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Preface

In our research laboratory we plan to study selected results from the �eld of additive com-

binatorics and some of their applications to theoretical computer science. A tentative list of

results includes

• Roth's Theorem about the existence of arithmetic progressions of length 3 in dense

subsets of Zmp .

• The Gowers norm and Samorodnitsky's Theorem about testing quadratic functions

over F2.

• The Bogdanov-Viola pseudorandom generator for low-degree polynomials.

• Sum-product theorems in �nite �elds and extractors for independent sources.
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Lecture 1

Introduction

March 16th, 2009

Lecturer: Eli Ben-Sasson Scribe: Not applicable

In this lecture we surveyed some of the basic questions addressed in additive combinatorics,

such as sum-product estimates and the existence of arithmetic progressions in dense subsets

of the integers. A good reference point for this lecture (and for the remainder of the course)

is the book titled Additive Combinatorics Tao and Vu [2006] as well as the minicourse on

Additive Combinatorics and Computer Science given at Princeton University. The webpage

for this course includes lecture notes, powerpoint presentations and online videos of the

lectures given there.

1�1

http://www.cs.princeton.edu/theory/index.php/Main/AdditiveCombinatoricsMinicourse


Lecture 2

Fourier Analysis over Zm
n

March 23th, 2009

Lecturer: Eli Ben-Sasson Scribe: Not applicable

In this lecture we brie�y surveyed the basics of Fourier analysis over Zmn and sketched the

proof of the homomorphism test of Blum et al. [1990] using Fourier analysis. Below we

recount the essential information regarding the Fourier transform.

2.1 Characters and Fourier representation

Throughout this lecture let Z = Zmn for n ≥ 2 and m ≥ 1. We are interested in studying

functions from Z to the complex numbers C. The set of all such functions forms a |Z|-
dimensional vector space over C, namely, the space CZ . We now de�ne a set of functions

that will later on be shown to be a basis for CZ . In what follows we let ωn denote the

primitive nth complex root of unity e2πi/n.

De�nition 2.1 (Character). For α = (α1, . . . , αm) ∈ Zmn let χα ∈ CZ be the function

de�ned by

χα(z) = ω
∑m

j=1 αizi

n , z = (z1, . . . , zm) ∈ Zmn .

The character χ0 = 1Z is called the zero character (sometimes known as the trivial character)

and all other characters are said to be nonzero (or nontrivial).

One useful property of characters is that each one of them is a homomorphism from the addi-

tive group (Zmn ,+) to the cyclic multiplicative group (〈ωn〉,×) where 〈ωn〉 =
{
ω0
n, . . . , ω

n−1
n

}
is the set of complex roots of unity of order n. Another important property is that they form

an orthonormal basis for CZ with respect to the inner-product 〈·, ·〉 de�ned for f, g ∈ CZ as

〈f, g〉 = E
x∈Z

[
f(x) · g(x)

]
,

where the expectation is taken with respect to the uniform distribution over Z. Recall that

such an inner-product induces a norm over CZ given by ‖f‖ =
√
〈f, f〉.

Proposition 2.2 (Orthonormality of characters). The characters of Z form an orthonormal

set, i.e.,

〈χα, χβ〉 =

{
1 α = β

0 α 6= β
.

>From this claim, a few useful properties of characters emerge.

Inversion formula Since there are |Z| distinct characters, Proposition 2.2 implies the char-

acters form a basis for CZ , which means that every f ∈ CZ can be represented uniquely
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as a linear combination of characters:

f =
∑
α∈Z

f̂α · χα, where f̂α ∈ C. (1)

The previous equation is known as the Fourier inversion formula and the coe�cient

f̂α is called the α-Fourier coe�cient of f , it is computed by �projecting� the vector f

onto the vector χα:

f̂α = 〈f, χα〉.

We let f̂ ∈ CZ denote the vector of Fourier coe�cients of f which is also known as

the Fourier representation of f .

Plancherel's equality Moving from a �standard� representation of functions f, g ∈ CZ

to their Fourier representations amounts to representing the same vectors under two

di�erent orthonormal bases. Thus, we don't expect the angle between the vectors

to change under this change of basis. Indeed, Plancherel's equality says that for all

f, g ∈ CZ we have

〈f, g〉 = |Z| · 〈f̂ , ĝ〉. (2)

Parseval's equality In particular, taking g = f in Equation 2 we also see that the norm

of f does not change under the two representations. Formally, Parseval's equality says

that for all f ∈ CZ ,

E
x∈Z

[
|f(x)|2

]
=
∑
α∈Z

∣∣∣f̂α∣∣∣2. (3)

In particular, if the range of f is 〈ωn〉 (as will soon be the case) then this equality

implies
∑

α∈Z

∣∣∣f̂α∣∣∣2 = 1.

We end by stating the very useful Cauchy-Schwarz inequality, that will be used time and

again in future sessions. It says that for all vectors u, v of an inner product space,

|〈u, v〉|2 ≤ 〈u, u〉 · 〈v, v〉. (4)

2.2 Fourier analysis of a homomorphism tester

In the second part of this session we discussed the �homomorphism testing� problem in-

troduced in Blum et al. [1990] and its connections to program checking, probabilistically

checkable proofs and property testing. We sketched the main steps in the Fourier-analytic

approach to the problem, due to Bellare et al. [1995]. For explicit details of the simplest

case of linearity testing over Zm2 we refer the reader to the original paper Bellare et al. [1995]

as well as [Ben-Sasson, Fall 2006, Lectures 3�4]. For the case of Zmp , p > 2 discussed in class

see Håstad and Wigderson [2003]; Grigorescu et al. [2006].
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Lecture 3

Roth's Theorem

March 30th, 2009

Lecturer: Eli Ben-Sasson Scribe: Not applicable

Roth's theorem says that �dense� subsets of the integers contain arithmetic progressions of

length 3. Formally, it says that for every δ > 0 and su�ciently large n the following holds.

