < j < 6, then all the other codewords have weight A, 20+1) < 5 " t Jers (13)
n — & — j or less, and furthermore Zg(z) - z; A(n, 2542,5+i)
Ap_s_j S A(n—6+74,26, 6+ j). O for eacht < §, whereJs,; is a lower bound o5 ;(C) given
by
Theorem 10: For a cod&” of lengthn and minimum distance n
d = 26 we have foralk, 0 < i < é J(5+7¢=<6+,>—T(6,i)
1
B, _s_i+ (A(TL, 26, 6 + L) - A(TL —6+14, 26, 6+ i))Bn_5+i 26 +2 — 1
>
_ _ andT(6, i) > 0 (see [9]).
Proof: It suffices to prove that Whent = 1, the bound (13) coincides with the Johnson

An_s i+ (A(n, 26, 6 +1) — A(n — 6 +14, 26, 6 +1)) An_s4s bound.Thus,yve have to prove that whetends to infinity the
value of Js1,, ¢ > 2, is nonpositive.

+A(n, 26,6 +4) ) Auosry S A0, 25 6 +4).  Itis clear that
71> " né-{—z
If Ap_s+; > Oforanyj > i,thenA,_s_; = A, 54, =0 <6 +i> < CED] (15)
and all the other summands are zeros, and there is nothing to )
prove. Assume, therefore, thdf, s, ; = 0 forall j > <. We and it is shown in [7] that
know thatA,,_s4; is either0 or 1: if it is 0, then we claim that w41
Ap_s—; < A(n, 26, 6 + i), which is clear; if it is1, then the Aln, 26, w) > n 7 asn — oo,
claim becomest,, s ; < A(n — 6 + 1, 26, § + 1), which is - w!
correct by Lemma 13. O  Hence,

We have used the new constraints of Theorems 9and 10in +92i—1 .
dition to the constraints of Theorems 7 and 8. For upper bounls ¢ . )A(”v 2642,2642i—1)

of A(n, d, w), we used the updated table in [1]. The new upper Si i1

bounds which improve on the bounds in [2] are summarized in > " — - n, , asn — oo. (16)

the following theorem (the values in the parentheses are the best 6+ (6+i—1)

bounds previously known). From (14)—(16) we have thak;, ¢ > 2, becomes negative
Theorem 11: whenn tends to infinity.

Now, we will show that our bound can be also improved sim-

* A(21, 4) < 43688(43689) ilarly to the improvement of the Johnson bound. Very similar to

» A(22,4) < 87376(87378) Lemma 4 we can prove the following lemma

« A(23,4) < 173015(173491) '

o A(25, 4) < 599184(599185) Lemma 14:

« A(26, 4) < 1198368(1 198 370)

o A(27, 4) < 2396 736(2 396 740) H(Ce, 6+2)=H(C, 6+ 1)+ H(C, 6 +2). O
o A(28, 4) < 4793472(4793 480)

» A(26, 6) < 84260(86132) Therefore, we can improve Lemma 7 to obtain
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A(n, 26 +1) <
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2n

4

(n) " (J;) - (ijj)A(nH, 2642, 2542)

t
Joqq

: %
=

A(n+1,26+2,542)

+ E;)A(n, 2642,
=

Lemma 15:

° ° [1]
H(C., §+2) =2"— A(n, 26+1) > <n> —> " H(C, §+4).
i [2]

O
A lower bound onH (C, § + ) is given by (4]
. Js1i
4 > .
H(C,5+L)_A(n,25+1)A(n726+276+i) o
Hence, we have -
H(C., 64+2) <2"—A(n, 26+1)
S s J [7]
o414
; <L> T2 Aln, 25+2, 5+4) ST

Therefore, we have the following theorem which improves on [9]
the new bound of Theorem 4 for small valueswo$imilarly to

10
the improvements of Johnson on his bound. (ol

Theorem 12: The expression at the top of the page for eacr{ll]
t,3<t<é. O

. . . 12
Therefore, the only term in the denominator of the |mprove—[ ]

ments to the Johnson bound which does not appear in the im-
provements to the new bound‘{ﬁ%.
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