794

(1]

(2]
(3]
(4]
(5]

(6]

(7]
(8]
(9]

[10]

[11]

[12]

(23]

[14]

[15]

[16]

(17]

(18]

[29]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 2, MARCH 1999

REFERENCES Efficient Code Constructions for Certain
_ . . Two-Dimensional Constraints

J. D. Marca and N. Jayant, “An algorithm for assigning binary indices
to the code vectors of a multi-dimensional quantizer,Pioc. IEEE Int. . .
Conf. CommunicationsSeattle, WA, June 1987, vol. 1, pp. 1128-1132. Roman Talyansky, Tuvi EtzmrMember, IEEE
N. Farvardin, “A study of vector quantization for noisy channelEEE and Ron M. RothSenior Member, IEEE
Trans. Inform. Theoryvol. 36, pp. 799-809, July 1990.
H.-S. Wu and J. Barba, “Index allocation in vector quantisation for noisy

channels,Electron. Lett, vol. 29, pp. 1318-1320, July 1993. Abstract—Efficient encoding algorithms are presented for two types
K. Zeger and A. Gersho, “Pseudo-gray codinFEE Trans. Commun.  of constraints on two-dimensional binary arrays. The first constraint
vol. 38, pp. 2147-2158, Dec. 1990. considered is that oft-conservative arrays, where each row and each

P. Knagenhjelm and E. Agrell, “The Hadamard transform—A tool fogojumn has at leastt transitions of the form ‘0’ —‘1’ or ‘1’ — ‘0.’ The
index assignmentJEEE Trans. Inform. Theorwol. 42, pp. 1139-1151, second constraint is that of two-dimensional DC-free arrays, where in

July 1996. o ) _each row and each column the number of ‘0’s equals the number of ‘1’s.
D. J. Goodman and T. J. Moulsley, “Using simulated annealing to design

transmission codes for analogue sourcédgctron. Lett, vol. 24, pp. Index Terms—Balanced arrays, conservative arrays, two-dimensional
617-618, May 1988. constraints, two-dimensional DC-free arrays, two-dimensional runlength-

Y. Yamaguchi and T. S. Huang, “Optimum binary fixed-length blocKimited constraints.

codes,” Quarterly Progress Rep. 78, MIT, Cambridge, MA, July 1965.

T. S. Huang, “Optimum binary code,” Quarterly Progress Rep. 82, MIT, . INTRODUCTION

Cambridge, MA, July 1966. . . . .

T. S. Huanget al, “Design considerations in PCM transmission of low- Recent developments in optical storage—especially in the area of

resolution monochrome still picturesPtoc. IEEE vol. 55, pp. 331-335, holographic memory—are attempting to increase the recording den-
Mar. 1967. sity by exploiting the fact that the recording device muaface Under

IMiﬁih iCZr;rt?(’)Tr‘]i”Z]; "n']-e';"r; gqoljre\ll\lri(teZ’erCrer.foPraIc?a:got‘r:r?gmli:it.e\cg. V'?:'errggthis new model, the recorded data is regarded as two-dimensional (2-
codes,”IEEE Trans. Inform. Theorwol. IT-15, pp. 72—78, Jan. 1969. rE)), as opposed to the track-oriented one-dimensional (1-D) recording

S. W. McLaughlin, D. L. Neuhoff, and J. J. Ashley, “Optimal bi-Paradigm [5], [22]. The new approach, however, introduces new types
nary index assignments for a class of equiprobable scalar and veavdrconstraints on the data—those now become 2-D rather than 1-D.
quantizers,EEE Trans. Inform. Theorwol. 41, pp. 2031-2037, Nov.  One-dimensional constraints were extensively studied, and there

1995. . L
A. Mehes and K. Zeger, “Binary lattice vector quantization with Iinea"r71re several known methodologies for designing codes for such

block codes and affine index assignment&EE Trans. Inform. Theory constraints; see, for instance, [15], [16], and [24]. On the other hand,
vol. 44, pp. 79-95, Jan. 1998. our knowledge of 2-D constraints is much less profound. This might
R. E. Totty and G. C. Clark, “Reconstruction error in waveformbe attributed in part to the fact that the practical interest in those con-