Every subset A of Zn that has density |A| /n ≥ δ must contain an arithmetic progression of

length 3. In this session we shall prove the following analogous statement, due to Meshulam

[1995], for the simpler case of A ⊆ Zmp where p is an odd prime. In what follows, a arithmetic

progression of length k is a set {a+ jr | j = 0, . . . , k − 1} where r 6= 0.

Theorem 3.1 (Roth's theorem for Zmp ). Let p be an odd prime and m an integer. Every

set A ⊂ Zmp of size at least 3pm/m contains an arithmetic progression of length 3.

The bound stated above is better that what is known for the case of integers in the sense

that the minimal density required of A for ensuring it contains a length 3 progression is

1/m = 1/logp
∣∣Zmp ∣∣. In comparison, the smallest density for which Roth's theorem is known

to be true over the integers, as shown in Bourgain [1999], is
√

log log |Zn|/log |Zn|.
Our proof will closely follow the exposition in [Tao and Vu, 2006, Section 10.2]. Two in-

teresting aspects of the proof are the crucial role played by the Fourier representation of

functions and the �density-increment� argument discussed in Section 3.2.

3.1 The Fourier representation of A

In this section we show that if A does not contain a arithmetic progression of length 3
then the indicator function of the set A will contain a nontrivial Fourier coe�cient of large

magnitude. We start by de�ning the indicator function of a set B ⊆ Zmp as the function

1B : Zmp → {0, 1} , 1B(x) =

{
1 x ∈ B
0 x 6∈ B

Problem 3.1. Letting B = 2A = {2a | a ∈ A}, notice that the oddness of p implies |B| =
|A|. Prove:

Pr
x,r∈Zm

p

[x, x+ r, x+ 2r ∈ A] = E
x,y∈Zm

p

[1A(x) · 1B(x+ y) · 1A(y))].

Problem 3.2. Let µ = |A|/pm denote the density of A and let ε denote the magnitude of

the largest nontrivial Fourier coe�cient of 1A, i.e., ε = max
{∣∣∣(1̂A)α

∣∣∣ | α 6= 0
}
. Prove: If

A contains no arithmetic progression of length 3, then there must exist a nonzero fourier
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coe�cient of magnitude at least µ2 − p−m. To this end, prove the following inequality∣∣∣∣∣ E
x,y∈Zm

p

[1A(x) · 1B(y) · 1A(−(x+ y))]− µ3

∣∣∣∣∣ ≤ εµ. (5)

Hints regarding the proof of the inequality:

• Express all functions mentioned inside the expectation using the inversion formula

given in Equation 1. What is (1̂A)0?

• Use Proposition 2.2 to show that this expectation equals
∑

α∈Zm
p

(1̂A)2α · (1̂B)α.

• Use Parseval's equality (Equation 3) to complete the proof.

3.2 Density increment

The bias of a function f : S → R is de�ned to be
∣∣∣Ex∈Zm

p
[f(x)]

∣∣∣ =
∣∣∣f̂0

∣∣∣ and a function with

bias 0 is said to be unbiased. The heart of the proof of Roth's theorem is the observation that

a unbiased function f with large nonzero Fourier coe�cient, say, of magnitude greater than

ε, must have �large� bias ≥ ε/2 on a subspace of Zmp of codimension 1. This observation will

be used in the next section to argue, by way of contradiction, that if A is dense but contains

no arithmetic progressions of length 3, then A must be even more dense in a subspace of

Zmp of codimension 1.

Lemma 3.2 (Density increment). Let f : Zmp → R be a function satisfying f̂0 = 0 and

max
{∣∣∣f̂α∣∣∣ | α ∈ Zmp \ 0

}
= ε > 0. Then there exists a a�ne subspace Z ′ of Zmp of codimen-

sion 1 such that Ex∈Z′ [f(x)] ≥ ε/2.

Problem 3.3. Prove Lemma 3.2. Hints:

• Show there exists ξ ∈ C, |ξ| = 1 and α ∈ Zmp , α 6= 0 such that 〈f, ξ · χα〉 = ε.

• Let g = ξ · χα + 1. Show, using the assumption f̂0 = 0 and Proposition 2.2, that

〈f, g〉 = ε.

• Recalling 〈α, β〉Zm
p

=
∑m

j=1 αiβi, let {α}
⊥ =

{
β ∈ Zmp | 〈α, β〉Zm

p
= 0
}
be the space

orthogonal to {α}. Notice {α}⊥ has co-dimension 1 and Zmp can be partitioned into

p a�ne subspaces that are each a coset of {α}⊥. Let
⋃
c∈Zp

Z ′c denote this partition.

Observe that g is constant on each space Z ′c.

• To complete the proof, argue that there exist real numbers 0 ≤ γc ≤ 2 such that

〈f, g〉 = E
x∈Zm

p

[
f(x)g(x)

]
=

1
p

∑
c∈Zp

γc · E
x∈Z′c

[f(x)].
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3.3 Completing the proof of Theorem 3.1

We can now complete the proof of Theorem 3.1. The two main ingredients are the observa-

tion, taken from Problem 3.2, that lack of arithmetic progressions implies a large nonzero

Fourier coe�cient, and the density increment argument of Lemma 3.2.

