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we just use Theorem 2.6 in our tables. However, for eyghheorem Optimal Codes for Single-Error Correction,
2.10 does not include the case whére= m — 1, i.e., the result of Double-Adjacent-Error Detection
Theorem 2.9 is not contained in Theorem 2.10.
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t,m paramters in Theorems 2.6, 2.9, or 2.10.
) parameter in Theorems 2.6 or 2.10.
n, k length and dimension of codes, respectively, obtained from Abstract—in certain memory systems the most common error is a single
Theorems 2.6, 2.9, or 2.10 with given parameters, [. error and the next most common error is two errors in positions which

d lower bounds on minimum distance of codes obtained fro@{€ stored physically adjacent in the memory. In this correspondence we

- . present optimal codes for recovering from such errors. We correct single

Theroems 2.6, 2.9, or 210 with 9"’9” parameters, l,‘ . errors and detect double adjacent errors. For detecting adjacent errors we

dn the lower bound on minimum distance of codes with givegonsider codes which are byte-organized. In the binary case, itis clear that
lengthn and dimensiork quoted from Brouwer’s table [1]. the length of the code is at mosR™ — = — 1, wherer is the redundancy of

) ) ) _ the code. We summarize the known results and some new ones in this case.

Remark 3.1: Besides codes directly coming from our constructiorkor the nonbinary case we show an upper bound, called “the pairs bound,”
many new codes can be obtained from some codes in our tablesrirthe length of such code. Over GR3) codes with bytes of size which
obvious ways. For example, in the table fpr= 7, there is a7-ary attain the bound exist if and only if perfect codes with minimum Hamming

J ; . . distance5 over GF(3) exist. Over GF(4) codes which attain the bound
[28. 6, 18] linear code, lengthening the code gives a 2 G. 18] with byte size2 exist for all redundancies. For most other parameters we

code. prove the nonexistence of codes which attain the bound.
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of length~ in the code are divided int§ consecutive nibbles, each All the multiples of ; and ;41 form two single-error syn-
one of sizeb. An error event can occur in a few positions of the same dromes lines. All the vectors of the form
byte. Therefore, by double-adjacent errors we refer to any df the
pairs of consecutive bits in any of thebytes. For more information on
byte-oriented error-correcting codes, burst-correcting codes, and their  belong tog — 1 double-errors syndromes lines.
applications the reader is referred to [3], [4], and [6].

Let F, = GF(¢) denote the Galois field with elements and’; =
GF"(¢) the multiplicative group of the same field, i.¢;; = F,\{0}.
Let (n, k) code denote a linear code of lengtland dimensiork, and
let SD,(b) code denote a code ovét, which corrects single errors
and detects double-adjacent errors in bytes ofisiZéae main purpose
of this correspondence is to explore optin§dD,(b) codes forg > 2,
i.e., nonbinary codes.

The remainder of this correspondence is organized as follows. In .
Section II, we conside D, (b) codes. Foi; > 2, we show a bound B: The Pairs Bound
which ties together the length of the code, its redundancy, the size of th&Ve start with a bound which ties together the length of the code, its
bytes, and the field size. Codes which attain this bound with equalitgdundancy, the size of the bytes, and the size of the alphabet.
are constructed and it is shown that for most parameters there exi e o
no codes which attain the bound. An interesting connection betwe%ﬁheorem L1f Cisan(n, n —r) 5D, (b) code and = =~ —n
SDs(2) codes and perfect codes over @ is also given. In Section then
I1l, we summarize the known results fgr= 2, the binary case, and (" =1=(g=1t)b=1)(qg—=2) < bt(t - 1), bln (1)
present new results obtained in [1]. Conclusions and a list of open prob-
lems are given in Section IV.

o hi + ai+1h,;+1, g, g1 € GF*(q)

3) The syndromes séi(i, i + 1) is equal tospan (h;, hi+1) and
hence it has dimensidhand any two linearly independent vec-
tors from the set span it.