Xﬁ?sTézs%iO”"y'EEE Trans. Inform. Theoryvol. IT-13, pp. 336-338, gtraints has been risen only recently; however, it seems that the main

A. Méhes and K. Zeger, “Redundancy free codes for binary discrdgason Tor such a lack of knowledge is the provable difficulty of 2-D
memoryless channels,” iRroc. Conf. Information Science and SystemsConstraints compared to the 1-D case [4], [23]. Nevertheless, there
Princeton, NJ, 1994, pp. 1057-1062. have been several results reported on 2-D runlength-limited coding
—— “On the performance of affine index assignments for redurf7] [8], coding for holographic memory [2], [3], [27], and multitrack

dancy free source-channel coding,” froc. Data Compression Conf. : : .
Snowbird, UT, Mar. 1995. p. 433. modulation coding [14], [17], [18]. Reference [9] deals with the

___, “Affine index assignments for binary lattice quantization with®@MPputation of the capacity of 2-D constraints, and bounds on the
channel noise,” iiSIT-95 Whistler, B.C., Canada, Sept. 1995, p. 377capacity of certain specific constraints are presented in [6] and [28].
R. Hagen and P. Hedelin, “Robust vector quantization by a linear We next describe briefly two applications of 2-D constrained codes:
mapping of a block code,TEEE Trans. Inform. Theoryvol. 45, pp.  polographic storage and barcodes. In holographic recording, data is

200-218, Jan. 1999. . . .
 “Design methods for VQ by linear mappings of block codes,” istored optically in the form of 2-D pages. Each data page is a pattern

Proc. IEEE Int. Symp. Inform. Theqryrondheim, Norway, June 1994, Of ‘0's and ‘1’s, represented by dark and light spots, respectively.
p. 241. What is actually stored is the interference pattern between an optical
——, “Robust vector quantization by linear mappings of block-codesfepresentation of the data page and a so-called reference beam.
in T?Of IEEE Int. Symp. Inform. Theqr§an Antonio, TX, Jan. 1993, geyeral holograms can be stored in the same physical volume,
P- ' each being encoded with a distinct reference beam. To increase the
reliability of the holographic recording system, the patterns of ‘0’s
and ‘1’'s need to satisfy certain modulation constraints. One example
of such a constraint is avoiding long periodic stretches of dark or
light spots in both dimensions [5], [27]. In addition, it is desirable
to use coding techniques that do not permit a large imbalance

Manuscript received March 8, 1998. This work was supported in part by
the United States—Israel Binational Science Foundation (BSF), Jerusalem,
Israel, under Grant 95-522.

R. Talyansky is with the IBM Haifa Research Laboratory, Matam—
Advanced Technology Center, Haifa 31905, Israel.

T. Etzion is with the Computer Science Department, Technion—Israel
Institute of Technology, Haifa 32000, Israel.

R. M. Roth is with the Computer Science Department, Technion—Israel
Institute of Technology, Haifa 32000, Israel (e-mail: ronny@cs.technion.ac.il).

Communicated by A. Barg, Associate Editor for Coding Theory.

Publisher Item Identifier S 0018-9448(99)01420-0.

0018-9448/99$10.00 1999 IEEE



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 2, MARCH 1999 795

between ‘0’s and ‘1’s so that, during recording, the amount of signal Two-dimensional DC-free arrays are treated in Section Ill. We
light be independent of the data content [27]. More information goresent an efficient encoder fot(n, X n») with redundancy
holographic recording, including specific coding methods for this 1

medium, can be found in [2], [3], [5], [10], [11], [20], [25], and [27]. nzlogy ni + gnilogy na + O(ny + naloglogni) - (3)

Two-dimensional constraints are also found in barcodes, which gegsuming that:; > n2). Now, it is known that the number
widely used in retail stores and on production lines. In the currept balanced words of lengthe, is bounded from above by
barcode standard, the constraint is still 1-D and is defined by mean@mf/\/m [12]. Hence, it follows thatp(A(n: x n2)) lies
an upper bound on the runlengths of ‘0's and ‘1's, with the additiongktween L n, (log, n> + log,(7/2)) and (3). We mention that
requirement that the number of runs is fixed within a given bloclt has been recently shown in [21] tha( A(n, x n2)) equals
In order to increase the number of possible barcodes, 2-D barcoc‘}etﬁ1 log, na + n2logy, ni) + O(ny).
are proposed for future applications [19], where the physical read
head can be a laser device or a charge-coupled-device, and similar Il. ENCODING -CONSERVATIVE ARRAYS
runlength constraints occur both horizontally and vertically.

