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TABLE III
q = 9

we just use Theorem 2.6 in our tables. However, for evenq, Theorem
2.10 does not include the case wherel = m � 1, i.e., the result of
Theorem 2.9 is not contained in Theorem 2.10.

t;m paramters in Theorems 2.6, 2.9, or 2.10.
l parameter in Theorems 2.6 or 2.10.
n; k length and dimension of codes, respectively, obtained from

Theorems 2.6, 2.9, or 2.10 with given parameterst;m; l.
d lower bounds on minimum distance of codes obtained from

Theroems 2.6, 2.9, or 2.10 with given parameterst;m; l.
dB the lower bound on minimum distance of codes with given

lengthn and dimensionk quoted from Brouwer’s table [1].

Remark 3.1: Besides codes directly coming from our construction,
many new codes can be obtained from some codes in our tables in
obvious ways. For example, in the table forq = 7, there is a7-ary
[28; 6; 18] linear code, lengthening the code gives a new[29; 6; 18]
code.
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Optimal Codes for Single-Error Correction,
Double-Adjacent-Error Detection
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Abstract—In certain memory systems the most common error is a single
error and the next most common error is two errors in positions which
are stored physically adjacent in the memory. In this correspondence we
present optimal codes for recovering from such errors. We correct single
errors and detect double adjacent errors. For detecting adjacent errors we
consider codes which are byte-organized. In the binary case, it is clear that
the length of the code is at most2 1, where is the redundancy of
the code. We summarize the known results and some new ones in this case.
For the nonbinary case we show an upper bound, called “the pairs bound,”
on the length of such code. Over GF(3) codes with bytes of size2 which
attain the bound exist if and only if perfect codes with minimum Hamming
distance5 over GF(3) exist. Over GF(4) codes which attain the bound
with byte size2 exist for all redundancies. For most other parameters we
prove the nonexistence of codes which attain the bound.

Index Terms—Byte-organized memory, double-adjacent errors, single-
error correction, the pairs bound.

I. INTRODUCTION

In certain memory systems, e.g., some spacecraft memories subject
to soft upsets, the most common error is a single error and the next most
common error is adouble-adjacent error, i.e., two errors in bits which
are stored physically adjacent in the memory [7]. This motivates the
interest in codes which correct single errors and detect double-adjacent
errors. An[n; k; d] error-correcting code is ak-dimensional subspace
of then-dimensional space, in which it is possible to correct anyb d�1

2
c

or less errors which occur in any positions (bits) of then positions of
the codeword. Double-adjacent errors can occur in any of then�1 pairs
of consecutive bits. However, in most memory and storage devices, the
information is stored in bytes of a given sizeb. Therefore, the words
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of lengthn in the code are divided inton
b

consecutive nibbles, each
one of sizeb. An error event can occur in a few positions of the same
byte. Therefore, by double-adjacent errors we refer to any of theb� 1

pairs of consecutive bits in any of thenb bytes. For more information on
byte-oriented error-correcting codes, burst-correcting codes, and their
applications the reader is referred to [3], [4], and [6].

LetFq = GF(q) denote the Galois field withq elements andF �q =
GF�(q) the multiplicative group of the same field, i.e.,F �q = Fqnf0g.
Let (n; k) code denote a linear code of lengthn and dimensionk, and
let SDq(b) code denote a code overFq which corrects single errors
and detects double-adjacent errors in bytes of sizeb. The main purpose
of this correspondence is to explore optimalSDq(b) codes forq > 2,
i.e., nonbinary codes.

The remainder of this correspondence is organized as follows. In
Section II, we considerSDq(b) codes. Forq > 2, we show a bound
which ties together the length of the code, its redundancy, the size of the
bytes, and the field size. Codes which attain this bound with equality
are constructed and it is shown that for most parameters there exist
no codes which attain the bound. An interesting connection between
SD3(2) codes and perfect codes over GF(3) is also given. In Section
III, we summarize the known results forq = 2, the binary case, and
present new results obtained in [1]. Conclusions and a list of open prob-
lems are given in Section IV.