Problem 3.4. Prove Theorem 3.1 by induction on m ≥ 3. For the inductive step,

• Assume A has density µ ≥ 3/m but contains no arithmetic progressions of length 3.

• Let f = 1A − µ.

• Use Equation 5 from Problem 3.2 to bound from below the largest magnitude of a

nonzero Fourier coe�cient of f .

• Apply Lemma 3.2 to conclude that there exists a subspace Z ′ of Zmp of codimension 1

in which A has large density µ′ = |A∩Z′|
|Z′| ≥

3
n−1 .

• Apply the inductive hypothesis regarding A∩Z ′ to conclude the existence of an arith-

metic progression of length 3 in A.

3�3



Lecture 4

Fooling low-degree polynomials

April 20th, 2009

Lecturer: Eli Ben-Sasson Scribe: Not applicable

Our next topic comes from the �eld of derandomization which is devoted to the study of

randomness in computation and the ways by which randomness, viewed as a computational

resource, can be minimized. In particular, we will follow the work initiated in Bogdanov

and Viola [2007] and further developed in Lovett [2008]; Viola [2008], that uses notions from

additive combinatorics to present ε-fooling sets for low-degree polynomials.

4.1 Fooling sets

Let us �rst de�ne what a fooling set is. Recall our de�nition of ωp as the primitive pth

complex root of unity of order p given by ωp = e2πi/p. In what follows let Fq denote the

�nite �eld of size q.

De�nition 4.1 (Fooling set). Let F be a set of functions from Fnp to Fp for prime p. We

say that a multiset S ⊆ Fnp is an ε-fooling set for F if for all f ∈ F we have∣∣∣∣∣ E
x∈Fn

p

[
ωf(x)
p

]
− E
s∈S

[
ωf(s)
p

]∣∣∣∣∣ ≤ ε.
Our starting point for the study of ε-fooling sets is the observation given in the following

problem. For simplicity we shall study fooling sets only for p = 2 (in which case ω2 = (−1))
and point out that all results regarding fooling sets can be generalized to larger prime p as

well.

Problem 4.1. Suppose F is a set of functions from Fn2 to F2. Prove that for any ε > 0
there exists a ε-fooling set S of size at most |S| ≤ O

(
log|F|
ε2

)
. Hint: Use the Cherno� bound

which says: Let X1, . . . , Xm be m independent identically distributed (iid) random variables

each with expectation µ and let X =
∑m

i=1Xi. Then, for all 0 < δ < 1 we have

Pr
[∣∣∣∣Xm − µ

∣∣∣∣ > δ

]
≤ 2e−δ

2µm/3. (6)

The previous problem implies that any class of functions that is of size 2n
O(1)

can be ε-fooled

by a set of size nO(1)/ε2. A central question in derandomization is that of �nding an explicit

ε-fooling set for interesting sets of functions. By explicit we roughly mean that there exists

a deterministic machine that enumerates S and runs in time polynomial in |S| and n. As

an example of an interesting set of functions take F to be the set of functions that can be
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computed by circuits of polynomial size in n. It can be shown that |F| = 2n
O(1)

. Finding

a 1
3 -fooling set of size nO(1) for this class is a major open problem and its solution implies

P = BPP.

As said above, in the next few lectures we shall study ε-fooling sets for the interesting set

of low-degree polynomials. Fix a degree bound d and let F be the set of functions that are

evaluations of n-variate polynomials over F2 of total degree at most d. We start with the

simplest case of d = 1 where F is the set of a�ne linear functions.

4.2 ε-biased sets

A ε-fooling set for a�ne linear functions is also known as an ε-biased set. The study of these

sets was initiated in Naor and Naor [1993] which de�ned these sets, presented a construction

of them and discussed several important applications of them. By now, ε-biased sets have

found numerous applications in the study of lower bounds, constructions of PCPs, and, of

course, derandomization, to name a few (see Bogdanov and Viola [2007]; Ben-Sasson et al.

[2003] for more details.)

We now present one explicit construction of ε-biased sets out of three distinct constructions

presented in Alon et al. [1992].

Example 4.2 (An explicit ε-biased set). Let F2k be the �nite �eld of size 2k. Fix a basis for

F2k over F2 and let α = (α1, . . . , αk) ∈ Fk2 be the representation of α ∈ F2k in this basis.

Let 〈α, β〉F2 =
∑k

i=1 αiβi, where addition and multiplication is carried out in F2. Let

S =
{(
〈α0, β〉F2 , 〈α1, β〉F2 , . . . , 〈αn−1, β〉F2

)
| α, β ∈ F2k

}
.

Problem 4.2. Prove that the set S in Example 4.2 is ε-biased for a suitable choice of ε.

What is the dependence of ε on k and n? What is the size of S and how does this compare

with the bound shown in Problem 4.1?

Next are a couple of applications of ε-biased sets.

Problem 4.3. Given S ⊆ Fn2 consider the graph G over vertex set Fn2 with edge set

E = {(x, y) | ∃s ∈ S such that x = y + s} .

Such a graph is known as a Cayley graph. Prove: S is ε-biased if and only if the normalized

second eigenvalue of the adjacency matrix of G is at most ε (i.e., G is an expander graph).

Problem 4.4. Given S ⊆ Fn2 letM be the |S|×n matrix whose rows are the elements of S.

Prove that if S is ε-biased then the span of the columns of M , i.e., C = {M · x | x ∈ Fn2},
forms a linear code with minimal distance n(1

2 − ε).

We end by stating a well-known open problem.

Problem 4.5. Construct an explicit ε-biased set of size O( n
ε2

).