In the sequel, we use the following terms. A binary word-good
if it contains at least transitions of the form ‘0'— ‘1’ or '’ —
‘0’ (unlike [27], we do not extend the word cyclically when counting 71 > 12 > 3 + [log, (11 + n2)] + (2t = 1)[log,(n2 + 1)]. (4)
the transitions). A word that is natgood will be calledt-bad A The encoder accepts as inputr: — 1 unconstrained bits which are
binary word isblank if it is 1-bad, namely, it is either all-zero or assumed to be arranged in an X no array]:‘ where the upper-
all-one. A binary word isbalancedif it contains the same number |efimost entry is reserved for the redundancy bit. That bit is initially

We present here an efficient encoder faronservative arrays that
has redundancy 1 whem,, n., andt satisfy

of ‘0's and ‘I's. reset to ‘0.’
In this WOI’k,.We consider the COding problem of b?naryx no The main idea of our encoder is “recyc"”gbad rOWS,” i_e.’
arrays that satisfy the following types of 2-D constraints. we take advantage of the fact thabad rows, which need to be

< Conservative arrays: Each row and each column in the arrayeiminated fromI', do not contain much information in the first
nonblank. In other words, every row and every column has ptace; since the content of a row is determined uniquely by its first
least one transition ‘0~ ‘1’ or ‘1’ — ‘0’ [27]. When the plane bit and its transition locations, ea¢kbad row carries no more than
(e.g., the recording surface) is tiled by such arrays, the longdst (¢t — 1) log, n» bits of information, and this number will typically
vertical (respectively, horizontal) run of identical bits will notbe much smaller tham. if condition (4) is satisfied (e.g., when
exceed2n; — 2 (respectively,2n, — 2). More generally, we t = 1, the bad rows are blank and carry only one bit of information).
considert-conservative arraysn which every row and every Therefore, we reuse thogebad rows to record changes madeIon
column ist-good. We denote the set of alconservative arrays that eliminate the-bad rows and columns.
of orderny, x ny by C(ny X no,t). We introduce the following relation between binaryx no arrays.

» 2-D DC-free arrays: Each row and each column in the array isl&t I'; andT's be such arrays and, fér= 1, 2, let 7; be the smallest
balanced word (here, andn. are assumed to be even). Two-nteger for whichI'; is not r;-conservative. We say that, is more
dimensional DC-free arrays are an extreme case of conservatbemservativehanT'; if either: 1) 7 > 7 or 2) iy = 7o and there
arrays in which every row and column is nonblank by virtue ofre lessr;-bad rows and columns ibi; than inT.

the balancing property. We denote the set ofrallx n, 2-D Our encoder is described through the algorith@NEERVATIVE in
DC-free arrays byA(ni X n2). Fig. 1. When the contents &f (with its upper-leftmost bit equaling
Let X be a set of binary., x no arrays. Theredundancyof v, ‘0 is already at-conservative array, no changes are made and the
denotedp (), is defined by output of MNSERVATIVE S I itself (see Step 2). Otherwise, the upper-