II. NONBINARY CODES AND THEPAIRS BOUND

A. Preliminaries

In this section we consider codes over GF(q), q > 2, which correct
single errors and detect double-adjacent errors. LetC be an(n; n�r)
SDq(b) code, whose parity-check matrix isH = [h1; . . . ; hn]. The
vectors�hi; � 2 GF�(q) are single-error syndromes which corre-
spond to errors in theith coordinate. The syndromes that correspond
to a double error in the coordinatesi andi+1 are all the vectors of the
form �hi + �hi+1, where�; � 2 GF�(q). For a vectorv 2 Fn

q , the
setL(v) = f�vj� 2 F �q g is called theline of v. If the line contains
single-error syndromes, we say it is asingle-error syndromes line; if
the line contains double-error syndromes, we say it is adouble-error
syndromes line, where in this correspondence a double error is always
an error in two adjacent coordinates. For two adjacent coordinatesi and
i+1, the set of all the syndromes that correspond to these coordinates
is equal tospan (hi; hi+1), wherespan (V ) denotes the linear space
spanned by the elements ofV . This set of syndromes will be denoted
by S(i; i + 1) and called the(i; i + 1) syndromes set. Some of the
properties of the syndromes sets are described in the following lemma.

Lemma 1:

2) A syndromes set containsq + 1 syndromes lines, two of which
are single-error syndromes lines and the remainingq � 1 are
double-error syndromes lines.

3) Any pair of representatives of different syndromes lines from a
syndromes set spans the whole syndromes set.

4) Any single-error syndrome that corresponds to an error in the
first/last coordinate of a byte belongs to a single syndromes set.
Any single-error syndrome that corresponds to an error inside a
byte belongs to two syndromes sets.

Proof:

2) By definition,S(i; i+ 1) consists of all the vectors of the form

�ihi + �i+1hi+1; �i; �i+1 2 GF(q):

All the multiples of hi and hi+1 form two single-error syn-
dromes lines. All the vectors of the form

�ihi + �i+1hi+1; �i; �i+1 2 GF�(q)

belong toq � 1 double-errors syndromes lines.

3) The syndromes setS(i; i + 1) is equal tospan (hi; hi+1) and
hence it has dimension2 and any two linearly independent vec-
tors from the set span it.

4) If i is the first coordinate in some byte, thenhi belongs to
S(i; i + 1). If i is the last coordinate in some byte, thenhi
belongs toS(i� 1; i). If i is in the middle of the byte, thenhi
belongs both toS(i� 1; i) and toS(i; i+ 1).

B. The Pairs Bound

We start with a bound which ties together the length of the code, its
redundancy, the size of the bytes, and the size of the alphabet.

Theorem 1: If C is an(n; n� r) SDq(b) code andt = q �1
q�1

� n

then

(qr � 1� (q � 1)t)(b� 1)(q� 2) � bt(t� 1); bjn (1)

Proof: The proof is by enumeration of syndromes lines. Recall
that a double-error syndrome line can occur in a few syndrome sets
as it corresponds to a detected error. However, a pair of double-error
syndromes lines can occur together only in one syndromes set since by
Lemma 1 we can span the whole set, including the single-error syn-
dromes, from this pair. LetC be an(n; n�r) SDq(b) code. Since the
code is organized in bytes of sizeb, it follows thatb dividesn. n is also
the number of lines used as single-error syndromes lines. The number
of lines inF r

q is q �1
q�1

. Hence,t = q �1
q�1

�n is the number of lines that
are not single-error syndromes lines. Therefore,t is an upper bound on
the number of double-error syndromes lines, andt(t�1)

2
is an upper

bound on the number of pairs of double-error syndromes lines. On the
other hand, the number of bytes of lengthb is n

b , and the number of syn-
dromes sets induced by a byte isb� 1. Therefore, there aren

b
(b� 1)

syndromes sets, each containingq � 1 double-error syndromes lines,
i.e., (q�1)(q�2)

2
pairs of double-error syndromes lines. Hence, the total

number of pairs of double-error syndromes lines in the syndromes set
of an(n; n � r) SDq(b) code isn

b (b� 1) (q�1)(q�2)
2 . Thus we have

the following inequality:

qr � 1

q � 1
� t

b
(b� 1)

(q � 1)(q� 2)

2
�

t(t� 1)

2
;

which reduce to

(qr � 1� (q � 1)t)(b� 1)(q� 2) � bt(t� 1):

The bound of (1) will be called thepairs bound. We are interested in
codes that attain (1) with equality. We will say that such code attains
(or meets) the bound.