4�2



Lecture 5

Fooling low-degree polynomials part II

April 27th�May 4th, 2009

Lecturer: Eli Ben-Sasson Scribe: Not applicable

In this session we construct explicit ε-fooling sets for polynomials of degree d > 1. In

particular, we shall prove the following theorem from Viola [2008] which simpli�es and

improves previous results of Bogdanov and Viola [2007]; Lovett [2008].

Theorem 5.1 (The sum-set of d ε-biased sets fools degree d polynomials). Let S1, . . . , Sd
be a sequence of ε1-biased sets (as de�ned in Section 4.2) for Fn2 . Then the multiset

S = S1 + · · ·+ Sd = {s1 + · · ·+ sd | si ∈ Si}

is a εd-fooling set for n-variate polynomials of degree ≤ d over F2, where

εd =
(

16 · ε1/2
d−1

1

)
.

The rest of this session is devoted to the proof of this theorem. The proof goes by induction

on d. Let f be a degree d polynomial. We view a random s ∈ S as a sum of d independent

random variables s1 + · · ·+ sd. Roughly speaking, we use the random variable s1 to reduce

the degree of f to d−1 and then argue that s2 + · · ·+sd fools the lower-degree polynomials.

To make this strategy work we will employ directional derivatives, de�ned next.

5.1 Directional derivatives

The following notion plays a crucial role in the proof of Theorem 5.1 as well as in many other

results in additive combinatorics and in applications of additive combinatorics to computer

science. Two crucial properties of directional derivatives are obtained in Problem 5.1.

De�nition 5.2 (Directional derivative). Let f : Fn → F be a function over a �eld F.
The directional derivative of f in direction a ∈ Fn is the function fa de�ned by fa(x) =
f(a+ x)− f(x).

Problem 5.1. Prove: The transformation f 7→ fa is a linear transformation, i.e., (αf +
βg)a = αfa + βga for all functions f, g and constants α, β ∈ F. Furthermore, this transfor-

mation strictly reduces the degree of f as a multivariate polynomial, i.e., if deg(f) > 0 then

deg(fa) < deg(f).

5�1



5.2 Fooling polynomials with large bias

The inductive proof of Theorem 5.1 splits into two cases based on the bias of f ,

bias(f) =

∣∣∣∣∣ E
x∈Fn

p

[
ωf(x)
p

]∣∣∣∣∣ =
∣∣∣f̂0

∣∣∣ . (7)

We start with the simpler case of large bias.

Lemma 5.3 (Large bias). Let S be a εd−1-fooling set for degree d − 1 polynomials. Then

for any degree d polynomial f ,∣∣∣∣ E
s∈S

[
(−1)f(s)

]
− bias(f)

∣∣∣∣ · bias(f) ≤ εd−1 (8)

Problem 5.2. Prove Lemma 5.3. Hints:

• Write Equation 8 as the di�erence of two terms, where each term is an expectation

over two independent random variables.

• Fix one of the independent random variables and notice the residual term is a direc-

tional derivative.

• Apply induction using Problem 5.1.

5.3 Fooling polynomials with small bias

To prove the next lemma we will use directional derivatives and the Cauchy-Schwartz in-

equality (as described in Problem 5.3) to reduce the degree of f .

Lemma 5.4 (Small bias). Let S be a εd−1-fooling set for degree d − 1 polynomials and let

T be a ε1-biased set (i.e., a ε1-fooling set for degree 1 polynomials). Then for any degree d

polynomial f , ∣∣∣∣ E
s∈S,t∈T

[
(−1)f(s+t)

]∣∣∣∣ ≤√(bias(f))2 + ε21 + εd−1 (9)

Problem 5.3. To prove Lemma 5.4 we need the following basic statement from probability.

Let X,Y be independent random variables and let g be a function of X,Y taking on complex

values. Prove, using the Cauchy-Schwartz inequality (Equation 4):∣∣∣∣ E
X,Y

[g(X,Y )]
∣∣∣∣2 ≤ E

X

[
E
Y,Y ′

[
g(X,Y ) · g(X,Y ′)

]]
,

where Y ′ is an independent random variable distributed as Y .

Problem 5.4. Prove Lemma 5.4. Hints:

5�2



• Square both sides of Equation 9.

• Expand the (squared) left hand side using Problem 5.3.

• Use Problem 5.1 to replace S with Fn2 , incurring a �small� additive error of εd−1,

reaching the inequality∣∣∣∣ E
s∈S,t∈T

[
(−1)f(s+t)

]∣∣∣∣2 ≤ εd−1 +

∣∣∣∣∣ E
x∈Fn

2 ,t,t
′∈T

[
(−1)f(x+t)+f(x+t′)

]∣∣∣∣∣ (10)

• Bound the rightmost term in Equation 10 by ε21 + (bias(f))2 by using the Fourier

representation of f .

5.4 Completing the proof of Theorem 5.1

Let us complete the proof of the main theorem of this session.

Problem 5.5. Prove Theorem 5.1. Hints: by induction on d, splitting into two cases based

on whether bias(f) > √εd−1 or not.

We end the discussion of Theorem 5.1 by stating the following important open problem.

Problem 5.6. Design an explicit ε-fooling set (say, for ε ≤ 1/4) for the set of n variate

polynomials over F2 of degree log n.

5.5 Approximating biased functions by majority of derivatives

The following lemma from Bogdanov and Viola [2007] is another interesting application of

the method of directional derivatives to the study of low-degree polynomials. This lemma

has been very useful in the study of error correcting codes based on low-degree polynomials

(the so-called Reed-Muller codes) Kaufman and Lovett [2008]; Lovett and Kaufman [2008]

and in additive combinatorics Green and Tao [2007].