leftmost bit is set to ‘1’ (Step 3), as an indication to the decoding
) side thafl’ undergoes changes that will make-itonservative. Those
Let S be a set of binary:; x n, arrays, e.9.S = C(n x nz,t) changes will be recorded in thébad rows, which will be made into a
or S = A(n1 X n2). A (lossless block) encoddor S is a one-to- linked list, with one formerlyt-bad row pointing to the next. We start
one mappingy from the set{0,1}* into S. The redundancy o this linked list in the fieldu, which consists of bits 2 through in
is n1n2 — k, which, clearly, is also the redundancy of the 8ét=  the first row ofI". Since initially the fieldu is not necessarily-bad,
#({0,1}*) (i.e., the set of actual images und®r The task of design- its contents are swapped with one of thkad rows or columns i
ing an encoder for a given constraint is finding a mappintat has (Step 4). The linked list is constructed in Step 5, where we code the
the smallest possible redundancy and can be efficiently implementeil! pointer by ‘0’ (say) and any other row pointer by a word that
We will assume hereafter that, > n,. Define starts with ‘1,” followed by[log,(n1 + 1)] bits. In addition to that
pointer, each formerly-bad row contains the locations of its original
transitions. By judiciously selecting the words used to code thé
In [27], an encoder was presented feconservative arrays, and theyansition locations (each such word beifigg, (n2 +1)] bits long),
redundancy of that encoder fSog,(n1 + 1) +logy(n2 + 1)]. On \ye can guarantee that Step 5 produces at legsinsitions in every
the other hand, it is easy to verify the upper bound (see Appendi¥)paq row. Step 6 concludes the treatment oftthed rows by record-
p(C(ny X na,t)) < —log, (1 —4- Q*A(nlxnzﬂf)), (1) ing the pointer of the row or column that was swapped in Step 4.
As an example, suppose thiat 3 and that initially rows 4 and 9
are 3-bad; e.g., the contents Iofat rows 1, 4, and 9 are given by

X

p(X) =ning —log,

A(ny X n2,t) = na — (t — 1) log, no — log, n1.

Therefore,p(C(n; x nz,t)) — 0 when A(n; X na,t) — oo; in
particular, when

001100110100 -7« 1
Al Xz, t)=mna = (t=Dlogyma —logym 23 2) |
there is a subset’ C C(n1 X n2,t) with p(X) < 1. 0000O0OO0OO0O111 11 - |« 4
In Section II, we introduce such a s&tby presenting an encoder | ... ’
for C(ni X ns,t) with redundancy of one bit. Furthermore, our 111 10000O01 11 [« 9

encoder lends itself to efficient implementations. L e
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procedure CONSERVATIVE(input: integers ny, ne; input and output: ng X ny array I')

/* Tt is assumed that ny > ny and that the upper-leftmost bit in T is initially reset to ‘07 */

1. Introduce the following definitions:

u
K

t[logs(na+1)7.

Set the upper-leftimost bit of T to *1°.

A

bits 2 through 7o in the first row in T'.

Let £ be the index of a t-bad row or column in T, where 1 < £ < ny+n». If none exists then return.

Swap the contents of w wich bits 2 through n, in row/column £.

Leave the first bit in » and in each ¢-bad row in I' unchanged, followed by —

e a pointer to the next t-bad row (write a one-bit ‘nil’ pointer if no such row exists);

o t—1 locations of the transitions in the row

6. Write the index ¢ into the last ¢-bad row in I' (or into w if no ¢-bad rows exist).

7. For n1—K < i < ny, complement row ¢ in I" if this makes the (i—1) x ny sub-array defined by rows 2

through ¢ in I more conservative.

8. Record a K-bit subfield into u that indicates which rows were complemented in Step 7.

Fig. 1. Encoding algorithm for conservative arrays.

Following Step 4 we obtain

10 0 0000 1 1 1 1 1
— 1
— 4
0j]0 1.1.0 01 1 01 00O
— 9

001100110100 -]« 4

(The marked fields—which are not shown to scale—contain the r

T =12,---,t, we can eliminate all the-bad columns fronT' by
complementing up td{ = t[log,(n2 + 1)] rows. In our algorithm,
we have chosen (arbitrarily) the la&t rows inT to be considered
for such complementation. We record anwhich rows are actually
complemented (Step 8). Note that sirl¢ger ) does not contain any
t-bad columns, neither will', regardless of what we write ia.

Counting the maximum number of bits that might be recorded in
throughout the algorithm, we deduce thaits large enough whenever
condition (4) is satisfied. In particular, when= 1 andn; = no, it
suffices to have:; > 12 to achieve a redundancy of one bit. (In fact,
we can slightly modify ©NSERVATIVE to accommodate also the case
n; = ne = 11; observe that we need to leave one bit unchanged in
u in Step 5 only wher = 1, i.e., when no swap has been made in
Step 4.) Encoders can be obtained also for smaller orders, in which
case we will need to extend by additional redundancy bits.

