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Which Codes Have Cycle-Free Tanner Graphs? It is proved in [2], [15], [26], and [30] that the min-sum, the
sum-product, the GDL, and other versions of iterative decoding on
Tuvi Etzion, Senior Member, IEEEAri Trachtenberg, factor graphs all converge to the optimal solution if the underlying
Student Member, IEEEand Alexander Vardygellow, IEEE factor graph is cycle-free. If the underlying factor graph has cycles,
very little is known regarding the convergence of iterative decoding
methods.

Abstract—if a linear block code C of length » has a Tanner graph This work is concerned with an important special type of factor
\évghgggigglgsiht?ﬁ:‘e%?x'gnum-"ke“hOOd soft-decision decoding of can  graphs, known as Tanrfegraphs. The subject dates back to the
n?). However, we show that cycle-free Tanner K of Gall 11 low-densi itv-check codes in 1962
graphs cannot support good codes. Specifically, I€t be an(n. k, d) linear ~WOTK OF f>allager [11] on low-density parity-check codes in :
code of rate R = k/n that can be represented by a Tanner graph without Tanner [26] extended the approach of Gallager [11], [12] to codes
cycles. We prove that if R > 0.5 thend < 2, while if R < 0.5 then Cis defined by general bipartite graphs, with the two types of vertices

obtained from a code of rate>0.5 and distance <2 by simply repeating  representing code symbols and checks (or constraints), respectively.
certain symbols. In the latter case, we prove that He also introduced the min-sum and the sum-product algorithms, and
{ n J {n + 1J 2 proved that they converge on cycle-free graphs. More recently, codes

= k41 k+1] "R

R defined on sparse (regular) Tanner graphs were studied by Spielman
. . _[22], [25], who showed that such codes become asymptotically good

Furthermore, we show by means of an explicit construction that this it yne \nderlying Tanner graph is a sufficiently strong expander. These

bound is tight for all values of » and k. We also prove that binary L .

codes which have cycle-free Tanner graphs belong to the class of graph-¢0des were studied in a different context by MacKay and Neal [16],

theoretic codes, known as cut-set codes of a graph. Finally, we discuss[18], who demonstrated by extensive experimentation that iterative

the asymptotics for Tanner graphswith cycles, and present a number of decoding on Tanner graphs can approach channel capacity to within

open problems for future research. about 1 dB. Latest variants [17] of these codes come within about
Index Terms—Iterative decoding, linear codes, minimum distance, 0.3 dB from capacity, and outperform turbo codes.

Tanner graphs. In general, a Tanner graph for a code of length » over an

alphabetA is a pair(g, £), whereG = (V, E) is a bipartite graph

andZ = {Ci,C2,---,C,} is a set of codes ovet, calledbehaviors

or constraints We denote the two vertex classesthby A and),
Iterative decoding algorithms on factor graphs [15] have becorgg thaty’ = X U . The vertices ofY’ are calledsymbol vertices

a subject of much active research in recent years [1], [2], [4nd |x¥| = n, while the vertices ofy are calledcheck vertices

[5], [9], [15]-{18], [22], [29], and [30]. For example, the well-and |)| = ,. There is a one-to-one correspondence between the
known turbo codes and turbo decoding methods [5], [4] constitug@nstraints’;, Ca, - - -, C- in £ and the check verticeg, ys, - - -, y

s Yr

a special case of this general approach to the decoding problgmy so that the length of the cod2 € £ is equal to the degree
Factor-graph representations for turbo codes were introduced ginthe vertexy;, € ), for all i = 1,2,---,7. A configurationis an
[29] and [30], where it is also shown that turbo decoding is agissignment of a value from to each symbol vertex;, o, -« -, 2,
instance of a general decoding procedure, known as the sum-proggct’. Thus a configuration may be thought of as a vector of length
algorithm. Another extensively studied [8], [27] special case i§ver A. Given a configurationy = (y1, Y2, -+, \«) and a vertex
trellis decoding of block and convolutional codes. It is shown iy ¢ ) of degrees, we define theprojection y, of y on y as

[9] and [30] that the Viterbi algorithm on a trellis is an instancey vector of lengths over A obtained fromy by retaining only

of the min-sum iterative decoding procedure, when applied totgose values that correspond to the symbol vertices adjacent to
simple factor graph. The forward-backward algorithm on a trellipecifically, if {x;, , zi,, - - -, x;, } C X is the neighborhood af in G,
due to Bahl, Cocke, Jelinek, and Raviv [3], is again a specigden y, = (Xiys Xiss* "> Xiz). A configurationy is said to be
case of the sum-product decoding algorithm. More general iteratiygiid if all the constraints are satisfied, namely,yif, € ¢; for all
algorithms on factor graphs, collectively termed the “generalizgd— 1 2 ... . The codeC represented by the Tanner gragh £)
distributive law” or GDL, were studied by Aji and McEliece [1], [2]. is then the set of all valid configurations.

These algorithms encompass maximum-likelihood decoding, beliefwhile the foregoing definition of Tanner graphs is quite general,
propagation in Bayesian networks [10], [20], and fast Fourier trangre theory and practice of the subject [7], [16]-[18], [22], [26], is
forms as special cases. focused almost exclusively on the simple special case where all the

. . ) constraints are single-parity-check codes olter. This work is no
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to call the corresponding Tanner grapsisnple Notice that in the X X
case of simple Tanner graphs, the set of constrainis implied by v v
definition, so that one can identify a simple Tanner graph with the *2 o *2 o
underlying bipartite grapt$;. All of the Tanner graphs considered _
in this correspondence, except in Section V-C, are simple. Thus for 3 52 *3 Y2

the sake of brevity, we will henceforth omit the quantifier “simple.”
Instead, when we consider the general case in Section V-C, we will
use the terngeneral Tanner graphs.