We found two families of parameters that attain (1). The first family
is for q = 3, b = t = 3r=2 � 1, r even. This family is discussed
in Section II-C. We have been able to show that there exists no code
with parameters given by the first nontrivial member of this family.
However, the question of existence of codes for other parameters from
this family remains open. The second family is forq = 4, b = 2,
t = 2r � 1, andr � 2. This family is discussed in Section II-D. It
is shown that for each set of parameters from this family there exists a
correspondingSD4(2) code.

In Section II-C we show that there exists noSDq(b) code withq >
3 andb > 2 that meets the pairs bound. A computer search which
checked for other parameters attaining the pairs bound for5 � q �
101, b = 2, and3 � r � 1000 found no such parameters. In another
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computer search for parameters that attain the pairs bound withq = 3,
3 � r � 1000, and2 � b � 1000, the following parameters were
found:

Byte Code Code No. of double
length redundancy length error syndromes

2 5 110 11

3 3 9 4

106 5 106 15

The codes withq = 3 andb = 2 are discussed in Section II-D.
The parity-check matrix of the(9; 6) SD3(3) code is shown in Sec-
tion II-D. The last set of parameters withb = n = 106, r = 5, and
t = 15 is discussed in Section II-C, where we show that there exist no
(n; n � r) SD3(n) codes.

C. Nonexistence Results

In this subsection, we will show that codes which attain the pairs
bound with equality do not exist.

Theorem 2: If q > 3 andb > 2 then there is noSDq(b) code that
attains the pairs bound.

Proof: Let H = [h1h2h3 . . .hn] be the parity-check matrix of
anSDq(b) codeC which meets the pairs bound forq > 3, b > 2.
SinceC is single-error correcting double-adjacent error detecting, any
three consecutive columns ofH are linearly independent. Therefore,
without loss of generality (w.l.o.g.) we can assume thathi, 1 � i �
3, is the unit vector with a ONE in theith entry. Clearly, the double-
error syndromes inS(1; 2) are exactly the vectors of the formax =
(1x00 � � � 0)T , x 2 GF�(q), and their multiples, while the double-
error syndromes inS(2; 3) are exactly the vectors of the formby =
(0y10 � � � 0)T , y 2 GF�(q), and their multiples. SinceC attains the
pairs bound, each pair of double-error syndromesfax; byg; x; y 2
GF�(q) should span exactly one syndromes set.

Let V = span (h1; h2; h3), i.e.V contains exactly the lines of the
form c�; � = (��10 � � � 0)T . For a linec�; � = (��10 � � � 0)T , where
� 6= 0, we calculate the number of pairsfax; bygwhich span it. Such a
vectorc�; � can only be obtained from linear combinations of the form
�ax + by, where the variablesx; y and the parameters�; � should
satisfy

�x + y = �: (2)

If � = 0, there is a nonzero solutionx to (2) for every nonzero value
of y, i.e.,c�; 0 is spanned byq� 1 pairs. For� 6= 0, there is a nonzero
solutionx to (2) for everyy 6= 0, y 6= �, i.e., there areq� 2 pairs that
spanc�; � .

Two distinct pairsfax; byg, fax ; by g cannot belong to a common
syndromes set, since bothax andax belong toS(1; 2), and bothby
andby belong toS(2; 3). Therefore, sinceC meets the pairs bound,
a vectoru is spanned byN pairsfax; byg only if it belongs to at least
N syndromes sets. Forq > 4 this implies that eachc�;� belongs to at
least three syndromes sets. On the other hand, by Lemma 1, any single-
error syndrome belongs to at most two syndromes sets. This produces a
contradiction forq > 4, since every pairfax; byg spans some single-
error syndrome which is different fromh1; h2; h3.

For q = 4, each of the three vectors of the formc�; 0 belongs
to three syndromes sets. Therefore, eachc�; 0 is a double-error

syndrome. Also, eachax and eachby is a double-error syndrome and
hence there are nine double-error syndromes lines inV . Therefore,
there are 9

2
= 36 pairs of double-error syndromes lines inV . Each

syndromes set spanned by such a pair contains three double-error
syndromes lines and, therefore, three pairs of double-error syndromes
lines. Hence, there are at least36

3
= 12 syndromes sets spanned by

theax’s, by ’s, andc�; 0’s. Twelve syndromes sets include at least 13
single-error syndromes lines, all of them also inV . Hence, inV there
are 4 �1

4�1
= 21 syndromes lines, nine single-error syndromes lines,

and 13 double-error syndromes lines, a contradiction.
Thus there is noSDq(b) code which attains the pairs bound ifq > 3

andb > 2.