The algorithm ©NSERVATIVE can be implemented usin@(ninz)
bit operations and(n1n2) increments offlog, n1]-bit counters.

Decoding is done as follows. If the upper-leftmost bit of the
received conservative arrdy is ‘0O’ then the output array is also
the input array. Otherwise, we effectively undo the encoding steps
in reverse order, starting with complementing rows according to the
K -bit subfield recorded ine in Step 8. Next, we unfold the linked
list and restore the-bad rows. Finally, we reconstruct the original

@¥ntents of the field: by undoing the swap of Step 4.

pointers and transition locations, and the underlined bits are thosgsgngition (4) can be relaxed at the expense of slightly increasing

that are left unchanged in Step 5. Since we allogaig, (n: + 1)]
bits for each row pointer anflog,(n2 + 1)] bits for each transition

the encoding complexity, by incorporating a variation of the modu-
lation technique of [27] in Step 7 of &SERVATIVE. Specifically, let

location, we can guarantee that the actual bit representation of e@rd&ienote addition modulo 2, and I8¢ be a set ofuz + 1 binary

pointer or location will contain at least one transition.)

Steps 7 and 8 eliminate thebad columns using the following
principle. Given any contents df, denote byl'(i) the (i — 1) X n»
subarray defined by rows 2 throughin T'. Also, let ['(i) be the

words of lengthL such that the set of differential words

OM = {(v1,v1 D va,v2 D vz, -, vr—1 D vr):

arrayI'(¢) with its last row complemented (i.e., every ‘0" is changed (v1,v2,++,v1) € M}
into ‘1’ and vice versa). Letr be the smallest integer such that

I'(i — 1) is not r-conservative. Now, foi > 2, the numbers of is a(t — 1)-error-correcting binary code of lengihand sizen, + 1.
T-bad columns inl'(7) and T'(7) sum up to the number of-bad As follows from [27], for every binary L + 1) x n» array A, there
columns inT(; — 1). Hence, in one of the arrayB(:) or T'(i), is at least one elementc M such that wher is added modulo 2
the number ofr-bad columns is at most one half that number io the L-suffix of each column of4, an (L + 1) x n, array A’ is
I'(i—1). Therefore, we can eliminate all thebad columns if'(n,) obtained in which every column isgood. On the other hand, the
by complementing up tdlog,(n> + 1)] rows inT'. Doing this for number of transitions in eadlow of A is preserved ind’.



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 2, MARCH 1999 797

We can takeM such thatoM is a subset of a shortenedbalanced. To this end, botty andn. must be even. For the sake
binary (¢ — 1)-error-correcting BCH code of length and dimension of simplicity we will further assume in our description that is
[log,(n2 + 1)] [13, pp. 258, 592]. Such a code exists whenever a power of 2. We will point out later on how the encoder can be

‘ ) adapted to handle any even valuemaf.
L 2 [logy(nz + 1)1 + (¢ = 1)[logy (L + 1)1, ®) Our encoder is presented through the recursive algorithnatce

If, in addition, we haven; > L + 2, we can replace Step 7 andin Fig. 2.The procedure/ELANc; first balances each royvinthe array,
use such a seM to eliminate thet-bad columns inl' by adding USing any of the known algorlthnjs_ for word balancing; see Knuth
an appropriate element € M to the L-suffixes of the columns [12]_, AI-Bassgm a_nd Bose [1], Tallirt aI.[26],_ and the enumerative _
of I. In this case, it will be sufficient to record in Step 8 onlyc0ding technique in [24, p. 117]. The balancing of the rows results in

the K = [log,(ns + 1)] bits that identify such an element thus @nm X n2 arrayl’, wheren; is the desired final number of columns
allowing us to relax condition (4) to (Step 1). We point out that even though we assume ithat n,

we may apply Step 1 with values of that are smaller than. In
ni > na > 34 [logy(ni 4+ na)] + tflogy(n2 +1)]  (6) particular, we take care of very small valuesmofseparately (Step
2), where the balancing of the columns is carried out simply by
appending a copy of the complement®fto I'. For most values of
m, we proceed with Steps 3—6 inaBaNCE.