We can think of a (simple) Tanner graph for a binary linear
code C of lengthn as follows. LetH be anr x n parity-check
matrix for C. Then the corresponding Tanner graph €ois simply @) ()
the bipartite graph having as its.t’, Y adjacency matrix. It follows Fig. 1. (a) Tanner graph with cycles and (b) cycle-free Tanner graph for the
that the number of edges in any Tanner graph for a linear €odé Same code.
length n is O(n?). Thus if we can represert by a Tanner graph

With,OUt cycle; thenﬁmaxi.mum-likel.ihood decoding of can be free Tanner graphs and the well-known [6], [15], [13], [21], [24]
achieved in time(n”), using the min-sum algorithm, for instance. 155 of graph-theoreticut-set codes. Finally, we conclude this

However, both intuition and experimentation (cf. [16]) suggest th%rrespondence with a partial analysis of general Tanner graphs.
powerful codes cannot be represented by cycle-free Tanner graphs.

The notion that cycle-free Tanner graphs can support only weak codes
is, by now, widely accepted. Our goal in this correspondence is to
make this “folk knowledge” precise. We provide rigorous answers to Let H =[h;;] be anrxn matrix, with entries drawn from the finite
the question: Which codes can have cycle-free Tanner graphs? field I, of orderq. We let+ denote a nonzero entry ii. Given H,
Our results in this regard are two-fold: we derive a characterizatigve define a bipartite gragdh as follows: the vertex set df consists
of the structure of such codes and an upper bound on their minim@ithe setX’ = {1, 22,---,2,} of symbol vertices and the set
distance. The upper bound (Theorem 5) shows that codes with cyde= {y1,¥2.---,y-} of check vertices; there is an edgg, ;) in
free Tanner graphs provide extremely poor tradeoff between rate andf and only if 4;; = *. Thus the neighborhood of the vertgxe )
distance for each fixed length. This indicates that at very high signabrresponds to théh row of 17, and the neighborhood of the vertex
to-noise ratios these codes will perform badly. In general, however, € X' corresponds to thgth column of H. We say thafl’ is the
the minimum distance of a code does not necessarily determineTignner graph off, and denotd’ = T'(H). It is obvious that every
performance at signal-to-noise ratios of practical interest. Indegdatrix defines a unique Tanner graph. Olfer, the converse is also
there exist codes—for example, the turbo codes of [4] and [5]—thutie: every bipartite grapii” defines a unique binary matrié such
have low minimum distance, and yet perform very well at lowhatT = T(H), which is theX',) adjacency matrix of".
signal-to-noise ratios. The development of analytic bounds on theWe say that a bipartite graph representsa linear codeC, or
performanceof cycle-free Tanner graphs under iterative decodingimply that7 is a Tanner graph foC, if there exists a parity-check
is a challenging problem, which is beyond the scope of this workiatrix H for € such thatT" is the Tanner graph off. In general,
Nevertheless, our results on thiuctureof the corresponding codesa given linear code can be represented by many distinct Tanner
indicate that they are very likely to be weak: their parity-check matrigraphs. On the other hand, oviet;, a given Tanner graph represents
is much too sparse to allow for a reasonable performance everaatinique binary code.
low signal-to-noise ratios. We say that a matri is cycle-freeif the corresponding Tanner
The rest of this correspondence is organized as follows. We stgraphZ’(H) is cycle-free. Notice that every submatrix of a cycle-
with some definitions and auxiliary observations in the next sectiofiee matrix is also cycle-free. We say that a linear c@dever IF,
In Section lll, we show that if ar{n, k,d) linear codeC can be is cycle-freeif there existsa cycle-free parity-check matrix fot.
represented by a cycle-free Tanner graph and had¥até /n>0.5, Observe that if the matrice# and H' differ by a permutation of
thend < 2. We furthermore prove that i < 0.5, thenC is rows and columns then the Tanner grapgheH) and T'(H') are
necessarily obtained from a code of ra#®.5 and minimum dis- isomorphic. On the other hand, #f and H' differ by a sequence of
tance<2 by simply repeating certain symbols in each codeword. Thelementary row operations théi( H) and7'(H') are generally not
orem 5 of Section IV constitutes our main result: this theorem givégomorphic. Thus it is possible to have two parity-check matrices for
an upper bound on the minimum distance of a general linear code same code, one of which is cycle-free while the other is not. It
that can be represented by a cycle-free Tanner graph. Furthermigeglso possible to have two cycle-free Tanner graphs for the same
the bound of Theorem 5 is exact. This is also proved in Section kode that are not isomorphic.
by means of an explicit construction of a family of, k, d) linear
codes that attain the bound of Theorem 5 for all values aind k.
Asymptotically, forn — oo, the upper bound takes the form

10101
d=2|1/R] (1) H=|1 11 0 0
10010

and an immediate consequence of (1) is that asymptotically good

codes with cycle-free Tanner graphs do not exist. We show The corresponding Tanner grafti H ) is shown in Fig. 1(a). Notice
Section V that the same is true for Tanner grapfith cycles, unless that H is not cycle-free, since the sequence of edges,y:),
the number of cycles increases exponentially with the length of the:, »s), (x3,y2), and (y2, z1) constitutes a cycle.

code. We also show in Section V that for every binary cdtle  However, the cod€ is, in fact, cycle-free since adding the first row
that can be represented by a cycle-free Tanner graph, there exidt&# to the second row produces a cycle-free parity-check maffix
a graphg such thatC is the dual of the cycle code df. This for C. The graphT'(H') shown in Fig. 1(b) is a cycle-free Tanner
establishes an interesting connection between codes with cyaeaph for C.