Next, we further characterize double-error syndromes forSD3(b)
codes.

Lemma 2: LetC be anSD3(b) code which attains the pairs bound
and lets1, s2, s3, ands4, be four distinct double-error syndromes ofC.
If fs1; s2g andfs3; s4g belong to adjacent syndromes sets of the same
byte, then whenever two of these syndromes belong to a syndromes set,
the other two belong to an adjacent syndromes set in the same byte.

Proof: LetH be the parity-check matrix ofC. If s1 ands2 belong
toS(i; i+1) ands3 ands4 belong toS(i+1; i+2), where positions
i, i+ 1, andi+ 2 belong to the same byte, then the(i+ 1)th column
of H is spanned by bothfs1; s2g andfs3; s4g. Therefore,

�1s1 + �2s2 = �3s3 + �4s4; �i 6= 0:

Hence,

�1s1 + 2�3s3 = 2�2s2 + �4s4

and

�1s1 + 2�4s4 = 2�2s2 + �3s3:

SinceC attains the pairs bound and the pairsfs1; s3g andfs2; s4g
generate the same single-error syndrome, it follows that the pairs
fs1; s3g andfs2; s4g are contained in adjacent syndromes sets of the
same byte. The same is true for the pairsfs1; s4g andfs2; s3g.

Four double-error syndromes which appear in adjacent syndromes
sets as described in Lemma 2 are said to belong to the samesyndromes
company.

Theorem 3: An (n; n�r) SD3(n) code that meets the pairs bound
cannot exist.

Proof: Let C be an(n; n � r) SD3(n) code which attains the
pairs bound, letH be its parity-check matrix, andt the number of
its double-error syndromes lines. Letfs1; s2g be the double-error
syndromes inS(1; 2) andfs3; s4g be the double-error syndromes in
S(n � 1; n). W.l.o.g., we can assume thats1 6= s3 ands1 6= s4. Let
N1 be the number of syndromes companies that contains1. With each
company,s1 appears three times. Ifs1 belongs toS(i; i + 1) then
it belongs to two syndromes companies, the one which corresponds
to S(i � 1; i) and S(i; i + 1) and the one which corresponds to
S(i; i + 1) andS(i+ 1; i + 2), unlessi = 1 or i + 1 = n. SinceC
meets the pairs bound,s1 appears int � 1 syndromes sets. Hence we
have2(t � 1) � 1 = 3N1.

Now, let s be a double-error syndrome different froms1, s2, s3,
ands4. Let N2 be the number of syndromes companies that include
s. Clearly, we have2(t � 1) = 3N2. Therefore,3N1 + 1 = 3N2, a
contradiction. Therefore, there is no(n; n � r) SD3(n) code which
meets the pairs bound.

As described in Section II-B, one family of parameters that attain the
pairs bound isq = 3, r even,b = t = 3r=2 � 1. In this case the length
of the code

n =
3r � 1

2
� t =

(3r=2 � 1)(3r=2 + 1)

2
� (3r=21) =

b2

2
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and henceb dividesn. The only known code from this family is the
trivial SD3(2) code with the parity-check matrix

1 0

0 1

which has the parametersq = 3, r = 2, b = t = 2, andn = 2. We
show that there is no code with parametersq = 3, r = 4, b = t = 8,
andn = 32.

Theorem 4: There is no(32; 28) SD3(8) code.
Proof: Assume a(32; 28) SD3(8) code exists. LetS be the set

of double-error syndromes lines of the code and lets1, s2, s3, s4, s5,
s6, s7, s8, be eight representatives ofS. SinceS spansF 4

3 , we can
assume thats1, s2, s3, ands4, are vectors of weight one. All the vec-
tors of weight two are linear combinations of two vectors fromS and
hence they are single-error syndromes. Therefore, the other vectors of
S should be of weights3 and4.

First, assume that at least three of the vectorss5, s6, s7, ands8,
have weight4. There are eight syndromes lines of weight4 in F 4

3 ,
and hence there will be at most five single-error syndromes lines of
weight4. For each double-error syndromes lines, the four syndromes
lines of weight4, which are obtained froms in combination with a
double-error syndrome of weight one, are single-error syndromes lines.
Three double-error syndromes of weight4 produce3 � 4 = 12 single-
error syndromes lines of weight4, each one obtained at most twice,
i.e., at least six distinct single-error syndromes lines of weight4, a
contradiction. Therefore, there are at least two double-error syndromes
lines of weight3, says5 ands6, and w.l.o.g. we can assume thats5 =
s1 + �2s2 + �3s3, �i 6= 0.