Next, BaLANCE invokes a recursive procedure calleda® which
balances the columns by swapping pairs of bitsliras we now
®). . . describe. We say that an arrayvieakly balancedf it contains the

If we want to incorporate the weakly ba_lancmg Property*0 - <xme number of ‘0's and ‘1's (namely, if it is balanced when regarded
conseryatlve arrays, we can use the technique of [27, Sec. III.% a word). We set am x & array A to be initially T (Step 3 in
which is appllcable alsp here. , . BALANCE) and subdivideA into two disjoint subarrayst; and A,

One possible extension of the algorithnoNSERVATIVE is to the each of ordem x (k/2) (Step a in $AP). Note thatA is weakly

encoding off x # super-arrays in which each entry is a Conser\_/atlvlgalanced, and this property will be preserved throughout the recursion
ny X n2 array. This way we obtain-conservativén, x tn, arrays in | ?vels of SvAp
X .

which the longest vertical (respectively, horizontal) run of identic Step b in Swp is essentially an application of the balancing
bits does not exceeth, —2 (respectively2n, — 2). It turns out that technique of Knuth [12]. First, we index the bits in each of the
the same redundancy bit can be shared byadirrays provided that subarrays, 4, and As k;y intégers between 1 anghk/2. For

n1, ne, andt satisfy an inequality analogous to (4). This is done, ﬁrs}ncreasingvvalues (;i": 1,2,---, we swap biti in A Wiih its

by swapping the upper-leftmost array (excluding its upper-leftmog&umerpart inds until A4 /be,corhes weakly balanced. Singeis

bit) with a nonconservative array (if one exists), and using the Upp%éakly balanced, such a balancing point always exists (see [12]);
leftmost bit of that array to indicate whether all the arrays were 4. 4 it the nu,mber of ‘'s ind, is greater thanmk/4, then '
initially conservative. Then, the nonconservative arrays are made i'agarly’ the number of ‘1's inds is smaller thanmk /4. EZ’iCh bi,t

a linked-list, starting in (the fiela of) the upper-leftmost array. The wap c’hanges the number of ‘1's ity by +1, and if we swapd,
changes made in each nonconservative array now follow along simi ?{tirely with A, , then the number of ‘1’s irAl, drops belowin /4.

lines as those in GNSERVATIVE for ¢ = 1, except that there is no needHence there m’ust be a bit swap for which the number of ‘1'd in

to allocate any redundancy bits within each nonconservative array, in’A2, becomes exactlyak /4. We denote the first indek fo;

We also mention that our algorithm can be generalized to encodi\%iCh this occurs by (A) (Step ¢ in SiAP). After balancingA,; and

d-dimensionaf-conservativer x n. x - - - X na hyper-arrays, where , - o apply Svap recursively to each of the subarrayls and 4
d22andn; 2 np > - 2 na. The entry indexed byl,1,.--,1) (Step d in SvaP). The recursion ends wheh = 2, in which case
is allocated for the redundancy bit, and the wardoccupies the both A, and A, arem x 1 balanced columns

entries that are indexed by, 1,--,1,i), i = 2,3,-+,na. By Consider a recursive execution ofv& that is initiated by the
an r-columnin the hyper-array we refer to a set of entries in th%all in Step 3 of BLANCE. It is easy to see that for each =

thr?/per-’array |?de(>j<ed g}ul’ 2 't')":h;h l'iur?ﬂ’jj . Thudz bwgelre na,nz/2,n2/4,---,2, the number of times thatv®p is called with
€u,'S are Tixed antu ranges between 1 and;. 1hei-badd- o, ., 1 input array A is na/k, and in each such call we need

;:oltJhmns n _thgthypgr-a;rgy are form?r(:] mtof a Ilnkkerd “SL’ s'm'laﬁogz(mkﬂﬂ bits to record’( 4). The total number of calls tov®pr
0 the oné in Step > 0 SERVATIVE. en, lor eactr < d4 we g thereforen, — 1, and the total number of bits that we need in

remove thet-badr-columns as follows. Definer, = I[;.. n; and 4o 4 store all the valuek 4) that are computed throughout the
K, = t[log,(m, + 1)], and letT'(i,r) be the(i — 1) X m, array recursion levels of ®AP is
whose columns are given by entries 2 througbf the r-columns.