=
=

Y3 Xy Y3

Il. PRELIMINARIES

Example: Suppose that a parity-check matdx for the (5,2, 3)
binary linear codeC is given by
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To show that the bound of Theorem 2 is tight formaland %, with
n/2 < k < n — 1, we may start with the single-parity-check code
Er+1 and repeat any symbol (or symbols) dp4; until a code of
lengthn is obtained. The following lemma shows that this always
produces arin, k, 2) cycle-free code fok > n/2.

Lemma 3:Let C be a cycle-free code of lengthand dimensiork.
Fix a positive intege¥, with i < n, and letC’ be the code obtained
from C by repeating theth symbol in each codeword. Thell is
a cycle-free code of length + 1 and dimensiork.

Proof: The length and dimension of’ are obvious. To see
that C' is cycle-free, observe that a Tanner grafhfor C' can be
obtained from the cycle-free Tanner graphfor C by introducing
two new vertices:’ andy’ and two new edgesz’, y') and(z;,y').

It is easy to see that this procedure does not create new cyclgs.

Let C be a cycle-free code of length, and letC* be the code

@) (®) of lengthn + 6 obtained fromC by iteratively applyingé times the
Fig. 2. Tanner graphs for (&, and (b) for a general low-rate cycle-free procedure of Lemma 3, while possibly choosing a different value
code. of i at different iterations. We then say th@t is a code obtained

by repeating symbolsn C. To make our terminology precise, we
The following simple lemma will serve as our starting pointfurther extend the notion of codes obtained by “repeating symbols
This lemma is well known in graph theory—see, for instance, Weist C" to also include the codes obtained frofii by appending all-
[28, p. 52]—and we omit the proof. zero coordinates. The following proposition shows tharylow-rate
Lemma 1: A graph G = (V,E) is cycle-free if and only if cycle-free linear code has this structure.
|E| = |V| — w(G), wherew(G) denotes the number of connected

T Proposition 4:Let C be an(n, k, d) cycle-free linear code ovéF,
components ing.

of ratek/n < 0.5. Then, up to scaling by constantsIiiy at certain
A cycle-free graph consisting of a single connected componentfigsitions,C is obtained by repeating symbols in a cycle-free code
called a tree, and thus a multiple-component cycle-free graph is afforate >0.5.

known as a forest. For trees, we havgl = |V| — 1 by Lemma 1. Proof: Let H be the full-rank x n cycle-free parity-check
Since every forest contains at least one tree, we have matrix for C, with r = n — k. Then by Lemma 1 and (2), we
E|< V] -1 @ havewt (H) < n+r —1 < 37 — 1, where the second inequality

follows from the fact that:/» < 0.5. This implies thatd contains
for any cycle-free graph. I/ is anm x n matrix, then the number at least one row of weigh2. If this row is of weight one, then
of vertices inT'(M) is m + n and the number of edges (M) is the corresponding coordinate @f, say thenth coordinate, is all-
equal towt (A )—the total number of nonzero entriesid. Thus if zero. Otherwise, assume without loss of generality that this row

M is cycle-free, therwt (M) < m + n — 1 in view of (2). is of the formh = (0,0,---,0,x,%). Then, up to scaling the last
two columns ofH by constants ifdF,, we may further assume that

We start with a simple theorem, which gives a tight upper bourid & repetition of t.he preceding ;ymbgl. In both cases, we can puncFure
. . . . out thenth coordinate ofC, and iteratively repeat the argument until
on the minimum distance of high-rate cycle-free linear codes.

a cycle-free code of rate 0.5 is obtained. O
Theorem 2: Let C be an(n, k,d) cycle-free linear code of rate
k/n > 0.5. Thend < 2.
Proof: Let H be ther xn cycle-free parity-check matrix fot.

Loosely speaking, Proposition 4 implies that every cycle-free code
C of rate<0.5 can be represented by a Tanner graph whose structure
. . ~is shown in Fig. 2(b). The dashed line in Fig. 2(b) encloses a cycle-
We assume without loss of generality (w.l.0.g.) tit&athas full row free Tanner graph for a codg’ of rate >0.5 and distance<2. It

(rjaenker?(;]((ejr:t :)v:/ls_ oka V\Sllr:}fee c;tehstzrmie \t’;:ee ia;éigce)ver;hzrltl;eﬁgt%l|°W3 that to establish a bound on the minimum distance of low-
’ 'F(;enote the number of cc?lumns ofgwei hii/w oif p¢p0 thén rate cycle-free codes, we need to determine an optimal choice for
i ! 9 - 7o C' in Fig. 2(b) and an optimal sequence of symbol repetitions. This
d = 1, and we are done. Otherwise, we have . . - o X
problem is considered in detail in the next section.
m+2m—m)=m+2m+n+---+n) Specifically, we will show in the next section that the single-parity-
<wt(H)<n+r—1 (3) check code constitutes an optimal choice @ and every symbol

o o ] o ) _should be repeated equally often.
in view of (2). Substituting: = n — k into (3), this inequality readily
reduces toy; > k + 1. Sincek/n > 0.5, it follows thatk > r and IV. THE MINIMUM DISTANCE OF CYCLE-FREE CODES
> r+1. This means that the number of weight-one column&in - The following theorem gives an upper bound on the minimum
is greater than the number of rows Hi. HenceH contains at least gistance of cycle-free linear codes. Later in this section, we wil

two columns of weight one that are scalar multiples of each othehow that this bound is exact for all valuessofand &.
andd = 2. O
o . ) Theorem 5: Let C be an(n, k, d) cycle-free linear code ovéF,.
Theorem 2 implies that thén, n—1,2) single-parity-check code Then