If s6 = s1+2�2s2+�3s3 (or s6 = s1+�2s2+2�3s3), then we
would haves6= s5+�2s2 (s6= s5+�3s3), a contradiction sinces6
is a double-error syndrome ands5+�2s2 (s5+�3s3) is a single-error
syndrome. Ifs6 = s1+2�2s2+2�3s3 thens5+s6 =2s1, which is a
similar contradiction. Thus w.l.o.g. we can assume thats6=s1+�2s2+
�4s4, �i 6=0. If �2=�2 thens5+2�3s3 = s1+�2s2 = s6+2�4s4,
i.e., a single error syndrome which belongs to three syndromes sets,
a contradiction. Thuss6 = s1 + 2�2s2 + �4s4. We distinguish now
between two cases.

Case 1: s7 is a vector of weight3. Sinces5, s6, ands7, have weight
3, they have at least one common nonzero coordinate. W.l.o.g. we can
assume it is the first coordinate. Hence, from the analysis fors6 we
have thats7 = s1 + 2�3s3 + 
4s4. If s7 = s1 + 2�3s3 + 
4s4 then

4 = 2�4 sinces7 6= s6, and hence2s5 + 2s6 = s7, a contradiction.

Case 2: s7 is a vector of weight4, i.e.,s7 = s1+
2s2+
3s3+
4s4,

i 6= 0. We consider all the possible values for
2, 
3, and
4.

• If 
2 = �2 and
3 = �3 thens7 = s5 + 
4s4, a contradiction.
• If 
2 = �2, 
3 = 2�3, and
4 = �4 thens7 + 2s6 = 2�2s2 +
2�3s3 = 2s5 + s1, a contradiction.

• If 
2 = �2, 
3 = 2�3, and
4 = 2�4 thens7 + s6 = 2s1 +
2�3s3 = 2s5 + �2s2, a contradiction.

• If 
2 = 2�2 and
4 = �4 thens7 = s6 + 
3s3, a contradiction.
• If 
2 = 2�2, 
3 = �3, and
4 = 2�4 thens7 + 2s5 = �2s2 +
2�4s4 = 2s6 + s1, a contradiction.

• If 
2 = 2�2, 
3 = 2�3, and
4 = 2�4 thens7 + s5 = 2s1 +
2�4s4 = 2s6 + 2�2s2, a contradiction.

Thus there is no(32; 28)SD3(8) code.

We conjecture that also forr > 4, noSDq(b) code with these pa-
rameters exist, but we were not able to prove this conjecture.

D. Codes Which Attain the Pairs Bound

1) Codes over GF(3): In this subsection, we consider codes over
GF(3) which attain the pairs bound. First, we show a tight connec-
tion between(n; n� r) SD3(2) codes that attain the pairs bound and

2-perfect codes over GF(3). An (n; n� r) codeC overFq with min-
imum Hamming distance2e+ 1 is callede-perfectif for every vector
v in Fn

q , the Hamming distance betweenv and the nearest codeword
of C is at moste. If H is the parity-check matrix ofC thenC is e-per-
fect code if and only if each syndromeu 2 F r

q can be represented in
exactly one way as a linear combination of at moste columns fromH .

Lemma 3: LetH = [h1; . . . ; hn] be ther�n parity-check matrix
of a2-perfect codeC over GF(3) and letHi; j = [hi + hjhi + 2hj ],
1 � i < j � n. Then the code~C whose parity-check matrix is
~H = [H1; 2 H1; 3 . . . H1; n H2; 3 . . . H2; n . . . Hn�1; n] (3)

is anSD3(2) code that meets the pairs bound.
Proof: SinceC is a2-perfect code over GF(3), it follows that

fhij1 � i � ng [ fhi + hj j1 � i < j � ng

[fhi + 2hj j1 � i < j � ng

is a set of all3 �1
2

nonzero syndromes lines representatives. Therefore,
it is easy to verify that~H is the parity-check matrix of anSD3(2) code,
wherefhij1 � i � ng is a set of the double-error syndromes lines
representatives. Since each pairfhi; hjg of double-error syndromes
appears in exactly one syndromes set which corresponds toHi; j , it
follows that ~C attains the pairs bound.

