
For C, , 1(1,0) = 0 0 0 1 1 and I( 1,l) = 0 0 1 1 0, which indi- 
cates that C, is inserted between vector numbers 3 and 4 in L(2). 

(term rank is equivalent to the weight of E defined in Introduction 
of R. M. Roth’s paper)-were investigated too in a few papers since 

ForC,,1(1,0)=00 10 landZ(l,l)=O 10 1 O,whichindi- 1972, see for example [2]. 
cates that C, is inserted between vector numbers 9 and 10 in L(2). Optimal codes for array (“crisscross”) error correction were 
This produces Table II for L(3). described in [3]. 

Finally, Table III gives values of f( Y, t) for small values of v 
and t. The functions are written with a subset notation in this table. REFERENCES 
For example, function [II E. M. Gabidulin, “Theory of codes with maximum rank distance,” 

f= 1+x,+x,.x, iswrittenas Probl. Inform. Transm:, pp. 1-12, July 1985. Translated from 
Russian, vol. 21, no. 1, UP. 3-16. Jan.-Mar.. 1985. 

f = l.(e) + l.(3) + 1.(2,4}. 121 

In these expressions, “ + ” denotes exclusive-or and “.” denotes 
the and operation. 

[31 

E. M. Gabidulin, V. I.‘i<orzhik; “Codes correcting lattice-pattern 
errors,” (in Russian) Zzvestiya VUZ. Radioelektronika, 1972, vol. 
15, no. 4, pp. 492-498. This magazine is translated into English, 
Radioelectronics and Communications Systems, Allerton Press. 
E. M. Gabidulin, “Optimal array error-correcting codes,” (in Rus- 
sian) Probl. Peredach. Inform., vol. 21, no. 2, pp. 102-106, 
Apr.-June, 1985. 

[l] R. E. Peile, “The analysis of partial truth tables,” IEEE Trans. 
Inform. Theory, vol. 37, pp. 1479-1486, Sept. 1991. 

[2] S. W. Golomb, Shift Register Sequences. Aegean Park Press, 1982. 
[3] S. Even, Algorithmic Combinatorics. New York: MacMillan, 1973. 
[4] H. Fredricksen, “A survey of full length nonlinear shift register 

cycles,” SIAM Rev., vol. 24, pp. 195-221, Apr. 1982. 
[5] J. L. Massey, D. J. Costello, &d J. Justesen,. “Polynomia weights 

and code constructions,” IEEE Trans. Inform. Theorv. vol. IT-19. _ 
pp. 101-110, Jan. 1973. 

[6] G. Z. Xiao and J. L. Massey,“A spectral characterization of correla- 
t ion-immune combining functions,” IEEE Trans. Inform. Theory, 
vol. 34, pp. 569-571, May 1968. 

Most of the results in the first half of my paper are essentially 
contained in the three referenced papers of E. M. Gabidulin. 
Unfortunately, I was not aware of Gabidulin’s prior work until very 
recently. There is nevertheless some material in the first sections of 
my paper which, with the different presentation, appears to add to 
the known results. For example, the decoding algorithm for maxi- 
mum-rank array codes presented in Section IV mimics the 
Berlekamp-Massey (or, rather, the Peterson-Gornstein-Zierler) 
algorithm, whereas the one given by Gabidulin is of the Euclid type; 
both algorithms have the same computational complexity. 

Comments on “Maximum-Rank Array Codes and 
Their Application to Crisscross Error Correction” 

Ernst M. Gabidulin 

The first four parts of R. M. Roth’s paper,’ are devoted to the 
theory of the maximum-rank array codes over finite fields. I have to 
point out that all his results are not new and were published earlier 
in [l] - [3]. The paper [ 1 J contains the following results: the defini- 
tion of the rank metric; necessary and sufficient conditions for some 
code to have a prespecified code rank distance; Singletone-like 
upper bound; the definition of the maximum-rank-distance codes 
(MRD codes); the rank weight distribution of MRD codes; the 
description of a class of MRD codes (just the same as in R. M. 
Roth’s paper); a fast decoding algorithm using the Euclid’s Division 
algorithm for a noncommutative ring of linearized polynomials 
(another fast matrix algorithm was described in Roth’s paper); the 
description of a class of MRD codes which are analogs of cyclical 
codes; and use of MRD codes for correction of Hamming errors 
over the (d - 1)/2 bound. (Note that the English translation [l] of 
the original Russian paper contains a few mistakes, in particular 
Lemma 1 was translated wrongly.) 

It should be noted that an error model of crisscross errors (we 
used the terms “lattice-pattern errors” and “array errors”) and the 
different metric matched to these errors-term rank of a matrix 
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Author’s Reply’ 

Ron M. Roth, Member, IEEE 

Although Sections II-IV in my paper concentrate on n x n 
maximum-rank array codes, the paper is not devoted merely to the 
theory of such codes (to this end Gabidulin’s treatment is much 
more extensive), but rather to the relationship between the rank 
metric and crisscross error correction over various fields and with 
various dimensions of hyper-arrays. In Sections V-VII, it is shown 
that the “miracle’ ’ -that maximum-rank n x n array codes are 
optimal for crisscross error correction as well-no longer holds in 
general if we look at hyper-arrays (say, n x n x n arrays), or at 
infinite fields. 