&, is, in a sense, the optimal cycle-free code of rate5, since all
such codes have distande< 2 and &, has the highest rate. The < { n J V + 1J_ @)
cycle-free Tanner graph fdf, is depicted in Fig. 2(a). k+1 k+1
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Fig. 3. (a) A cycle-free matrix, (b) its Tanner graph, and (c) its row-grgph

Observe that fok/n > 0.5, the bound in (4) reduces < 2.  y1,y2, -, yr—s COrresponds to the rows of. The edge set of
This simple special case was dealt with in Theorem 2. The proof isfderived from the columns ol of weight >2, so that a column of
Theorem 5 for generat andk is considerably more involved. This weightw in A contributesw — 1 edges taj. An example illustrating
proof will be presented in Section IV-B, after we establish a serig¢ise construction of the row-gragh for a 6 x 8 cycle-free matrix is

of auxiliary lemmas in the next subsection. depicted in Fig. 3.
Specifically, there is an edge betwegnandy; in G iff ¢ < j and
A. Groundwork: Auxiliary Lemmas there exists a columfu, , az, -+ -, a,—,)" in 4, suchthat,, = a; = 1
For the sake of brevity, we will consider only binary codeswhile a;+1 = aiy2» = --- = a;—1 = 0. Notice that each such

although our proof readily extends to codes over an arbitrary finigglge (y;,y;) in G corresponds to a path of length two ¥ 4):
field. Furthermore, with a slight abuse of notation, we will nohamely(y.,z,), (xp,y;), wherep denotes the position at which the
distinguish between equivalent codes: namely, given a parity-chesdumn (a1, az,---,ar—s)" is to be found inA. It follows that if
matrix H for a codeC, we will often freely permute the columnsthere is a cycle ing, then there is a cycle il (A). SinceT(A)
of H while still referring to the resulting matrix as a parity-checks cycle-free, then so i§. As such,G necessarily contains at least

matrix for C. two vertices of degre& 1, in view of (2). Lety™ be one such vertex
Let C be an(n, k, d) cycle-free binary linear code, and 1& be in g, and leta* = (ay,as,+++,a,_,) be the corresponding row of.
anr x n cycle-free parity-check matrix fot, wherer = n — k. We  |f wt (a*) < 2, then(e) is true. Ifwt (a*) = 3 anddeg y* = 0, then
say thatH is in s-canonical form if this matrix has the following (o) is true. If wt (¢*) = 3 anddeg y* = 1, then(x) is true. Finally,
structure: if wt(a*) > 4, then(o) is true, regardless of whethérg y* = 0 or
/ degy* = 1. O

iy 1)
; We will say that an x » matrix H is in reduced canonical form

where all the rows of3 have weight<1, and[. is thes x s identity if H = Al|.B and eithers = » or all the rows of4 have weight>3.

matrix, for somes in the range0 < s < ». Notice that ifs = 0

then (5) reduces td = A (which means that every matrix is in_ -€mMma7:Let € be an(n.k.d) cycle-free binary linear code.
; = r then the corresponding canonicaIThen there exists a cycle-free parity-check matrix@rwhich is in

0-canonical form), while ifs >
form is H = [B | I,]. We will use the shorthandl = A||,B to 'educed canonical form. _ _
denote thes-canonical form in (5). Proof: L_et H be an arbltrary cycle-free panty-c_heck matrix
for C. We first put H in s-canonical form, for the highest pos-
Lemma 6:Let H = A||; B be a cycle-free binary matrix ircanon-  sible s, by means of row and column permutations. This is achieved
ical form, and suppose that< r. Then at least one of the following py considering all the rows df of weight one, for which the nonzero
statements is true. entry  is contained in a column of weight one, and all the rows of
¢ The matrixA contains a row of weight two or less; H of weight two such that at least one of the twads contained in
¢ The matrixA contains three identical columns of weight one;a column of weight one. Under an appropriate column permutation,
* The matrixA contains two identical columns of weight one, andhese rows ofH will form the submatrix[B | ] in (5). If there
furthermore the row ofA which contains the nonzero entries ofare no such rows, then = 0 and H = A. Since row and column
these two columns has weight three. permutations preserve the cycle-free propertyHof this procedure
Proof: Let T(A) be the Tanner graph aofl. Evidently 7(4) produces a cycle-free parity-check matfiX = A||. B for C, which
is a subgraph of'(H), obtained by retaining only the first — s is in canonical form, although not necessarily reduced.
symbol verticesz,, xa,---,x,_., the firstr — s check vertices  Since H' = A||; B is full-rank by assumption, all the rows of
y1,¥2, -, ¥r—s, and all the edges between these vertices. Sinbave weight>1. The key observation is that certain elementary
T(H) is cycle-free by assumption, so %(4). We now construct operations on the rows d’ allow us to eliminate rows of weight
another graphgG, called therow-graph of A, whose vertex set one and two in4, while still preserving the cycle-free property.
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) a « to the Appendix. The proof is by induction on the lengthof the
Xi Y code. Thus we first transform (4) into the form
a; 2{#J if n+1%0mod (k+1)
d< ' (7)
N y Q\jcj-lJ—i—l’ if n+1=0mod (k+1)
J +b.
GO that is more conducive to induction on It can be easily seen by

