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VI. CONCLUSION Constructions for Perfect 2-Burst-Correcting Codes

The distributions of loop lengths in the graphical models for turbo
decoding were analyzed and simulated. Short loops (e.g., of length
¢ < 8) occur with relatively low probability at any randomly chosen
node. As the loop length increases, there is a threshold effect and thebstract—in this correspondence, we present two constructions. In the
probability of finding a loop of length or less approaches(e.g., for firs_tlconstruction, we show how to generate perfect linear codes of length
¢ > 20). For turbo codes, a&’, the number of information bits, be- 277, » > 5, and redundancy», which correct a single burst of length2.

. . In the second construction, we show how to generate perfect linear codes
comes large, the probability that a loop of lengtbr Icis:':,1 exists at any organized in bytes of length2™=*, » > 5, with redundancy divisible by r,
randomly chosen node behaves approximately’azs " , ¢ > 4. which correct a single burst of length2 within the bytes.
In summary, the results in this Correspondence demonstrate that thﬂdex Terms—Byte-organized memory, perfect codes, syndromes,
loop lengths in the graphical models of turbo codes and LDPC cod&$urst-correcting codes.
have a specific distributional character. We hope that this information

can be used to further understand the workings of iterative decoding.
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vectors of lengthr are syndromes obtained as sums of at maadja-

cent columns. Therefore, these optimum codes are not perfect. For an
(n. n — ) b-burst-correcting code, there afe — b + 2)2°~1 — 1
different bursts of length up tb, each one corresponding to a dif-
ferent nonzero syndrome. Again, since the number of nonzero vectors
of lengthr is2” — 1, itfollows that2” — 1 > (n— b+ 2)2”*1 —1,i.e.,

n<2 2 (3)

A b-burst-correcting code which satisfies (3) with equality is said to
be perfect(or “complete”as called by Reiger [8]). No perfécburst-
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correcting code is known to date. In this correspondence, we will giveLemma 1: Each column vector of length+ 2 which does not begin
constructions for perfe@tburst-correcting codes. Some of these codesith » zeros appears exactly once either as a column of one df tise
will be byte-oriented codes. For more information on byte-orientear as a sum of two adjacent columns from one of £heés.
error-correcting codes, burst-correcting codes, and their applications, Proof: The proof follows immediately from the following obser-

the reader is referred to [3], [4], [7]. vations.
The rest of this correspondence is organized as follows. In Section I, . | each position the fouF;’s have exactly the four possibletu-
we will construct a2" 1, 2"~ — 1) perfect2-burst-correcting code ples.

foreachr > 5. In Section I, we construct perfect codes which correct
a single burst of length within bytes of size@"~', » > 5, for each
redundancy which is divisible by. We also construct perfect codes
which correct a single burst of lengttwithin bytes of lengtts for each * Each nonzero column vector of lengthappears exactly once
redundancy divisible by. Conclusion and a list of open problems are  €ither as a column or as sum of two adjacent columns fbri1]
given in Section IV.

« In each pair of adjacent positions, the adjacent columns in the
four T;'s sum exactly to the four possib®tuples.

For anr x n matrix

Il. PERFECTBURST-CORRECTINGCODES F=[fi fo f3s - fa2 fo1 fal

In this section, we show that for each > 5 there exists a let
(27=', 27— — r) perfect2-burst-correcting code. For a parity-check

matrix H = [h1, ho,...,h,] of an(n, k) codeC, let S(H) denote pI=[h+F fo s fae Foor fal

the set of syndromes obtained from single columns and two adjacents(F) = [f1 f2 f3 -+ fo—2 fu-1 fo-1+fal

columns, i.e., e(F)=[fi+fo fo f5 = fo2 fut fo1+ful
SH)={hi: 1<i<n}U{hi+hiy1: 1<i<n-1}L Fr=[f. fooi faee - f2 fo f].

C'is a perfeck-burst-correcting code if every nonzero column vector |4 following lemma is a simple observation.
of lengthr belongs taS(H) and

{hit1<i<n}n{hi+hip1: 1<i<n—-1}=0.
By (1) there is n@-burst-correcting code for redundancy less than ~ S(H) = S(p(H)) = S(s(H)) = S(e(H)) = S(H").
4. It can be easily verified by simple backtracking that @ 4)
2-burst-correcting code does not exist. Perf@eburst-correcting  We are now in a position to state our main result.
codes for redundancies and 6, i.e., perfect(16, 11) and perfect
(32, 26) 2-burst-correcting codes, respectively, were obtained
computer search. Their parity-check matrices are given below.
r1000101010000101
0100001001101011

Lemma 2: For anyr x n parity-check matrixd

b Theorem 1:If H = [hy ho---h,]isanr x n,n = 271, parity-
c)ﬁeck matrix of a perfe@-burst-correcting code then the matrix shown
at the bottom of the page is &n+ 2) x 2" parity-check matrix of
a perfect2-burst-correcting code.

Proof: Clearly, we need only to prove that every nonzero vector

0010101000110010 of lengthr + 2 is a column offl or the sum of two adjacent columns

0001000110101101 of H.

L 0000010101010110 LetX = (z1,...,2,, €21, 2,12) be a nonzero vector of length
r+2andX = (x1,...,2,.). LetY" denote the transpose bf. We

r10001001110101110011110010011100 distinguish between two cases.

01000101000110110000100101101111 Case 1: If X is a nonzero vector then by Lemmas 1 and 2is
00101001000000001011011010101010 either a column off or the sum of two adjacent columns Af.
00010100100100000101101011011111 | ° Case 2: X is the allzero vector.