4) If i is the first coordinate in some byte, thén belongs to
S(i, 7 + 1). If ¢ is the last coordinate in some byte, thin
belongs taS(: — 1, ¢). If 7 is in the middle of the byte, theh;
belongs both t&(¢ — 1, 7) and toS(¢, ¢ + 1).

Proof: The proof is by enumeration of syndromes lines. Recall
that a double-error syndrome line can occur in a few syndrome sets
as it corresponds to a detected error. However, a pair of double-error
syndromes lines can occur together only in one syndromes set since by

1I. NONBINARY CODES AND THE PAIRS BOUND Lemma 1 we can span the whole set, including the single-error syn-
dromes, from this pair. Lef' be an(n, n —r) SD,(b) code. Since the
A. Preliminaries code is organized in bytes of sizgit follows thatb dividesn. n is also

the number of lines used as single-error syndromes lines. The number
of linesinFy is L=+ Hencet = L= —n is the number of lines that

. . . are not single-error syndromes lines. Therefoie an upper bound on
5D, (b) c’ode, whoz;parlty-che_ck Imatrle :(Ehl’ hh'f]'hThe the number of double-error syndromes lines, éﬁéﬁ U is an upper
vectorsahi, o € (¢) are single-error syndromes which correy,, 4 o the number of pairs of double-error syndromes lines. On the

spond to errors in thé&h coordinate. The syndromes that (:orrespongther hand, the number of bytes of lengfis 2, and the number of syn-
to a double error in the coordinateand: + 1 are all the vectors of the .0 < <ats induced by a bytebis 1 Therl;efore there arg (b — 1)

formah; + Ghit1, wherea, 3 € GF'(q). Fora vectow € Fy', the g qromes sets, each containing 1 double-error syndromes lines,

o) = I ' * i ; i i 1) (g . ;
setL(v) = {av|a € F7} is called theline of v. If the line contains e., @=0=2) hairs of double-error syndromes lines. Hence, the total

srllngll_e-error syndrdomils, we say |t(;$mgle-error syn_ddgrl;lt:als linef number of pairs of double-error syndromes lines in the syndromes set
the line contains double-error syndromes, we say it e-error . an(n, n — ) SD,(b) code st (b — 1) ((7_1)2((,_2) _Thus we have

syndromes linewhere in this correspondence a double error is alwa)(ﬁe following inequality:
an error in two adjacent coordinates. For two adjacent coordinhates .
i + 1, the set of all the syndromes that correspond to these coordinates -1

In this section we consider codes over GF, ¢ > 2, which correct
single errors and detect double-adjacent errorsCLbé an(n, n —r)

-t
is equal tospan (h;, hiy1), wherespan (V') denotes the linear space g—1 b-1) (¢—-1(g=2) ~tt-1)
spanned by the elementsBf This set of syndromes will be denoted b : B 2
by S(i, i + 1) and called thdi, i + 1) syndromes seSome of the which reduce to
properties of the syndromes sets are described in the following lemma. (f —1—(q=Dt)b—1)(g—2) < bt(t — 1). O

Lemma 1: The bound of (1) will be called thgairs bound We are interested in

2) A syndromes set containgst 1 syndromes lines, two of which codes that attain (1) with equality. We will say that such code attains
are single-error syndromes lines and the remaining 1 are (or meets) the bound.
double-error syndromes lines. We found two families of parameters that attain (1). The first family
3) Any pair of representatives of different syndromes lines from'g for¢ = 3.6 =t = 3"/% ~ 1, r even. This family is discussed
syndromes set spans the whole syndromes set. in Section 1I-C. Wg have been fible to shqw that there EXIS.tS no gode
with parameters given by the first nontrivial member of this family.