Lemma 4: Let

H = [H1; 2 H1; 3 . . . H1; t H2; 3 . . . H2; t . . . Ht�1; t];

Hi; j = [hi + hjhi + 2hj ]

be ther � (t� 1)t parity-check matrix of anSD3(2) codeC, which
meets the pairs bound, wherefhij1 � i � tg are the double-error
syndromes lines representatives. Then the code~C whose parity-check
matrix is ~H = [h1h2 . . . ht] is a2-perfect code over GF(3).

Proof: SinceH is the parity-check matrix of anSD3(2) code
which corrects single errors andfhij1 � i � tg are the double-error
syndromes, we have that all the columns ofH and ~H are distinct. Since
C attains the pairs bound, the elements of

fhij1 � i � ng [ fhi + hj j1 � i < j � ng

[fhi + 2hj j1 � i < j � ng

are distinct representatives of all the3 �1
2

nonzero lines ofF r
3 . Thus

~C is a2-perfect code over GF(3).

Corollary 1: There exists an(n; k) 2-perfect code over GF(3) if
and only if there exists an(n(n � 1); n(n � 2) + k) SD3(2) code
which meets the pairs bound.

It is well known [9] that the only2-perfect code over GF(3) is the
(11; 6) Golay code. Thus the onlySD3(2) code that attains the pairs
bound is a(110; 105) SD3(2) code that can obtained from the Golay
code.

Another code over GF(3) which meets the pairs bound is the fol-
lowing (9; 6) SD3(3) code:

1 1 1 1 1 1 1 0 0

2 1 1 0 0 2 2 1 1

0 0 2 2 1 1 2 1 2

:

2) Codes over GF(4): For q = 4 andb = 2 the pairs bound is
reduced to

4r � t
2 + 2t+ 1 = (t+ 1)2

which is equivalent tot+ 1 � 2r. For eachr � 2 there exists a code
which attains this bound with equality. Let GF(4) = f0; 1; �; �g,
where� = �2. For eachr � 2 and t = 2r � 1, we construct an
n � r parity-check matrixH of a codeC, wheren = 2 (2 �3)+2

3
.

The columns ofH contain a vector from each line ofF r
4 in which each

vector has at least two nonzero entries with different values. Of all the
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vectors in such a line, the vector with ONE in the first nonzero entry is
chosen to be a column inH . Thet=2r�1 double-error syndromes lines
are the lines defined by the2r�1 nonzero binary vectors of lengthr:
Every column vectorv in H can be written asv = v1 + �v� + �v� ,
wherevx is a binary vector with ONEs exactly in positions in whichv
hasx’s. Let ~v = v1 + �v� + �v� and definev~v to be two adjacent
columns ofH which corresponds to the same byte. This is well defined
since~~v = v and also in~v the first nonzero entry is a ONE. We also have
to show that the double-error syndromes ofC are multiples of binary
vectors. For the adjacent columnsv and~v in a byte ofH we have.

v+~v = 2v1+(�+�)v�+(�+�)v� = v�+v�

v+�~v = (1+�)v1+(�+��)v�+(�+�2)v� = (1+�)(v1+v�)

v+�~v = (1+�)v1+(�+�2)v�+(�+��)v� = (1+�)(v1+v�):

Thus we have proved

Theorem 5: For everyt = 2r � 1, r � 2, andn = 4 �1

3
� t there

exists an(n; n� r) SD4(2) code which meets the pairs bound.

III. B INARY CODES

The best known binary single-error correcting, double-errors de-
tecting codes are the[2m; 2m �m� 1; 4] extended Hamming codes,
which correct single errors and detect arbitrary double errors. How-
ever, for adjacent double errors significantly better code length can be
achieved. Blaum, Bruck, and Tolhuizen [2] have constructed a(12; 8)
SD2(4) code. Etzion [5] has proved that for a givenr > 3, the largest
n such that an(n; n� r) SD2(n) exists satisfiesn � 2r � r� 2. He
also gave a construction of a(2r�r�2; 2r�2r�2) SD2(2

r�r�2)
code for eachr > 3. The code can be easily made cyclic, i.e., an
error corresponding to the first and the last positions can be also
detected. He has constructed(2r � 2�; 2r � 2� � r) SD2(2