Fig. 4. Part of the Tanner graph f@r before and after the row operation. direct verification that (4) and (7) are equivalent.
As the induction basis, we may consider codes of length 2,
for which the bound of Theorem 5 holds trivially. As the induction

Indeed, suppose thathas a row(as, az, - -, a,—.) of weight one, hypothesis, we assume that the minimum distance of every cycle-free
with the singlex in positioni. Then we can add this row to all theIinear code of length’ < n satisfies the bound of Theorem 5

rows of H' that are nonzero at positianThis procedure is equivalent The induction step is established as follows. Cebe an(n, &, d)

to deleting all but one of the edges incident at the symbol vertex cycle-free binary linear code. We may assume that < n -’ 1

in T(H'), which certainly does not create new cycles. Following; . . tor% — 1 the bound of (4) reduces ® < n while i & — n’
this procedure, the single in (a1, a2, -+, a,_;) is contained in a thend = 1 and (4) obviously holds with equ_alit),/.

column of weight one. Hence we can transform the resulting cycle—By Lemma 7, there exists anx n cycle-free parity-check matrix
free parity-check matrix fof into the formA’||.1 B, by means of — A|l.B for(lﬁ which is in reduced canonical form. 4f— ». then
row and column permutations, thereby eliminating the row of weigtte indusction stép follows immediately from Lemmé 8. O'therwise,

one in A. oo ; .

) ) . Lemma 6 implies that eithefo) or (x) is true. Observe that case

.NOW suppose that_\ _has 'a rOW,(a'l’ 42 *’a“s) of weight twq, (e) of Lemma 6 does not occur, since by the definition of a reduced
with the two = in positions: andj, and lety™ be the corresponding . - .
check vertex inT(H'). We again add this row to all the rows Ofcanonlcal form, the matrix does not have rows of weight?2.
H' that are nonzero lat posi%ioh Let (b1, bs, -~ bn) be such a Furthermore, both¢) and (x) imply that A contains at least two
row, and lety’ denote the Corresponding’ check vertexTofH’). |dent|(_:al columns of weight one. Letand_; denote the pqsmons
at which these two columns are found i Further, letw; and

If b, = b; = %, thenT(H') contains the cycléz;,y*), (y*, z;), ) -
(,L,,Jy/) (y' I*) SincelS(H?) is cycle-free V\)/le Sgnéi!uge ’E;llbig)* w; denote the weight of the corresponding columns Bf Let
7 ? sl e ’ w o= w; + wj + 2

while »; = 0. Hence, adding a1, a2, -+, a,) t0 (b1,ba,- -+, by) oll ; h ical f df — All.B th

corresponds to deleting the edgg, =;) in T(H') while introducing 't, ollows from the canonical form structure df = Ajl, B that

a new edgey’, «;), as illustrated in Fig. 4. theth bit, r_espectlvelyth bit, of_([_i is repeatedv; times, respectively
w; times, in the last: — s positions. Further observe that the sum

However, this new edge cannot close a cycle, siicl’) is cycle- } ) . X
free and a path from’ to z, already exists if (H'): indeed,(y’, z,) of theith and thejth columns ofH together with the corresponding
' ; i rtary ; columns of the identity matrix produces the all-zertuple.

(2i,y"), (y*, ;) is such a path. Following all these elementary row/’: T _ ! A
operations, thex at positioni in (a1, as.---.a,) is contained in Hence there is a codeword of weight= w; + w; + 2 in C, and

a column of weight one. Thus we can again transform the resultiF{gS w.

cycle-free parity-check matrix foE into the formA’||.+1 B', thereby ~ We now shortenC at positionsi and j to obtain an(n', ', d’)
eliminating the row of weight two inA. codeC'. That is, we consider the subcode ®fconsisting of all the
We iteratively repeat the process described in the foregoing nf8dewords that are zero on positionsind j and defineC’ to be
paragraphs, until eithes = r or all the rows of A have weight the code obtained by puncturing out the= 2 + (w; + ;) zero
>3. This procedure produces a cycle-free parity-check matrixCfor POSitions in this subcode. Notice that shorterihgt positions and;
which is in reduced canonical form. 0 is equivalent to deleting; +w; 42 columns ofH andw;+w; rows

] ) ) ) ~of H, as illustrated in Fig. 5. It is easy to see that the parameters of
If the reduced canonical form in Lemma 7 is achieved in thge resulting codeC’ satisfy

extreme case = r, then it is easy to prove the claim of Theorem 5.

Lemma 8: Let C be an(n, k,d) cycle-free binary linear code. If n'=n-—w K>k-2 d>d (8)
there is a parity-check matrix f@ of the formH = [B | I,], where
r = n — k and the rows ofB have weight<1, then the minimum Furthermore, sincd{ is cycle-free by assumption, the parity-check
distance ofC satisfies the upper bound of Theorem 5. matrix for C' which results by deleting rows and columns Bfis
Proof: If B contains a column of weightv, then clearly also cycle-free.
d < w+ 1. Since B is anr x k matrix, and all the rows oB It follows thatC’ is a cycle-free code of length < », and we can
have weight<1, we have invoke the induction hypothesis. We distinguish between two cases.
Case 1: n’ +1 # 0 mod (k' + 1).
wt(B) +1<Z41=2, (6) In this case, the induction hypothesis implies that
k Tk k d" < 2|n'/(K 4 1)|. Taking into account the relations
(8) between the parameters ©fand C', we obtain

d <

As d is an integer, this implies that < |n/k]. It is easy to see that

[n/k| <2|n/(k+1)], unlessk = 1 andn is odd. But, in the latter
case, both (4) and (6) reduce do< n. O

B. Proof of the Main Result

We are now in a position to proceed with the proof of Theorem 5.