4) ?n{/lsingle-e(rjr.or syn?roLne trt])atl correspong!s :0 an grror in trI‘-f\owever, the question of existence of codes for other parameters from
Irst/last coordinate of a byte belongs to a single syndromes s family remains open. The second family is for= 4, b = 2,

Any single-error syndrome that corresponds to an errorinsidg & o- _"y andr > 2. This family is discussed in Section II-D. It

byte belongs to two syndromes sets. is shown that for each set of parameters from this family there exists a
Proof: corresponding D4 (2) code.
o . In Section 1I-C we show that there exists 8®,(b) code withg >
2) By definition,S(i, i + 1) consists of all the vectors of the form s 5n45 > 2 that meets the pairs bound. A computer search which
checked for other parameters attaining the pairs bound far¢ <
ail; + aiprhivr, iy aigr € GF(q). 101,b = 2, and3 < r < 1000 found no such parameters. In another
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computer search for parameters that attain the pairs boundwitB, syndrome. Also, each, and eaclb, is a double-error syndrome and

3 < r <£1000,and2 < b < 1000, the following parameters were hence there are nine double-error syndromes linek .imTherefore,

found: there are(g) = 36 pairs of double-error syndromes lineslin Each
syndromes set spanned by such a pair contains three double-error

syndromes lines and, therefore, three pairs of double-error syndromes
Byte Code Code No. of double lines. Hence, there are at lea¥t = 12 syndromes sets spanned by
length redundancy| length error syndromes thea,'s, b,’s, andc, ¢'s. Twelve syndromes sets include at least 13
single-error syndromes lines, all of them alsdinHence, inV" there
2 5 110 11 are f_‘l‘ = 21 syndromes lines, nine single-error syndromes lines,
and 13 double-error syndromes lines, a contradiction.
3 3 9 4 Thus there is né D, (b) code which attains the pairs bound if> 3
andb > 2. O
106 5 106 15 Next, we further characterize double-error syndromesStor (b)
codes.

The codes withy = 3 andb = 2 are discussed in Section II-D. Lemma 2: LetC be anS D3 (b) code which attains the pairs bound
The parity-check matrix of théd, 6) SDs(3) code is shown in Sec- andletsy, s2, 53, andsa, be four distinct double-error syndromes(of
tion 1I-D. The last set of parameters with= n = 106, = 5, and If {s1, s2} and{s3, s4} belongto adjacent syndromes sets of the same
t = 15 is discussed in Section 1I-C, where we show that there exist iyte, then whenever two of these syndromes belong to a syndromes set,

(n, n —7) SD3(n) codes. the other two belong to an adjacent syndromes set in the same byte.
Proof: Let H be the parity-check matrix @f. If s; ands» belong
C. Nonexistence Results to S(i, i+ 1) andss ands4 belong toS(i + 1, i +2), where positions

: , , _ _ i, 1+ 1,andi + 2 belong to the same byte, then tfie+ 1)th column
In this subsection, we will show that codes which attain the palijsle is sparined by bOt%sl 52} and{ y thiet 1)

) . X {s3, s4}. Therefore,
bound with equality do not exist.
151 + aass = azsz + g sy, a; £ 0.
Theorem 2: If ¢ > 3 andb > 2 then there is n&' D, (b) code that
attains the pairs bound.

Proof: Let H = [hyhyhs. .. h,] be the parity-check matrix of 181 + 2383 = 20282 + a4
anSD,(b) codeC which meets the pairs bound for> 3,5 > 2. and
SinceC' is single-error correcting double-adjacent error detecting, any
three consecutive columns &f are linearly independent. Therefore
without loss of generality (w.l.0.g.) we can assume thatl < i <

Hence,

181 + 200454 = 200289 + 383,
'Since attains the pairs bound and the pafies, s3} and{sz, s4}
3, is the unit vector with a ONE in thh entry. Clearly, the douEIe- generate the same single-error syndrome, it follows that the pairs

error syndromes it5(1, 2) are exactly the vectors of the form — {s1, ss} and{sz, s4} are contained in qdjacent syndromes sets of the
(1200---0)", = € GF(q), and their multiples, while the double- SAM€ byte. The same is true for the pdiss, s:} and{s>, ss}. O

error syndromes i (2, 3) are exactly the vectors of the forty = Four double-error syndromes which appear in adjacent syndromes
(0y10---0)", y € GF'(¢), and their multiples. Sinc€’ attains the sets as described in Lemma 2 are said to belong to the sgmieomes
pairs bound, each pair of double-error syndrorfes, b,}, =, y € company
GF" (¢) should span exactly one syndromes set. ]