�)
codes which detect all double errors within bytes of size2� , which
are clearly the codes with the largest length for codes with bytes of
size 2� . It was also proved that forb which is not a power of2, a
(2r � r � i; 2r � 2r � i) SD2(b) code exists for everyr > 3 and
i � 2 if and only if b divides2r � r � i. An (n; n � r) SD2(b)
code can exist only ifn � 2r � r � 1 andb dividesn. If b divides
2r � r � 1 then(2r � r � 1; 2r � 2r � 1) SD2(b) code may exists
only if b is odd and

2r � r � 1

b
� r � 1:

Etzion [5] has shown a (57, 51)SD2(3) code, a(120; 113) SD2(3)
code and a(120; 113) SD2(15) code. Tolhuizen [8] has proved that if
b, s, andr are integers such thats is a multiple ofb and there exist both
a(2s�s�1; 2s�2s�1)SD2(b) code and a(2r�r�1; 2r�2r�1)
SD2(b) code, then there exists a

(2s+r � (s+ r)� 1; 2s+r � 2(s+ r)� 1)SD2(b):

An immediate consequence from this result and the(57; 51) SD2(3)
code and the(120; 113) SD2(3) code is the existence of a

(2r � r � 1; 2r � 2r � 1)SD2(3)

code for eachr � 0 or 1 (mod6) (the only values for which
2r � r � 1 is a multiple of3).

As discussed in the previous paragraph, Etzion [5] has constructed
(n; n�r) SD2(n) codes forn = 2r�r�2. The parity-check matrix
of such a code consists of all binary column vectors of lengthr and
weight at least2, except for one vector of weight2. An (n; n � r)
SD2(b) code of lengthn � 2r � r � 2, bjn is constructed from a

(2r � r � 2; 2r � 2r � 2)SD2(2
r � r � 2)

codeC with parity matrixH by dividing the consecutive columns of
H into bytes of sizeb and dropping the remaining columns. By [5]

(2r � r � 1; 2r � 2r � 1)SD2(b)

codes can exist only ifb is an odd integer,b divides2r � r � 1 and

2r � r � 1

b
� r � 1:

If such code exists then its parity-check matrix can be constructed from
all the binary column vectors whose weight is at least2. Each two
consecutive columns in a byte should differ in exactly one position.
Using these observations the following theorem is proved in [1].

Theorem 6: If b is an odd integer which divides2r � r � 1 and
b < 2br=2c � 2 then there exists a

(2r � r � 1; 2r � 2r � 1)SD2(b)

code.

The idea behind the construction in [1], which proves Theorem 6, is
to take a Gray code of length2r�2, which has column vectors of length
r � 2 and to append the tails00; 01; 11; 10; in an appropriate way to
all column vectors (except the vectors of weight one for which the tail
00 is not appended, and the all-zero vector for which only the tail11
is appended). These tails are appended in such a way that they form
“Gray lists” of length divisible byb. These lists form the parity-check
matrix of the code.

IV. CONCLUSION AND OPEN PROBLEMS

In this correspondence we have considered optimal single-error-cor-
recting double-adjacent error-detecting codes. We have considered
codes which are organized in bytes of sizeb.

For the nonbinary case, we have given a bound (called the pairs
bound) which ties together the length of the code, its redundancy, the
size of the bytes, and the alphabet size. Codes which attain this bound
were produced and it was shown that for most parameter sets, codes
which meet the bound do not exist. Furthermore, we have summarized
known and improved results in the binary case.

Several interesting questions remain open in this context.

2) Prove that there are no other codes meeting the pairs bound ex-
cept for the codes discussed in Section II-D.

3) It seems that the pairs bound is especially good either for codes
over GF(3) or for codes with bytes of size2. A better bound for
codes over GF(q), q � 4, andb > 2, would be very interesting.

4) Prove that ifb is an odd integer, which divides2r � r � 1 and

2r � r � 1

b
� r � 1

then there exists a(2r � r � 1; 2r � 2r � 1) SD2(b) code.
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On Algebraic Decoding of the -Linear
Goethals-Like Codes

Kalle Ranto

Abstract—The -linear Goethals-like code of length 2 has
2 codewords and minimum Lee distance8 for any odd
integer 3. We present an algebraic decoding algorithm for all

-linear Goethals-like codes introduced by Hellesethet al.. We use
Dickson polynomials and their properties to solve the syndrome equations.

Index Terms—Decoding, Dickson polynomials, Goethals code, quater-
nary codes.