Lemma 5.5 (Approximation by majority of derivatives). Let f : Fn2 → F2 be a function

with bias(f) = β > 0. Then for any integer k there exist a1, . . . , ak ∈ Fn2 such that

Pr
x∈Fn

2

[f(x) 6= majority(fa1(x), . . . , fak
(x))] ≤ exp(−Ω(β2k))

Problem 5.7. Prove Lemma 5.5. Hints: Use the Cherno� bound.

Problem 5.8. Prove: For all β, ε > 0 the following holds. Suppose f : Fn2 → F2 is a degree

d polynomial that agrees with a degree 1 polynomial on a
(

1+β
2

)
-fraction of inputs. Then

there exists a function g : Fn2 → F2 that is the majority of k = O
(

log 1/ε
β2

)
many degree

(d− 1)-polynomials, such that f equals g on a (1− ε)-fraction of inputs.
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6.1 Global and local properties

A global property of a set A ⊆ Fn2 is a property that depends on all elements of A, i.e.,

deciding whether A has this property requires knowing the identity of all elements of A.

A local property is one that can be decided by querying a small number of elements of

A. The interplay between local and global properties is a fascinating subject, arising within

theoretical computer science in the study of probabilistically checkable proofs (PCPs), hard-

ness of approximation, property testing and coding theory. In the next few sessions we will

study the �global vs. local� phenomena in the context of additive combinatorics and see

applications of this phenomena to questions in theoretical computer science.

The property of A being a F2-linear space is a global one. However, this global property

implies a multitude of local properties. Namely, if A is a linear space then for all a, a′ ∈ A
we also have a + a′ ∈ A. The question we shall study next is: Suppose that a constant

fraction of pairs a, a′ ∈ A have the local property a+a′ ∈ A. Can we say that A is �close� to

being a linear space? The following theorem gives a sounding �yes� answer to our question

and the rest of this session will be devoted to proving this theorem. Later on we will see

one application of this theorem, due to Samorodnitsky [2007], to questions regarding locally

testable codes. Our exposition closely follows the presentation in Viola [2007].

Theorem 6.1. Balog and Szemerédi [1994]; Gowers [1998]; Ruzsa [1999] For every ε > 0
there exists ε′ > 0 such that the following holds for all su�ciently large n. If A ⊆ Fn2 satis�es

Pr
a,a′∈A

[
a+ a′ ∈ A

]
≥ ε, (11)

then there exists A′ ⊆ A, |A′| ≥ ε′|A| such that

|A′|
|span(A′)|

≥ ε′.

The proof of this theorem is combined of two parts. First, we show that Equation 11 implies

that some relatively large subset A′ ⊂ A is roughly closed under pairwise addition, i.e.,

|A′ + A′| = O(|A′|). This part of the proof was shown in Balog and Szemerédi [1994] and

later improved in Gowers [1998]. Second, we show that if A′ is roughly closed under pairwise

addition, then it is also roughly closed under repeated addition, i.e., |span(A′)| = O(|A′|).
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This part of the proof is due to Ruzsa [1999] and improves upon an earlier result of Freiman

[1973]. We prove these two parts consecutively.

6.2 The Balog-Szemerédi-Gowers Theorem

The following result originally appeared in Balog and Szemerédi [1994] and its quantitative

bounds were improved in Gowers [1998].

Theorem 6.2. Suppose A ⊆ Fn2 satis�es Pra,a′∈A[a+ a′ ∈ A] ≥ ε. Then there exists A′ ⊆
A, |A′| ≥ ε|A|

3 such that |A′ +A′| ≤
(

6
ε

)8 · |A|.
We shall prove Theorem 6.2 by reducing it to the following graph-theoretic question. This

method of proof which is due to Sudakov et al. [2005] relies on the following key lemma.

Lemma 6.3 (Graph density implies multiple length-4 paths). Let G be a simple undirected

graph over a vertex set A of size m and an edge set E of size εm2. Then there is a set

A′ ⊆ A, |A′| ≥ εm such that for all a, b ∈ A′ there are at least (ε/2)8 ·m3 paths of length 4
in G from a to b.

Problem 6.1. Prove that Lemma 6.3 implies Theorem 6.2. Hints:

• Construct a graph over vertex set A and argue the number of edges in it is at least

ε|A|2/3.

• Apply Lemma 6.3 to conclude every c ∈ A′+A′ is the sum of many distinct quadruples

(x, y, z, w) ∈ A4.

The proof of Lemma 6.3 is a remarkable application of the �rst moment method, i.e., it uses

(only) the linearity of expectation. The magic is due to a careful selection of the elements

we are counting.

Problem 6.2. Prove Lemma 6.3 by showing there exists A′ ⊆ A such that every a ∈ A′

shares many (εm) neighbors with most ((1− ε′)-fraction of) nodes in A′. Hints:

• For v ∈ V let N(v) be the neighborhood of v, i.e., N(v) = {u ∈ V | (v, u) ∈ E}. A

pair (u,w) is said to be a bad pair if |N(u) ∩N(w)| ≤ ε3m. A vertex u ∈ V is bad for

v if u forms a bad pair with at least ε2m other nodes in N(v). Let S(v) denote the

set of vertices in N(v) that are bad for v.

• Show Ev∈A[|S(v)|] ≤ εm by giving two bounds on the expected number of bad pairs

in N(v): (i) a lower bound as a function of |S(v)|, and (ii) an upper bound using

linearity of expectation.