* Manuscript received December 1991. 
The author is with the Computer Science Department, Technion-Israel 

Institute of Technology, Haifa 32000, Israel. 
IEEE Log Number 9107066. 

Correction to “New Lower Bounds for Asymmetric 
and Unidirectional Codes” 

Tuvi Etzion, Member, IEEE 

In the above correspondence,’ there are many typo errors in 
Appendix A. The following is the correct Appendix. 
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APPENDIX A First, the encoding rule (2),,i, is modified as follows. 

A) Variable-length Coding Scheme: For a given xN, generate 
wN randomly according to the conditional probability of WN 
given that XN = xN, and encode xN into a codeword y,“, 
m = 1,2;**, if 

This appendix gives the partitions into disjoint asymmetric codes. 
The notation is as in Brouwer et al. [2]. We ordered the n-tuples in 
lexicographic order and the disjoint a( n, 2) codes are numbered by 
1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, and so on. If 
n=(4): 
1253412434155231 
then there are 16 4-N 
second (namely 0001 

les in the partitions. The lirst b-Npk (namely ooo0) is in code 1, the 
P. m  code 2, the thii (namely 0010) in code 5, and so on. 

II-VI 
52436412315423611521364342361425 
Wa) 
1641375223751431756321464214632552364314614226571421573235731461 

ma 
1836459193522475547367~1~158327247165381~3291351~9652356174361257342491 
361848268165134972365943625175825463271433428621451792714826965381327915735 
137261415653257142461354656431267485283917367154362742951943257247163184281 
2846351317627835762153643956241 
n=(9) 

Correction to “Source Coding for Average Rate 
and Average Distortion: New Variable- 

Length Coding Theorems” 

T. Hashimoto, Member, IEEE 

In the above paper,’ Prof. Kieffer kindly informed the author that 
the crucial inequality before (9),,is2 does not hold in general. 
Specifically, the two-dimensional Lebesgue-Stielt jes integral 

may not be arbitrarily small as el -+ 0. An example is a distribution 
FN(p, 6 ( xN) which possesses all of its mass on a line p + 6 = d,. 
Fortunately, we can circumvent this difficulty by a slight modifica- 
tion. 

Manuscript received February 15, 1992. 
The author is with the Department of Electrical Engineering, University of 

Electra-Communications, Chofugaoka 1-5-1, Chofu, Tokyo 182, Japan. 
tEEE Log Number 9108071. 

T. Hashimoto, IEEE Trans. Inform. Theory, vol. IT-29, pp. 785-792, 
Nov. 1983. 

* The equations in the original paper are distinguished by the subscript 
“orig” throughout this correction. 

1 
-$og m 5 $igw(xN, w”) + E 

and 

;dN(xN, y,“) I ;dN(xN, w”) + A, 

and into yt ’ If otherwise, where E and A are positive numbers 
determined later. 

With this modification, the bound (5)orig is now replaced with 

1 1 
r$(cN) 5 F 1 + ; I&. 

( 1 
+2e+; + $log, (1) 

d,N(cN) 5 id&+, + A + dop,N(cN), (2) 

for N  L 2, and it is straightforward to come up to the following 
bound. 

. dFN(p, 61 X”) + exp[ -~,2~‘-‘]. (3) 

The bound is almost the same as the corresponding one in the 
original paper except that “6” in the integrand is now replaced with ’ 
“6 + A”. The remaining task is to show the Lebesgue-Stielt jes 
integral in the bound becomes arbitrarily small as E, --) 0. 

We are concerned with the distribution FN(p, 6 1 x”) which is 
nontrivial only in the doubly-infinite band S 2 {(p, 6); 0 5 6 5 
d, , - 03 < p < 00 > . Thus, hereafter, we suppose that we are totally 
confined to this parameter space S with the natural topology in- 
duced by the Euclidean distance. Moreover, we suppose, without 
the loss of generality, that 0 c e1 < 1. For an arbitrarily given, but 
fixed for a while, vector xN, we let S, P {(p,6);FN(p,8 + 
A 1 x”) < el} and.let T be the boundary that separates S, from its 
complement (in S) St. Since FN(p, 6 1 XN) is upper semicontinu- 
ous (cf. [l]) and nondecreasing both in p and in 6, T is a 
nonincreasing continuous curve, in St, starting from a point p. and 
ending at a point p1 as shown in Fig. 1. We have the folJowing 
lemma, which is proved later. 

do Lemma I: For 0 < E < 1, there exist at most d points 
I 1 

(pi, S,), i = 1,2,*-s, on T such that the subsets (in S) Ui g 
itpi6fi,;.< pi, 6 < hi + A> satisfy J  Jc/; dFNCp, 6 I ~“1 5 q and 

1 I I’ 
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