Part of this proof involves tedious calculations, which will be deferred

n' n—w n—d
d<2 <2 <2
- \‘A',’+1J_ \‘k—lJ_ \‘k—lJ ©)

where the third inequality follows from the fact that
d < w. It is shown in the Appendix that the relation
betweenn, k, andd in (9) implies (7).



Fig. 5. Deleting rows and columns &f to shorten a cycle-free code.
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; . w,oow, k* = k', andd* = d'. Applying the induction hypothesis
, ( 7 to C”, we get

0 0 . n* n—w-—1 n—d
oo <d < < <

P R e R =l B
: : (13)

|

|

|

|

i

:

: where the second inequality follows from the fact that if
! n'+1=0mod (k' +1) thenn*+1 % 0 mod (k" +1).
1

i

1

i

1

i

i

i

- The right-hand side of (13) is the same as (9), which was

already considered in Case 1.

|

|

1 0 . It remains to consider the case whéfe= {0}, namely,k’ = 0. But
1 %j s 41‘1* T r in this casek < 2 in view of (8), and the upper bound of Theorem 5

w; { : : AR follows directly from the Griesmer bound [19, p. 547]. Since we have
B S s S A A e Sl N A S now exhausted all the possibilities, this establishes the induction step,
| | S and completes the proof of Theorem 5.
N [ | PN [l i [l i Y
n: T C. Optimal Cycle-Free Codes

While proving the upper bound of Theorem 5 required considerable
effort, showing that this bound is exact is easy. We now construct a
family of cycle-free codes that attain the bound of Theorem 5 with

Case 2: n' +1 = 0 mod (k' + 1). equality, for all values of: andk. The construction is quite simple:

We again apply the induction hypothesis. Notice that ias in Section lll, we start with the single-parity-check caflg
this case, the upper bound of Theorem 5 may be rewritt@h dimensionk, and repeat the symbols &%, until a codeC of

as length n is obtained. It is obvious that the dimension ©fis %,
/ ' n o+ 1 and by Lemma 3 this code is cycle-free. The minimum distance of
d <2 {mJ +l=27 17 1 (10) ¢ will depend on the sequence of symbol repetitions. The idea is to

repeat each symbol ify.+; equally often, in as much as possible. For
where(n’ + 1)/(k' + 1) is a positive integer. Supposeexample, fom = 13 andk = 3, we obtain the following parity-check
thatd < d' is an even integer. Then, since the right-hanghatrix in reduced canonical form:

side of (10) is an odd integer, we have m 1 1 1 0 0 0 0000 00
n 41 n—d+1 | 10001 00O0DO0O0O0TGO0TO0
d§214+1_252ﬁ_2 (11) 1000 01 00UO0O0O0GO0O
where the second inequality in (11) follows from (8) 1 0000010000700
: : . 01 000O0O0OT1O0UO0UO0TU 0O

along with the fact thati < w. It is shown in the H = (14)
- L 01 000O0OOOT1UO0UO0UO0OODO

Appendix that (11) implies (7).
- . 001 00O0OOOOT1O0UO0OOU
Now suppose that is odd. In this case, the bound

) : 001 0O0O0OO0OOUOO0OT1O00O0
of (10) does not suffice to establish (7), and we need 00010000000 T10
to use the additional structure present in statemesits 0001000000001

and (x) of Lemma 6. Suppose thab) is true, and the -
matrix 4 contains three identical columns of weight onewhich defines &13,3,6) cycle-free code. In general, the number
at positionsa, 3, ~. Let w,, wg, w, denote the weight of symbols to be repeated is+ 1, while the number of positions

of the corresponding columns @&. Notice that at least available isn — (k + 1). Write

one ofwa + wg, wa +w-, ws +w, is an even integer. n—(k+1)=alk+1)+b
Hence we can choose the two positiarendj in Fig. 5
from the three positionsy, 3, v, in such a way that wherea, b are integers, and < b < k. This decomposition of the

w = w; +w; + 2 is even. Sincel < w andd is odd, Number of available positions means that in our construction exactly
it follows thatd < w — 1. In conjunction with (10), we % — b+ 1 symbols of&.41 will be repeated

thus obtain n—(k+1) n 1
n +1 n—w+1 n—d “:{ k1 J:LHJ_

< —1<2l BT <0

s e S U s

times, while the remaining symbols of€;.41 will be repeated: + 1
(12) times. Ifb < k — 1, then at least two symbols &%, are repeated
It is shown in the Appendix that ifl is odd, then (12) €Xactlya times. Sincef.11 contains a codeword of weightin every
implies (7). Now suppose that) is true, and the matrix tWo positions, the minimum distance of the resulting cades
H contains a row of weight three, with the threeat
positionsh, i, j. Then after deleting; +w, + 2 columns
of H andw; + w; rows of H, as illustrated in Fig. 5,

I—2+a+a—2\‘ (15)

E+ 1J
If b = k, then only one symbol i€, is repeated: times, while

we are left with a row of weight one, with the singte ) .
at positionk. This means that théth position inC’ is all the other symbols are repeated+ 1 times. In this case, the
minimum distance ofC is

entirely zero; this position can be punctured out without
decreasing the dimension or the minimum distance. We d=2+a+ (a+1) = 2{ J +1. (16)
thus obtain an(n*, k*,d*) codeC*, with n* = n' — 1, k+1
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@ (b)

Fig. 7. Two inequivalent cycle-free cut-set codes.