• Conclude Ev∈A[|N(v) \ S(v)|] ≥ εm and �x A′ = N(v) \ S(v) for some v satisfying

|N(v) \ S(v)| ≥ εm.

• Prove A′ satis�es the conditions of Lemma 6.3 by showing that every a, b ∈ A′ form a

good pair with almost all c ∈ A′.
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In this session we complete the proof of Theorem 6.1 by proving the following theorem from

Ruzsa [1999] which improves upon Freiman [1973]. The starting point of this theorem is

that A does not expand signi�cantly under addition and its conclusion is that A is roughly

a large subset of a linear space. From here on let 2A denote A + A and inductively de�ne

kA to be (k − 1)A + A for k > 2. The notation A × B will be reserved for the cartesian

product of A and B.

Theorem 7.1. For every c ≥ 1 there exists c′ ≥ 1 such that the following holds for all

su�ciently large n. If A ⊆ Fn2 satis�es |A+A| ≤ c · |A|, then |span(A)| ≤ c′ · |A|.

Problem 7.1. Prove Theorem 6.1 using Theorem 6.2 and Theorem 7.1.

7.1 Bounding the size of 4A

The proof of Theorem 7.1 has two parts. The �bootstrapping� part, discussed in this section,

shows that if 2A is small then 4A is also small. The second, �inductive� part, shows that kA

is small for all k ≥ 1, thus completing the proof. We start the �rst part by �nding a small

set of shifts of A that intersects signi�cantly with b+A for all b ∈ A.

Problem 7.2. Prove: If |2A| ≤ c|A| then there exists X ⊆ A, |X| ≤ 2c such that

∀b ∈ A, |(X +A) ∩ (b+A)| ≥ |A|/2.

Hint: Use a greedy algorithm to construct X.

Problem 7.3. Prove, using the previous problem:

If |2A| ≤ c|A| then |4A| ≤ 16c5|A|. (12)

This is done by showing that every w ∈ 4A can be written in many di�erent ways as a sum

of elements from sets that are smaller than 4A.

• Show that for every z ∈ 2A there are at least |A|/2 di�erent triples (c, a, x) ∈ 2A ×
A×X such that z = c+ a+ x.

• Conclude that for every pair (z, z′) ∈ 2A × 2A there exist at least |A|2/4 distinct

quintuples (c, c′, a+ a′, x, x′) ∈ 2A× 2A× 2A×X ×X such that z + z′ = c+ a+ x+
c′ + a′ + x′.

• Noticing z + z′ ∈ 4A, conclude the proof.
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7.2 Bounding the size of kA for arbitrary k

We now proceed to the second part of the proof of Theorem 7.1.

Problem 7.4. Prove, as in Problem 7.2, that the right hand side of Equation 12 implies

there exists Y ⊆ 3A, |Y | ≤ 16c5 such that for every b ∈ 3A we have (Y +A) ∩ (b+A) 6= ∅.

Problem 7.5. Complete the proof of Theorem 7.1. Hint: prove by induction on k ≥ 3 that

kA ⊆ (k − 2)Y + 2A. Notice that the bound we get on |span(A)| is exponential in c.

We end with an important open problem.

Problem 7.6. Is the exponential dependence of ε′ on ε in Theorem 6.1, which arises from

the argument in Problem 7.5, necessary? Can it be replaced by a polynomial dependence?

(I.e., can Theorem 6.1 be stated with the added claim that ε′ = εd for some absolute constant

d that is independent of ε and n?)
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In this session we follow Samorodnitsky [2007] which showed that if a function f : Fn2 → F2

passes a certain quadracity test with nonnegligible probability then f has nonnegligible agree-

ment with a quadratic polynomial. We will focus on showing one of the main observations

in Samorodnitsky [2007], namely, the reduction from the above-mentioned problem to a

question in additive combinatorics that we have already discussed (in Theorem 6.1). We

start by describing the test analyzed in Samorodnitsky [2007].

8.1 A �low-degreeness� test

The quadracity test considered by Samorodnitsky is based on the realization that the third

iterated directional derivative of a quadratic polynomial is the constant zero function.

De�nition 8.1 (Iterated directional derivative). For integer k > 1, the kth iterated (direc-

tional) derivative of a function f : Fn → F in directions a1, . . . , ak ∈ Fn2 is denoted by fa1,...,ak

and de�ned inductively by fa1,...,ak
= (fa1,...,ak−1

)ak
, where ga is the directional derivative of

g in direction a as given in De�nition 5.2.

In what follows, let A(b; a1, . . . , ak) denote the a�ne space that is the additive b-coset of

span(a1, . . . , ak),

A(b; a1, . . . , ak) =

{
b+

∑
i∈I

ai | I ⊆ {1, . . . , k}

}
. (13)

The dimension of A(b; a1, . . . , ak) is dim(span(a1, . . . , ak)).

Problem 8.1. Prove: If f : Fn2 → F2 is of degree d then for any b, a1, . . . , ad+1 ∈ Fn2 we

have
∑

α∈A(b;a1,...,ad+1) f(α) = 0.

Consider the following �low-degreeness� test: Pick a random d+ 1-dimensional a�ne space

A and sum the value of f on all points in A; Accept if and only if the sum (over F2) is 0.
The previous problem shows that if deg(f) ≥ d then the test will pass with probability 1.
What about the converse? Can we say anything about f if we know it passes the test with

�good� probability?