LetV = span (hy, ha, hy), i.e.V contains exactly the lines of the ~ Th€orem 3: An (n, n —r) 5Ds(n) code that meets the pairs bound
formea. 3 = (2310---0)". Foralinec,. 3 = («310---0)", where Cannot exist. _ _
a # 0, we calculate the number of paifs... b, } whichspanit. Sucha ~ Proof: LetC be an(n, n —7) SDs(n) code which attains the
vectorc,, 4 can only be obtained from linear combinations of the forrR@irs bound, et be its parity-check matrix, ant the number of

aa, + b,, where the variables, y and the parameters, 3 should its double-error syndromes lines. Lgt:, 52} be the double-error
satisfy syndromes ir5(1, 2) and{ss, s4} be the double-error syndromes in

S(n —1, n). W.l.o.g., we can assume that # s3 ands; # s4. Let
az +y =4 ) N, be the number of syndromes companies that contailVvith each
company,s; appears three times. ¥ belongs toS(i, i + 1) then
it belongs to two syndromes companies, the one which corresponds
to S(z — 1,¢) and S(¢, i + 1) and the one which corresponds to
S(i,i+1)andS(i+1, i+ 2),unless = 1 ori+ 1= n. SinceC
meets the pairs boune, appears it — 1 syndromes sets. Hence we
have2(t — 1) — 1 = 3N,.

If 3 = 0, there is a nonzero solutianto (2) for every nonzero value
of y, i.e.,cq, 0 is Spanned by — 1 pairs. For3 # 0, there is a nonzero
solutionz: to (2) for everyy # 0,y # 3, i.e., there arg — 2 pairs that
spanca, 3.

Two distinct pairs{a., by}, {a.. b,/ } cannot belong to a common )
syndromes set, since bath anda, belong toS(1, 2), and bothb, Now, let s Ybe a double-error syndrome different fr(.)_m, 52, 83,
andb, belong toS(2, 3). Therefore, sinc€’ meets the pairs bound, ands,. Let N» be the number ofvsyndromes companies tha} include
a vectoru is spanned by pairs{a.. b, } only if it belongs to at least - Cléarly, we have(t — 1) = 3N,. Therefore3 Ny + 1 = 31>, a
N syndromes sets. For> 4 this implies that each.. 5 belongs to at contradiction. Therefore, there is 10, n — ) SDs(n) code which
least three syndromes sets. On the other hand, by Lemma 1, any sing\gets the pairs bound. U

error syndrome belongs to at most two syndromes sets. This producesgs described in Section 11-B, one family of parameters that attain the

contradiction forg > 4, since every paifa... b, } spans some single- pajrs bound ig = 3, evenb = ¢ = 3"/2 — 1. In this case the length
error syndrome which is different frof , ho, hs. of the code

For ¢ = 4, each of the three vectors of the form, o belongs 3r_1 (3772 —1)(37/% + 1) 2 B2
to three syndromes sets. Therefore, eagh, is a double-error n= —t= 5 - (31 = e}
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and hencé dividesn. The only known code from this family is the
trivial SD5(2) code with the parity-check matrix

10
0 1
which has the parametegs= 3, = 2,b =t = 2, andn = 2. We
show that there is no code with parametgrs 3, = 4,b =t = §,
andn = 32.

Theorem 4: There is na(32, 28) SD5(8) code.

Proof: Assume &32, 28) SD3(8) code exists. Lef be the set
of double-error syndromes lines of the code and:{ets, s3, s4, $5,
se, s7, 53, be eight representatives 6f SinceS spansFj, we can
assume that,, s2, s3, ands., are vectors of weight one. All the vec-
tors of weight two are linear combinations of two vectors fr6rand

hence they are single-error syndromes. Therefore, the other vectors of

S should be of weight8 and4.