00000010010010101010111011111110
L 00000000001001010101010101010101

Given anr x 2"~! parity-check matrixd for a perfec-burst-cor-
recting code we construct the following four matrices:

o If (w41, 2r42) = (1, 1) thenX" is the sum of the last column
of H, and the first column of(HE).

o If (wrq1, 242) = (1, 0) thenX'! is the sum of the last column
of s(HZ) and the first column of (Hs).

- H 1 1 1 1 1 1 -
H = T whereT, = 010 1 0 1  If (241, #,42) = (0, 1) thenX" is the sum of the last column
:Hl: 00 0 0 R of e(Hs) and the first column op(H.). O
Hy= | | wherelo = | o 0 0 0 Combining Theorem 1, the perfedts, 11) 2-burst-correcting code,
R TH 10 1 0 1 07 and the perfect32, 26) 2-burst-correcting code given above we have
H; = 7] wherel; = 1111 1 1] the following.
. [ H T 0 1 0 1 0 17 Corollary 1: Foreach > 5, there exists aperfet” !, 2" ' —)
Hy = | T | whereT, = 1 0 1 0 1 0] 2-burst-correcting code.
H=[H s(H)) c(Hs) p(H{)]

hl h2 e hn71 hn hn h7171 e hz hz + h1 h1 =+ hz h2 e hn71 h7171 + hn hn + hn71 h7171 e hz h1

=1 1 .- 1 110 o --- 0 0 1 o --- 1 1 1 o --- 10

o1 .. 0 1/j0 0 - 0 0 0 1 .- 1 0 1 1 - 0 1
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[l. CODES FORBYTE-ORIENTED MEMORIES Combining Theorem 2 with the perfe@™ ', 2"~ — ) 2-burst-
correcting codes; > 5, obtained in Section Il and the perfdé, 5)
As said in the Introduction, we are also interested in perfect burgtburst-correcting code with bytes of siz@btained in this section we
correcting codes within bytes of size If the codes are constructed forhave the following.
;gyéi doélsgfiirg?cngﬁgc\t,iv:gh rz)ggrs;ir?; St;f:ttir;ecr;::g];z \gesi?w egl])lletkl‘)&lljtr " Corollary 2: There exists a perfe¢t, n — p) 2-burst-correcting
o . . _ Tode with bytes of siz&""', » > 5, for each redundancy,
of lengthd within the bytes of sizel. One example is a perfe, 5) p = 0(modr)
2-burst-correcting code which corrects a single burst of legthless - e
within bytes of size8. Its parity-check matrix is Corollary 3: There exists a perfe¢tz, n — p) 2-burst-correcting
code with bytes of siz8, for each redundangy, p = 0 (mod 4).

110 110 100

101 101 000 Finally, we want to remark that the construction given and Theorem 2
apply also for perfedt-burst-correcting code with > 2. For example,

111 001 010 . . .

011 110 001 it can be applied when the length of the burst is the same as the length

of the byte (see [6]).

We first want to give a necessary condition for the existence of per-
fect 2-burst-correcting codes with bytes of length The number of
different bursts of lengtR or less within a byte i3 — 1. The total
number of nonzero vectors of lengthis 2” — 1 and hence the total

number of bytes in such a code with redundanty 2=+ . Therefore,

IV. CONCLUSION

We gave a construction for perfe@”~*, 2"~ — ») 2-burst-cor-
recting code for each > 5. We also gave a construction for a perfect
2-burst-correcting codes for byte-oriented memories. The construction

2" —=1=0(mod25 —1). (4)  yields codes which are organized in bytes of lergjth!, » > 5, for
each redundangy, p = 0 (mod r). The construction also yields per-

In the most interesting case, whetis a power o2, say3 = 2”,the  fect 2-burst-correcting codes with bytes of sizéor each redundancy
necessary condition (4) implies ti2it— 1 is divisible by2*' —1,i.e., , divisible by4.
p+1dividesr. We will show that, in this case, the necessary condition The bound given in (3) does not exclude the existence of perfect
is also sufficient. b-burst-correcting codes for ea¢h > 2, and each redundanay,

Assume now tha2” — 1 = m(23 — 1) and there exists a perfectr > 2b, as implied by (1). We conjecture that for= 2b no such code
2-burst-correcting code of length 3 with . bytes of size3, and re-  exists, but it is an intriguing question whether such codes for 2
dundancyr. We will describe now how to construct the parity-checlandb > 2 exist.
matrix of a perfec®-burst-correcting code of lengtht3 and redun-  Another interesting question is whether there exist perfect
dancyrs, wheret = (2°7 — 1)/(2" — 1), with m¢t bytes of size3, for  2-burst-correcting codes for nonbinary alphabets. Two problems
anys > 1. should be solved in this context. The first is to find some seed codes

Let H = [hy ho -+ hy], n = mf3, be the parity-check matrix of a and the second is to give a recursive construction for such codes. We
perfect(mj3, mj3 — r) 2-burst-correcting code with bytes of size note that the recursive construction given in Section Il does not work
Viewing the columns off as elements of GR") we find a vector for nonbinary alphabets.

(ayaz---a,), wherea; € GF(2"), such that the sums of at most two

adjacent elements within the bytes of sizgive each of the nonzero

elements of GF2") exactly once. ACKNOWLEDGMENT
Let « be a primitive element of GR"*). Then it has the subfield
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construction given in this correspondence. The author would also like
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GF(2")={0}u{a’": 0<j <2 —2}.

GF(2"™)\ {0} = F*UaF* U’ F U---Ua' " F~.
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