This question was �rst considered for d = 1 by Blum et al. [1990] and an improved, Fourier-

based, analysis was given in Bellare et al. [1995]. For d > 1 the question was �rst discussed

in Alon et al. [2005] which showed that if f passes the test with very high probability (say,

.99) then f is very close (say, .98-close) to a degree d polynomial. The following theorem

from Samorodnitsky [2007], which is the focus of our study, shows that for d = 2, if f
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passes the aforementioned degree-2 test with nonnegligible probability (say, .51), then f is

nonnegligibly close (say, .50001-close) to a quadratic polynomial. We point out that very

recently, a result in this spirit was shown for degree d > 2 in Tao and Ziegler [2008], using

an ergodic-theory based proof.

Theorem 8.2 (Quadracity local test). For every ε > 0 there exits ε′ > 0 such that the

following holds for all su�ciently large n. If f : Fn2 → F2 satis�es

E
b,a1,a2,a3

 ∏
z∈A(b,a1,a2,a3)

(−1)f(z)

 ≥ ε, (14)

then there exists a quadratic n-variate polynomial g over F2 such that

Pr
x∈Fn

2

[f(x) = g(x)] ≥ 1 + ε′

2
. (15)

8.2 The Fourier spectrum of derivatives of quadratics

The starting point of the proof of Theorem 8.2 is that when f is a quadratic function, the

Fourier coe�cients of the derivatives of (−1)f are �nicely structured�. As customary when

using Fourier analysis of Boolean functions, from here on we will assume that the range of f

is {−1, 1} by considering f ′(z) = (−1)f(z). We also abuse notation and denote the b-Fourier

coe�cient of the function f ′ by f̂ ′(b). This will allow us to consider such objects as the

b-Fourier coe�cient of f ′a, which will be denoted by f̂ ′a(b).

Problem 8.2. If f is a quadratic polynomial then there exists a symmetric matrix B ∈
Fn×n2 with zero diagonal (i.e., Bii = 0 for i = 1, . . . , n) such that for every a ∈ Fn2 , the
|f̂ ′a(B · a)| = 1. (Notice this implies, by Parseval's equality (Equation 3) that all other

Fourier coe�cients of f ′a are 0). Hint: Express f(x) as x>Ax+α for A ∈ Fn×n2 and α ∈ F2.

Thus, if f is a quadratic polynomial then the choice function that maps a to the largest

Fourier coe�cient of f ′a, is a linear function. Next, we show that to prove Theorem 8.2

it is su�cient to �nd a linear choice function that has nonnegligible success probability in

choosing large Fourier coe�cients of derivatives of f .

Problem 8.3. Prove: If B ∈ Fn×n2 is symmetric with zero diagonal and satis�es

E
a

[
f̂ ′a

2
(Ba)

]
≥ ε > 0 (16)

then there exists a quadratic polynomial g such that Equation 15 holds for f, g and some

ε′ > 0 that depends only on ε. Hints:

• Let h(x) = x>Ax for A satisfying A+At = B.

• Use Plancherel's equality (Equation 2) and Problem 8.2 to show Ea

[
〈f ′a, h′a〉2

]
≥ ε.
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• Show, using the Fourier representation of f ′ and h′ and the orthonormality of charac-

ters (Proposition 2.2), that Ea

[
〈f ′a, h′a〉2

]
=
∑

c∈Fn
2

̂(f + h)′
4
(c), where (f + h)′(x) =

(−1)f(x)+h(x).

• Use Parseval's equality (Equation 3) to conclude there exists c ∈ Fn2 , c′ ∈ F2 such that

g(x) = h(x) + 〈c, x〉F2 + c′ is the quadratic satisfying Equation 15.

8.3 From Fourier analysis to additive combinatorics

We now arrive at the crux of the argument in the proof of Theorem 8.2. Our starting point

is the following lemma from Samorodnitsky [2007]. We omit its proof, which is done by the

standard method of Fourier-analysis (which is similar to the way we solved Problem 8.3

Lemma 8.3. If Equation 14 holds then there exists ε̃ > 0 that depends only on ε such that

E
a,b

∑
α,β

f̂ ′a
2
(α)f̂ ′b

2
(β)f̂ ′a+b

2
(α+ β)

 ≥ ε̃. (17)

In the following problem we show that Lemma 8.3 implies the existence of a choice function

that displays �linear-like� behavior.

Problem 8.4. Prove, using Lemma 8.3, that there exists a �choice function� ψ : Fn2 → Fn2
satisfying

Pr
x,y

[
ψ(x) + ψ(y) = ψ(x+ y) and min

{
f̂ ′x

2
(ψ(x)), f̂ ′y

2
(ψ(y)), f̂ ′x+y

2
(ψ(x+ y))

}
≥ ε̃/6

]
≥ ε̃/2.

(18)

Hints:

• De�ne a distribution on functions φ : Fn2 → Fn2 by selecting φ(x) = α with probability

f̂ ′x(α), independently for each x ∈ Fn2 .

• Let L(φ) be the random variable de�ned by

L(φ) = Pr
x,y

[
φ(x) + φ(y) = φ(x+ y) and min

{
f̂ ′x

2
(φ(x)), f̂ ′y

2
(φ(y)), f̂ ′x+y

2
(φ(x+ y))

}
≥ ε̃/6

]
• Show that Eφ[L(φ)] ≥ ε̃/2.

Next, we use additive combinatorics to argue that φ is really a linear transformation de�ned

on a a�ne subspace of Fn2 of constant co-dimension.