First, assume that at least three of the vectarssgs, s7, andss,
have weight4. There are eight syndromes lines of weighin Fy,
and hence there will be at most five single-error syndromes lines
weight4. For each double-error syndromes linnghe four syndromes
lines of weight4, which are obtained from in combination with a

2000 2191

2-perfect codes over GB). An (n, n — r) codeC' over Fy; with min-
imum Hamming distanc®e + 1 is callede-perfectif for every vector
v in F', the Hamming distance betweerand the nearest codeword
of C'is at mosk. If H is the parity-check matrix af' thenC' is e-per-

fect code if and only if each syndromee F;; can be represented in

exactly one way as a linear combination of at mosblumns fromH .

Lemma3: LetH = [h1, ..., hy] be ther x n parity-check matrix
of a2-perfect code” over GH(3) and letH; ; = [h; + hj;h; + 2h;],
1 < i < j < n. Then the cod€’ whose parity-check matrix is
H=[Hi> Hi 3 Hi, Hs 3 Hs ., H._1..] (3)
is anSD3(2) code that meets the pairs bound.

Proof: SinceC' is a2-perfect code over GR), it follows that
{1 <i<n}U{hi+hj|ll <i<j<n}
U{h; +2h,]1 <i< j<n}
is a set of alF" =1 nonzero syndromes lines representatives. Therefore,
itis easy to verify thafl is the parity-check matrix of afiDs(2) code,
where{h;|1 < ¢ < n} is a set of the double-error syndromes lines
r%fpresentatives. Since each pfir;, i, } of double-error syndromes
appears in exactly one syndromes set which corresponds tg it
follows thatC' attains the pairs bound. O

double-error syndrome of weight one, are single-error syndromes lines.

Three double-error syndromes of weighproduce3 - 4 = 12 single-
error syndromes lines of weight each one obtained at most twice
i.e., at least six distinct single-error syndromes lines of weigha
contradiction. Therefore, there are at least two double-error syndro
lines of weight3, sayss andss, and w.l.0.g. we can assume that=
51+ aoso + asssz, a; # 0.

If S6 = 81+ 20282 + 383 (Or S¢ = S1+auss+ 2(}353), then we
would havess = s5+a2s2 (56 = 55 +ass3), a contradiction sinces
is a double-error syndrome argHas sz (s5+asss) is a single-error
syndrome. Ifsg = 51+ 2252 +2a3s3 thenss +s¢ = 2s1, which is a
similar contradiction. Thus w.l.0.g. we can assume that s1+32 5o+
ﬂ454, ,3z' #0 If LJ-’Z = then55 + 2383 = 81 + a8y = 86 + 2,34.5‘4,

i.e., a single error syndrome which belongs to three syndromes séfé:i,

a contradiction. Thuss = s1 + 2a2s2 + 3454. We distinguish now
between two cases.

Case 1: s; is avector of weigh8. Sincess, s¢, ands+, have weight
3, they have at least one common nonzero coordinate. W.l.0.g. we
assume it is the first coordinate. Hence, from the analysisdfore
have thats; = s1 + 2383 + vasa. If 57 = s1 + 2383 + vas4 then
~va4 = 2034 sincesr # sg, and henc@ss + 2s¢ = s7, a contradiction.

Case 2: sy isavector ofweight, i.e.s7 = s1+7252+7353+7454,
~v: # 0. We consider all the possible values far, s, and~..

If v2 = o andys = a3 thensz = s5 + v4 54, @ contradiction.
If v2 = a2, v3 = 2a3, andys = 34 thenss + 2s5 = 2a252 +
2ai383 = 2s5 + s1, a contradiction.

If Yo = 2, V3 = 203, andm = 234 thens7 + s¢ = 251 +
2a3s3 = 255 + aas2, a contradiction.

If 42 = 2a» andva = B4 thens; = ss + 7353, a contradiction.
If 0 = 20, v3 = a3, andys = 284 thenss + 2s5 = aos2 +
208454 = 2s¢ + s1, a contradiction.

If v = 22, v3 = 2a3, and~a = 284 thenss 4+ s5 = 251 +
20484 = 236 + 2252, @ contradiction.

Thus there is n§32, 28)5D3(8) code.