[compare with (2)]. Note that (6) implies (5) if we chooke= ns —2,
in which case we also have, > L + 2. A brute force search for
the appropriate wor@é € M to apply toI' requiresLn} additions
modulo 2. Hence, it is preferable to have the smalleshat satisfies

For n, — K, < ¢ < n,, we complement then, entries that are logg nz v
indexed by the(d — 1)-dimensional hyper-array Z (na/k)[log,(mk/2)] = Z (n2/27)(j — 1+ [log, m])
.—97F i=1
{(uwi,u2, U1, G Urgrs -y ug) o 1 <uj <njt 2§k1\ézzz J

(ng — 1)(1 4 [log, m]) — log, no.
@)

if such complementation makd¥,r) more conservative. Finally,
using Z;“;ll K, bits in the fieldu, we record the hyper-planes that

were complemented. (Alternatively, thiebad r-columns forr < d . .
P ( y ’ . The call to Svap in Step 3 of B\LANCE transformsI' into an

can be handled using the error-correcting code approach which we ™. hich all th d col bal 4 H
discussed earlier.) array in which all the rows and columns are balanced. However, we

still need to code the valueg A) that were computed inV8p, so
that the decoding side will be able to reconstruct the contents of the
IIl. ENCODING TWO-DIMENSIONAL DC-FREE ARRAYS array I before the call to ®ap. To this end, the values(A) are
We present here an encoder that maps unconstrained binary waroiscatenated in Step 4 into a wasdwhose length is as in (7). The
into binaryn; x n2 arrays in which each row and each column isvord s’ undergoes the encoding process, recursively, to produce an
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procedure BALANCE(input: integer na, word 8; output: integer ny, array I' of order ny X ny)
/* The number, ny, of rows in T will be determined by the length of s. */
1. For the smallest possible even m, encode s into an m X ny array I' in which every row is balanced.

2. If T has 12 rows or less then append the complement rows to generate an output array I' and return.
Otherwise proceed with Steps 3-6.

3. Swapr(m,n,, ).

4. Concatenate the values £(-) that were computed in all applications of Step ¢ of SwaPp (throughout the
recursions levels), into a word s' of {(n,—1)(1 + [log, m]) — log, n2 bits.

5. Baraxci(n., ¢, m',T").

6. Append I to I', resulting in an output array I' with ny = m + m' rows and ns columns.

procedure Swar(input: integers m, k; input and output: m x k array A)

®

Let 4y be an array that consists of the first £/2 columns of 4 and let 4, be the remaining half.

b. Tor increasing values of ¢, swap the ith bit in 4; (according to some standard scanning) with the ith bit
in As, until both A; and 4, become weakly-balanced.

¢}

. Let £(4) be the final value of ¢ that was reached in Step b (or €(A) « 0 if no swaps were made).

d. If k > 2 then do Swar(m, k/2, A;) and Swar(m,k/2, Ay).

Fig. 2. Encoding algorithm for 2-D DC-free arrays.

m' x no arrayI” in which all the rows and columns are balanced Finally, we point out the changes that need to be madewrrS
(Step 5). The arraf”, in turn, is appended t& (Step 6). whenn; is not a power of 2. Here, the value éfcan be odd, in
The resulting encoded array has order x n, wheren; = which case we definel; to consist of the firs{k — 1)/2 columns
m + m'. We next compute the redundancy of the encoder. Denaté A4, whereas4. consists of the remainingt + 1)/2 columns. If
by p(m x n2) the redundancy that corresponds to the case whedtg is already weakly balanced, no swaps are required in Step b of
Step 1 produces» rows. The redundancy introduced by Step 1 iSwapr. Otherwise, we denote by, anm x (k—1)/2 subarray ofd.
m(3 log, ny + O(1)) if enumerative coding is used for balancingwhose imbalance is at a different direction than thatiof e.g., if the
the rows [24, p. 117] and approximately twice that redundancy ffumber of ‘1's inA4, is greater tham:(k —1)/2, then we require that
any of the algorithms in [1], [12], and [26] is used. The redundandyie number of ‘1’s ind;, be smaller tham»(k—1)/2. Such a subarray
introduced by Step 4 is less than(1 + [log, m]). When applying A% can be obtained by excluding frody, a column, if any, in which
Step 5 tos’, the row balancing (Step 1 of the second recursion leviie imbalance is at the same direction as thatief The swaps in