() (b)

i ] ) symmetric difference, the cut-setsdnform a subspace of the binary
Fig. 6. Two alternative Tanner graphs for optimal cycle-free codes.

vector space of all subsets @&. Hence replacing subsets &f by

their characteristic vectors iR produces a binary linear cod&G),

, called thecut-set codef G. The dual code of(G) is thecycle code
Notice thatb = k if and only if n + 1 = 0 mod (k + 1). Hence it of g, defined as the linear span of the characteristic vectors of cycles
follows from (15) and (16) that the codgconstructed in this manner jn G, Graph-theoretic codes, namely, cut-set codes and cycle codes
attains the bound of Theorem 5 with equality. of a graph, have been extensively studied—see [6], [14], [13], [23],

Fig. 6 schematically shows two alternative cycle-free Tannghq [24], for instance. The connection between cycle-free codes and
graphs for codes resulting from this construction (compare the TanReg.set codes of a graph can be summarized as follows.
graph in Fig. 6(a) with Fig. 2(b)).

We point out that although cycle-free codes obtained by repeatingTheorem 9: Let C be a cycle-free binary linear code of length
symbols in&,,1 have the highest possible minimum distance, theJhen there exists a graph with » edges, such thaf is a cut-set
are not the only codes with this property. For example, consider thede ofg.
following parity-check matrix in reduced canonical form: Proof: Let H be anr X n cycle-free parity-check matrix fot,

and letI’ = T(H) be the corresponding cycle-free Tanner graph that
0 representsC. The following procedure convertf into a graphg,
0 such thatC is the cut-set code @f. We will describe this procedure
0 assuming thaf is a tree, in which casé is connected. In casE is
a forest consisting of trees, the same procedure should be carried
out independently for each tree 1, andG will have w connected
components.

Let Y = {yi,¥y2, -+, y-} be the set of check vertices ifi, and
let X; C X denote the neighborhood gf € Y fori =1,2,---,7.
Further defineX; = X; U X, U---U X;. SinceT is a tree, it
is always possible to enumerate the check vertice¥ im such a
way that X; intersectsX;_, in one and only onesymbol vertex
It is easy to see that this matrix defines(#3,3,6) cycle-free for all i. Given such enumerationy, yz,---,y-, We CONStructg
codeC’, whose distance attains the bound of Theorem 5 with equalifyeratively, check-vertex by check-vertex. First, we repregenand
This code was obtained by repeating symbols ifb28,2) code. It jts neighborhoodX; by a cycleg; consisting of|X;| edges and
can be readily verified tha€' is not equivalent to the13,3,6) |X1| vertices. Now suppose tha&f, N X; = {z2}. Then we create
cycle-free codeC, defined by the parity-check matrix in (14) andg, from G, by appending|Xs| — 1 edges—one for each symbol
obtained by repeating symbols #i. For instance contains the vertex in X, exceptzz—and|X2| — 2 vertices, in such a way that
all-one codeword, whileC’' does not. the edges corresponding to the symbol verticeXinform a cycle
in G-. And so forth: if X; N X, = {x;}, we createf; from G,
by appendindX;| — 1 edges andlX;| — 2 vertices, in such a way that
the edges corresponding to the symbolsinform a new cycle. It is

In this section, we discuss three different topics: a connectiefasy to see thai = G, will contain exactlyn edges ana — (r — 1)
between binary cycle-free codes and cut-set codes of a grapbrtices. Furthermore, the codz" generated byH is precisely the

asymptotic behavior of Tanner graphs with cycles, and the extensigyue code ofG. Since the cut-set code ¢f is the dual of its cycle
of the results of the previous section to general Tanner graphs. In eaglde, our proof is complete. O
case, we provide a number of open problems for future research.
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V. FURTHER RESULTS AND OPEN PROBLEMS

For example, the cycle-free codes defined by the parity-check
matrices in (14) and (17) are cut-set codes of the graphs depicted
A. Cycle-Free Codes and Graph-Theoretic Codes in Fig. 7(a) and (b), respectively.
There is an interesting connection between cycle-free codes andfor cut-set codes, it is well known [14], [21] that. > md,
cut-set codes of a graph. Lét= (V. E') be a multigraph (a graph wherem is the number of vertices in the underlying graphindeed,
that may contain multiple edges with both endpoints the same) withis follows immediately from the fact that if the minimum distance
n = |E| edges andn = |V| vertices. Acut-setin G is a set of of C(G) is d, then every vertex off must have degree at least
edges which consists of all the edges having one endpoint in sootberwise, the cut-set that isolates this vertex will have less than
setX C V and the other endpoint i \ X. Under the operation of d edges. It is also well known thalim C(G) = m — w(G), where
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asymptotically, codes that have Tanner graphs of prescribed minimum
girth.