We conjecture that also for > 4, noSD,(b) code with these pa-
rameters exist, but we were not able to prove this conjecture.

D. Codes Which Attain the Pairs Bound

1) Codes over GF3): In this subsection, we consider codes over x r parity-check matrixel of a codeC, wheren =

Lemma 4. Let

H =[H o, Hi 3 Hi: H> 3 Hs + Hi1 4],

H,‘,“]' = [h,‘ —+ hjh,j =+ Qh,]]
beéther x (t — 1)t parity-check matrix of ars D3 (2) codeC', which
meets the pairs bound, whefé;|1 < i < t} are the double-error
syndromes lines representatives. Then the ¢odehose parity-check
matrix is H = [h1hs ... h,] is a2-perfect code over GE3).

Proof: Since H is the parity-check matrix of a8 D;(2) code
which corrects single errors af{@;|1 < i < t} are the double-error
syndromes, we have that all the columngbandH are distinct. Since
C attains the pairs bound, the elements of
1<i<n}U{h;+h;|]l<i<j<n}

U{hi+2h;]1 <i<j<n}
are distinct representatives of all tﬁ% nonzero lines ofy. Thus

C'is a2-perfect code over GR). O

can
Corollary 1: There exists afin, k) 2-perfect code over GB) if

and only if there exists atn(n — 1), n(n — 2) + k) SD3(2) code
which meets the pairs bound.

mes

It is well known [9] that the onl\2-perfect code over GB) is the
(11, 6) Golay code. Thus the onl§D3(2) code that attains the pairs
bound is a110, 105) SD3(2) code that can obtained from the Golay
code.

Another code over GE) which meets the pairs bound is the fol-
lowing (9, 6) SD3(3) code:

111 1 11 100
2 11 0 0 2 2 1 1
0 0 2 2 11 2 1 2

2) Codes over GF4): Forgq = 4 andb = 2 the pairs bound is
reduced to

4" <2+ 1= (t+1)°

which is equivalent te + 1 > 2". For each- > 2 there exists a code
which attains this bound with equality. Let GF) = {0, 1, «, 3},
wheres = o?. For eachr > 2 andt = 2" — 1, we construct an
27(27—3)+2
e

GF(3) which attain the pairs bound. First, we show a tight connedhe columns off contain a vector from each line &f in which each
tion betweer(n, n — ) S D3(2) codes that attain the pairs bound andrector has at least two nonzero entries with different values. Of all the
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vectors in such a line, the vector with ONE in the first nonzero entry @deC' with parity matrix H by dividing the consecutive columns of
chosentobe acolumn . Thet =2"—1 double-error syndromeslines H into bytes of sizé and dropping the remaining columns. By [5]
are the lines defined by th¥ — 1 nonzero binary vectors of length or -
Every column vector in H can be written as = vy + ava + fug, (20 =r=1,2"=2r = 1)SD2(b)
wherev, is a binary vector with ONEs exactly in positions in which codes can exist only if is an odd intege#, divides2” — » — 1 and
hasx’s. Letv = vy + v + avg and definevv to be two adjacent o _r_1
columns ofH which corresponds to the same byte. This is well defined —
sincev = v and also ird the first nonzero entry is a ONE. We also have . ) ) .
to show that the double-error syndromesCore multiples of binary If such code exists then its parity-check matrix can be constructed from
vectors. For the adjacent columngnda in a byte ofH we have. all the binary column vectors whose weight is at leasEach two
consecutive columns in a byte should differ in exactly one position.

v+0 = 2vi+(a+B)vat+(F+a)vs = vatuvg Using these observations the following theorem is proved in [1].
(I+a)vi+(a+ab)va+(B+a’ s = (1+a)(vi+va) Theorem 6: If b is an odd integer which divide® — r — 1 and
v+40 = (1—1—,/3)1!1—|—(a+,82)1!u+(/3+a;3)v@ = (148)(vit+vg). b < 2Lr/2) _ 9 then there exists a

>r—1.

v+ av

Thus we have proved (2" —7r—=1,2" = 2r — 1)SD»(})