of BALANCE) will clearly result in an array with»(- columns and) Step b are now carried out between and A5, and the index of

no more thar2(1 + [log, m]) rows. Thus the excluded column is appended o) in Step c. The respective
1 recursive calls in Step d take the forrv@ (m, (k—1)/2,4,) and
p(m X na) < m<§ log, 2 + ()(1)) + n2(1 + [log, m]) Swap (m, (k + 1)/2, A2).
+ p(2(1 4 [log, m]) x n2).
APPENDIX
This recurrence readily implies the inequality We verify here the bound (1). LeB(n,t) denote the number of
1 t-bad words of length. It is easy to see that
p(m X na) < §m log, n2 + no log, m
t—1
+ O(m + n2 + logmlogna + ns loglog m). B(n,t) =2 Z <n - 1) < 2!
; < .
It follows thatn, = m+log, m+O(loglog m); thus, the redundancy =0
of our encoder is at most (This, in turn, impliedog, B(n,t) < 1+(t—1)log, n, which means

that¢-bad words of length. do not carry more thabh+ (¢t — 1) log, n

bits of information.) The number of binary; x no arrays with at least
OIQnet-bad row does not exceed B(n»,t)2"1"27"2 and, similarly,
éhe number of binary:; x n, arrays with at least onebad column
s not exceed:B(nq,t) - 271727 "1 Hence

%nl log, 2 + nology, 1 + O(ny + na loglogny)
assuming that»; > n. and that enumerative coding is used fi
balancing the rows in Step 1 [compare with (3)]. If any of th
algorithms in [1], [12], and [26] is used, then the redundancy increas%%e
by an additive terrr%n_] log, n2. Note that the claimed redundancy IC(n1 % na. t)]
holds even when we increase the thresholdrfoin Step 2 so that . oning—ns e
there is only one recursion call toABANCE in Step 5 (the current 22 —mB(na,t) -2 — n2B(na,t) - 2
threshold 12 was set so that the valuenofwill strictly decrease in =2"1"(1=n1B(na,t) - 27" —n2B(n, t)-27 ")
each recursive call to BANCE, regardless of the value af). > 2"1"2(1 — 2n, B(na, t) - 27 "2)

As for the time complexity of the encoding, Step 1 requires word
balancing ofO(n1) rows, and the recursive calls tovse that are where the last inequality follows from our assumption that> no;
initiated in Step 3 requir®(nin2 logn,) bit swaps. indeed, the probabilityB(n., t)-27"2, of getting less than “heads”
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when flipping an even coin, — 1 times is at least the probability, [26] L. G. Tallini, R. M. Capocelli, and B. Bose, “Design of some new
B(ny,t)-27 "1, of that event when flipping the coim, — 1 times. balanced codes,JEEE Trans. Inform. Theoryvol. 42, pp. 790-802,

. . . 1996.
Taking logarithms, we obtain [27] A. Vardy, M. Blaum, P. H. Siegel, and G. T. Sincerbox, “Conservative

. n arrays: Multidimensional modulation codes for holographic recording,”
p(C(n1 X n2,t)) < —logy(1 — 2n1 B(na, t) - 27"%) IEEE Trans. Inform. Theorwol. 42, pp. 227-230, 1996.
< —log, (1 —4ny - né—l . Q—“Z) [28] H. S. Wilf, “The problem of the kings,’Electronic J. Combinatorics

vol. 2, no. R3, 1995.
— _10{:‘;2 (1 — 4. 27A(n1><77,2,t))
thus proving (1).
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