C. General Tanner Graphs Without Cycles

We now return to the case of general Tanner graphs, as defined in
Section |, and observe that every general Tanner gfgpif) can
be converted into a simple Tanner graph for the same code through
a vertex-splitting procedure. Indeed, lgte ) be a check vertex
in G, let{z;,x,, -,z } C A be the neighborhood af, and let
C be the corresponding constraint code of lengtlf dim C = x, we
w(@) is the number of connected componentgjinThus we obtain split y into 6 — « verticesy;, y5,-- -, ys_,. and create edges between
the following cut-set bound on the minimum distance of cycle-freg; , w;,, -+, 2, andy},y5, -+, ys_,. according to a parity-check
codes: matrix H for C. An obvious but important observation is this:Af

q< 2n < 2n . (18) is cycle-free, then this procedure does not create new cycles. Thus

“k+w(@) T Ek+1 we have proved the following statement.

Ifitis known thatd is even, then the cut-set bound of (18) obviously proposition 10 If a linear codeC can be represented by a general
implies Theorem 5. In general, however, Theorem 5 is stronger th@gnner graphG, £) such thatg is cycle-free and all the constraints

the cut-set bound based on Theorem 9. |ndeed, there exist Cutfﬁe£ are Cyc|e_free, thelC can be represented by a Simp|e Tanner
codes that are not cycle-free. As a simple example, consider #@ph without cycles.

(6,3,3) cut-set code of the graph depicted in Fig. 8, and notice

that the minimum distance of this code violates the upper bound ofAn immediate consequence of Proposition 10 is that all the results

Theorem 5. derived so far for simple Tanner graphs, including the bound of
In summary, we have proved that every cycle-free binary linedn€orem 5, straightforwardly extend to general Tanner graphs with

code is a cut-set code. We pose the converse as an open probféfle-free constraints.

which cut-set codes are cycle-free? In the general case, where check constraints are not necessarily
An answer to this question may follow from a closer look at theycle-free, it appears to be very difficult to say anything about the

construction of the grapl¢ from a cycle-free Tanner graph in  Structure/properties of the code being represented. As an example,

the proof of Theorem 9. We observe thatis planar, and that any consider a general Tanner graph fowhich contains a single check

two regions ing, except for the outer region, intersect in at most ongertexY = {y} with the corresponding constraint code bei@g

edge. Furthermore, if we remove from theal graphof G the vertex itself. The existence of this cycle-free representationfabviously

corresponding to the outer region Gfand all the edges adjacent todoes not provide any information whatsoever abGut

this vertex, the resulting graph is a tree (or a forest). While we believeNotwithstanding the trivial “counter-example” discussed above, it

that the cut-set code of any graph with these properties is cycle-fré&e plausible that if the underlying Tanner graph is cycle-free, the
we will not pursue a proof of this claim herein. distance ofC should be limited by the distances of the constraint

codes in some manner. Furthermore, if simple decoding is sought,
simple constraint codes must be used. It thus appears that the range

of code parameters that are possible with cycle-free Tanner graphs

It is obvious from Theprem 5 that Tanner gra_phs W'thom Cyc'%ill depend on the decoding complexity tolerated. We leave further
cannot support asymptotically good codes. Starting with Theorem,

it is not difficult to show that the same is true for Tanner graphs witI vestigation of this relation as an open problem.
cycles, unless the number of cycles increases exponentially with the APPENDIX
length of the code as — =c. To see this, suppose the the cycle
rank of a Tanner grapf = (V, E) representing afin, k,d) codeC
is ¢ =|E| — |V|+ w(T). This means thal” contains2® cycles and
unions of disjoint cycles (cf. [21, p. 137]). Now let be a symbol
vertex that lies on a cycle ifi. Then removinge; and all the edges
incident onx; from T" produces a graph whose cycle rank is strictly d<2 V - dJ )
less thanc. This procedure is equivalent to shortenifigat theith - Lk

Fig. 8. A cut-set code which is not cycle-free.

B. Asymptotics for Tanner Graphs with Cycles

We will show that each of the three relations (9), (11), and (12)
betweenn, k, andd derived in Section IV-B implies (7), providing

d is an integer in (9), (11) and is an odd integer in (12). In order to
make the appendix self-contained, we now restate these inequalities

position to obtain arin’, &', d’) codeC’ withn' =n—1,% > k-1, <™ d+1 5 (1)
andd’ > d. Since the cycle rank strictly decreases each time we cut = k—1

a cycle inT in this way, after repeating this procedureC ¢ times g<om™ d 1 (12)
we obtain a cycle-free codg™. Clearly, C* is an(n*, k*,d") code -~ Tk—-1 ’

with n* =n —t, k* > k —t, andd™ > d. Thus Theorem 5 implies Notice that what we are trying to establish has nothing to do with

- n* n—t graphs or codes; this is just manipulation of integer inequalities. In
d<d <2 k41 Tls< Qk —t+1 +1 (19) particular, we have the following simple lemma.
Now lety = ¢/n, and notice that/» < ~. Hence iflim,—. v =0, Lemma 11:If « < b/c anda, b, ¢ are positive integers, then

then (19) asymptotically reduces tb < 2/R, as in (1). Thus t0 ¢ < (b + a)/(c + 1).
support an asymptotically good sequence of codesust grow
linearly with n, which means that the number of cycl2$ grows
exponentially withn. It would be useful to find out how the paramete
~ = ¢/n, which has to do with the number of cycles, trades oﬁl
versus the traditional asymptotic parametées d/n andR = k/n g m=(k=1) 2(+1) (20)
asn — oo. It would be also interesting to investigate, at least - E+1 E+1

The proof of Lemma 11 is straightforward, and is left to the reader.
We first deal with (12), assuming is odd. Taking the common
enominator and applying (twice) Lemma 11, we see that (12) implies
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