Theorem 5: For everyt = 2" — 1,7 > 2, andn = -1 — ¢ there code.

exists an(n, n — r) $D4(2) code which meets the pairs bound. The idea behind the construction in [1], which proves Theorem 6, is

to take a Gray code of lengf#i —2, which has column vectors of length
lll. BINARY CODES r — 2 and to append the tail®, 01, 11, 10, in an appropriate way to

The best known binary single-error correcting, double-errors dall column vectors (except the vectors of weight one for which the tail
tecting codes are tHa™, 2" — m — 1, 4] extended Hamming codes, 00 is not appended, and the all-zero vector for which only theltil
which correct single errors and detect arbitrary double errors. Hoi§-appended). These tails are appended in such a way that they form
ever, for adjacent double errors significantly better code length can ‘sgray lists” of length divisible by. These lists form the parity-check
achieved. Blaum, Bruck, and Tolhuizen [2] have constructePag) — matrix of the code.

SD-(4) code. Etzion [5] has proved that for a given- 3, the largest
n such that ain, n — r) SD»(n) exists satisfies < 2" —r — 2. He IV. CONCLUSION AND OPEN PROBLEMS

also gave a construction of 2" —r —2, 2" —2r - 2) SD>(2' -r- 2) In this correspondence we have considered optimal single-error-cor-
code for eachr > 3. The code can be easily made cyclic, i.e., @y ting double-adjacent error-detecting codes. We have considered
error corresponding to the first andqthe last E)osmons can ?e alsSes which are organized in bytes of size

detected. He has constructed” — 27, 2" — 27 —r) ,5.D2(2_1) For the nonbinary case, we have given a bound (called the pairs
codes which detect all double errors within bytes of siZe which bound) which ties together the length of the code, its redundancy, the
are cl?arly the codes with the largest length for codes with bytes gb ¢ of the bytes, and the alphabet size. Codes which attain this bound
size 271t was also proved that faf which is not a power o2, a yare produced and it was shown that for most parameter sets, codes
(2" = r —1,2" = 2r — i) SD2(b) code exists for every > 3 and \ nich meet the bound do not exist. Furthermore, we have summarized
i > 2ifand only if b divides2” — r —i. An (n, n — 1) SD2(b)  ynown and improved results in the binary case.

code can exist only ifi < 2" — v — 1 andb dividesn. If b divides  go\erq) interesting questions remain open in this context.
2" —r —1then(2" —r — 1, 2" — 2r — 1) SD,(b) code may exists
only if b is odd and 2) Prove that there are no other codes meeting the pairs bound ex-

o 1 cept for the codes discussed in Section 1I-D.
-y =

b
Etzion [5] has shown a (57, 58D (3) code, a(120, 113) SD»(3)
code and 120, 113) SD,(15) code. Tolhuizen [8] has proved that if

b, s, andr are integers such thais a multiple ofb and there existboth  4) Prove that i is an odd integer, which divides — » — 1 and
a(2°—s—1,2"-2s—1)SD,(b)codeand &2" —r—1, 2" =2r —1)

zr—1L 3) It seems that the pairs bound is especially good either for codes

over G 3) or for codes with bytes of siz2 A better bound for
codes over GFg), ¢ > 4, andb > 2, would be very interesting.

; 2" —p—1
SD,(b) code, then there exists a + >r—1
(2T — (s47) =1, 2°T" = 2(s + ) — 1)SDa(b). then there exists @" — r — 1, 2" — 2r — 1) SD-(b) code.
An immediate consequence from this result and(fie 51) S D2 (3)
code and thé120, 113) SD,(3) code is the existence of a REFERENCES
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On Algebraic Decoding of the Z4-Linear

Goethals-Like Codes . .
codewords as the comparable extended three-error-correcting primi-

Kalle Ranto tive Bose—Chaudhuri-Hocquenghem (BCH) code.
Helleseth, Kumar, and Shanbhag [6] observed thatZhdinear

codesC,, with parity-check matrices
Abstract—The Z,-linear Goethals-like code of length 2™ has

22" -8m-2 cogewords and minimum Lee distance8 for any odd 11 1 1 1
integer > 3. We present an algebraic decoding algorithm for all H.=10 1 3 32 3272
Z ,-linear Goethals-like codesC;, introduced by Hellesethet al. We use 0 2 25§k+1 25@1»'“)2 23(2k+1)(2m,2)

Dickson polynomials and their properties to solve the syndrome equations.