I. INTRODUCTION

Letm be an odd integer and letZZZ l denote the ring of integers modulo
l. Let R = GR(4;m) be a Galois ring of characteristic4 with 4m

elements. The multiplicative group of unitsR� contains a unique cyclic
subgrouph�i of order2m � 1. Every element ofR can be expressed
uniquely asA + 2B whereA;B 2 T and

T = f0; 1; �; . . . ; �2 �2g:

Let �:ZZZ4 ! ZZZ2 denote the modulo2 reduction map. We extend� to
R in a natural way and thus�(T ) = FFF whereFFF is a finite field of
order2m.

A ZZZ4-linear code of length2m is a subgroup ofZZZ2

4 with compo-
nentwise addition. The Lee weights of the elements0; 1; 2; 3 inZZZ4 are
0; 1; 2; 1, respectively, and the weight of a vector is the sum of weights
of the components. Hammonset al.[4] showed that theZZZ4-linear code
C1 defined by the parity-check matrix

H1 =

1 1 1 1 . . . 1

0 1 � �2 . . . �2 �2

0 2 2�3 2�6 . . . 2�3(2 �2)

has minimum Lee distance8. They also showed that theZZZ4-linear code
P with the parity-check matrix consisting of the two first rows ofH1

has minimum Lee distance equal to6 and presented a decoding algo-
rithm for P .

Let � be the Gray map which mapsZZZ4-codewords componentwise
to binary words by the rules:�(0) = 00, �(1) = 01, �(2) = 11,
and�(3) = 10. The binary nonlinear codes�(C1) and�(P) have pa-
rameters(2m+1; 22 �3m�2; 8) and(2m+1; 22 �2m�2; 6), that
is, those of the Goethals and Preparata codes. The Preparata code is
known to be optimal and the Goethals code has four times as many
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TABLE I
DIFFERENT CHOICES FOR k WITH

DIFFERENTCODELENGTHS

codewords as the comparable extended three-error-correcting primi-
tive Bose–Chaudhuri–Hocquenghem (BCH) code.

Helleseth, Kumar, and Shanbhag [6] observed that theZZZ4-linear
codesCk with parity-check matrices

Hk =

1 1 1 1 . . . 1

0 1 � �2 . . . �2 �2

0 2 2�2 +1 2�(2 +1)2 . . . 2�(2 +1)(2 �2)

have the same Lee weight distribution as the codeC1 whenever
gcd (k;m) = 1. Helleseth and Kumar [5] presented a complete
decoding algorithm for the codeC1. In this correspondence we give an
algebraic decoding algorithm for all codesCk with gcd (k;m) = 1 up
to the error-correcting capability.

A question arises: Are some codesCk equivalent? If so, it is unnec-
essary to develop the decoding algorithm for all of them. Two binary
codes are equivalent if one code is obtained from the other by some per-
mutation of coordinates. In theZZZ4-domain it is natural to also allow the
multiplication of codewords by�1 in some fixed coordinates.

If two codesCk andCk are equivalent, then so are the binary codes
�(Ck) and�(Ck ). If we restrict the values ofk to an interval1 � k �
(m� 1)=2, the numbers2k + 1 belong to different cyclotomic cosets
modulo2m � 1 and therefore the binary codes are different. They are
also affine-invariant and by [1] nonequivalent. Hence for the values of
k in Table I the codesCk are nonequivalent.

In Section II we present two useful lemmas which are used fre-
quently. In Section III we introduce Dickson polynomials and some
basic facts about them. In Section IV we give the algebraic decoding
algorithm for the codesCk.

II. PRELIMINARIES

Let Tr (x) denote the trace function fromFFF to the binary fieldFFF 2.
The following lemma is well known.

Lemma 1: The quadratic equationx2 + x+ � = 0 with � 2 FFF has
two roots� = (m�1)=2

j=0 �4 and� + 1 in FFF , if Tr (�) = 0, and no
roots inFFF , if Tr (�) = 1. In the latter case, the two roots� + � and
�+ �+ 1 are in the quadratic extension ofFFF where�2 + �+ 1 = 0.

Equationx2 + 
x + � = 0 where
 6= 0 can be transformed to
(x=
)2 + x=
 + �=
2 = 0 and the condition in the previous lemma
changes toTr (�=
2) = 0

The next lemma from [5] is useful when transforming the syndrome
equations over the Galois ring to equations over the finite field.

Lemma 2: Let (eX)X2T 2 ZZZ2
4 andEj = f�(X)jeX = jg for

j = 0; 1; 2; 3. The equation

X2T

eXX = A + 2B; A;B 2 T
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