Index Terms—Decoding, Dickson polynomials, Goethals code, quater- have the same Lee weight distribution as the codewhenever
nary codes. ged (k,m) = 1. Helleseth and Kumar [5] presented a complete
decoding algorithm for the codg . In this correspondence we give an
algebraic decoding algorithm for all codés with ged (k,m) = 1 up
to the error-correcting capability.

Letm be an odd integer and I&; denote the ring of integers modulo ~ A question arises: Are some codgsequivalent? If so, it is unnec-
l.Let R = GR(4,m) be a Galois ring of characteristicwith 4™  essary to develop the decoding algorithm for all of them. Two binary
elements. The multiplicative group of uni® contains a unique cyclic codes are equivalent if one code is obtained from the other by some per-
subgroup(;3) of order2™ — 1. Every element oR can be expressed mutation of coordinates. In th&,-domain it is natural to also allow the
uniquely as4 + 2B whereA, B € 7 and multiplication of codewords by-1 in some fixed coordinates.

T=1{0.14 BQm_Q} If two codesCy, andCy.- are equivalent, then so are the binary codes
P ) 1(Cr) andu(Cy/). If we restrict the values of to an intervall < % <
Letyu: Z, — Z- denote the moduld reduction map. We extendto  (m —1)/2, the numberg® + 1 belong to different cyclotomic cosets
R in a natural way and thug(7) = F whereF is a finite field of modulo2™ — 1 and therefore the binary codes are different. They are

|. INTRODUCTION

order2™. also affine-invariant and by [1] nonequivalent. Hence for the values of
A Z,-linear code of lengtR™ is a subgroup o2 with compo- K in Table | the code€,. are nonequivalent.
nentwise addition. The Lee weights of the eleménts, 2, 3in Z, are In Section Il we present two useful lemmas which are used fre-

0, 1, 2, 1, respectively, and the weight of a vector is the sum of weighg@iently. In Section Ill we introduce Dickson polynomials and some
of the components. Hammoasal. [4] showed that thé ,-linear code basic facts about them. In Section IV we give the algebraic decoding

C: defined by the parity-check matrix algorithm for the codesy..
11 1 1 ... 1
H =10 1 5 32 327 -2 Il. PRELIMINARIES
0 2 23 285 ... 23372 Let Tr () denote the trace function froif to the binary fieldF.

has minimum Lee distan@& They also showed that ti#, -linear code The following lemma is well known.

P with the parity-check matrix consisting of the two first rowsf Lemma 1: The quadratic equatior? + = + § = 0 with § € F has
has minimum Lee distance equal@@nd presented a decoding algowo rootsy = 30 V72 §* and# + Lin F, if Tr (§) = 0, and no
= ) )

rithm for 7. roots inF, if Tr (§) = 1. In the latter case, the two roofs+ o and
Let ¢ be the Gray map which mags, -codewords componentwise g 1 1 are in the quadratic extension Bfwherea® + a + 1 = 0.

to binary words by the rulest(0) = 00, ¢(1) = 01, ¢(2) = 11, o,

ands(3) = 10. The binary nonlinear codesC; ) andé(P) have pa- ~ EQuationz™ + ya + 6 = 0 wherey # 0 can be transformed to

rameterg 2™+, 92" —3m—z 8) and (21, 92" —2m—z 6), that (z/v)* + /v + 6/+* = 0 and the condition in the previous lemma

. 2y
is, those of the Goethals and Preparata codes. The Preparata co§8389es tdr (6/7°) =0 _
known to be optimal and the Goethals code has four times as many N€ nextlemma from [5] is useful when transforming the syndrome
equations over the Galois ring to equations over the finite field.
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