Problem 8.5. Prove: if Equation 14 holds then there exists an a�ne subspace A of co-

dimension c, where c depends only on ε (and is independent of n), and a a�ne transformation

D : A → Fn2 such that Ex∈A

[
f̂ ′x

2
(D(x))

]
≥ ε′ for some ε′ > 0 that depends only on ε. Hints:

Use Problem 8.3 and Theorem 6.1.
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To sum up, we have showed that Equation 14 implies the existence of a a�ne choice function

D that works well on a a�ne subspace of constant co-dimension. To complete the proof of

Theorem 8.2, via Problem 8.2, we need to extend D to all of Fn2 and furthermore show that

it is a a linear transformation described by a symmetric function with zero diagonal. Details

of this part can be found in Samorodnitsky [2007].
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In the last part of this course we will see how sum-product theorems over �nite �elds can be

used to construct so-called extractors for independent sources. In particular, we will follow

Barak et al. [2006] who were the �rst to notice the application of sum-product theorems to

constructing pseudorandom objects. As done earlier in the course, we start by describing the

mathematical tools to be used and later on will elaborate on their applications to theoretical

computer science.

9.1 Sum-Product Theorems

A fundamental theorem in additive combinatorics, due to Erdos and Szemeredi ES, says

that no set of integers can be simultaneously closed under addition and under multiplication.

Formally, there exists ε > 0 such that for any A ⊂ N we have max {|A+A|, |A ·A|} ≥ |A|1+ε,

i.e., at least one of the sum-set or product-set of A must be signi�cantly larger than A. (Yet

another way of thinking of this is that sets that are �arithmetic-progression-like� in the

sense that |A + A| ≈ O(|A|) cannot be �geometric-progression-like�, i.e., they cannot have

|A ·A| ≈ O(|A|) as well.)
Recently, similar sum-product theorems were obtained for subsets of �nite �elds that have

no large sub�elds (examples of such �elds are Fp and F2p where p is a prime). The �rst such

result is the following theorem of Bourgain et al. [2003].

Theorem 9.1. For any δ > 0 there exists ε > 0 such that the following holds for all

su�ciently large �nite �eld that does not contain a sub�eld of size ≥ |F|δ. For every

A ⊂ F, |F|δ ≤ |A| ≤ |F|1−δ (19)

we have max {|A+A|, |A ·A|} ≥ |A|1+ε.

Remark. Notice that the requirement placed on F is essential. If F contains a sub�eld of

size |F|δ then taking A to be this sub�eld one sees that |A+A|, |A ·A| = |A|. Similarly, the

size of A must be bounded from above because taking A = F gives a set with no expansion

under addition or multiplication.

The proof of the above theorem as well as followups and improvements to it Konyagin [2002];

Bourgain et al. [2006] follows in two steps. To explain these steps, we need the following

de�nition.
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De�nition 9.2 (Rational expression). A rational expression is an expression involving the

four basic arithmetic operations (addition, subtraction, multiplication and division) and

distinct variables denoted x1, x2, . . .. Given an expression R(x1, . . . , xk) and a set A ⊆ F let

R(A) = {R(a1, . . . , ak) | ai ∈ A}.

For instance, when R(x1, x2) := x1 + x2 then R(A) = A + A and when R(x1, x2, x3) :=
x1 · x2 + x3 then R(A) = (A · A) + A. Using De�nition 9.2 we describe the proof strategy

of Theorem 9.1 as follows.

1. Pick a speci�c rational expression R and show that there exists ε > 0 such that for all

A satisfying Equation 19 we have |R(A)| ≥ |A|1+ε.

2. Show that if one assumes |A+A|, |A ·A| < |A|1+ε′ then there exists A′ ⊂ A, |A′| > |A|γ

(for γ > 0) such that |R(A′)| < |A′|1+ε, contradicting part 1.

Next we elaborate on these two parts.

9.2 An explicit expanding rational expression

As an example of the �rst part of the proof of Theorem 9.1 we use a rational expression

suggested and analyzed in Barak et al. [2006]. In particular, they proved:

Lemma 9.3. There exists a rational expression over 16 variables such that for every δ > 0
and every �eld F such that F does not contain a sub�eld of size ≥ |F|δ the following holds.

If |A| ≥ |F|δ then R(A) ≥ min
{
|A|1+δ, |F|

}
.

To prove this lemma Barak et al. [2006] showed that the following rational expression ex-

pands.

Lemma 9.4. Let A ⊆ F be such that |F|
1
k < |A| ≤ |F|

1
k−1 for integer k ≥ 2. Then∣∣∣∣A−AA−A

∣∣∣∣ ≥ |F| 1
k−1 .

Problem 9.1. Prove Lemma 9.4. Hints:

• Argue by way of contradiction. Let B = A−A
A−A and suppose |B| < |F|

1
k−1 .

• Show the existence of a sequence s1, . . . , sk−1 ∈ F such that for each i = 1, . . . , k − 1
we have si 6∈ B +

∑
j<i sjB.

• Consider the function f : Ak → F given by f(x0, . . . , xk−1) = x0 +
∑

i<k sixi.

• Argue the existence of distinct x, y ∈ Ak such that f(x) = f(y).

• Conclude, using such x, y, that the sequence s1, . . . , sk−1 as de�ned above cannot exist.

9�2



Problem 9.2. Prove Lemma 9.3. Hints: use Lemma 9.4.

• Let R′ be the rational expression stated in Lemma 9.4.

• Let R be the composition of R′ with itself.

• Choose k such that |F|1/k < |A| ≤ |F|1/(k−1).

• Notice that |F|1/k−1 is not an integer (because F has no large sub�elds) so the inequality

in the conclusion of Lemma 9.4 is strict.
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In our next session we continue with the proof of Theorem 9.1 by attending to its second part

as described at the end of Section 9.1. Recall that we need to show that if both the size A+A
and of A·A are small relative to the size of A then the size of R(A) is also small, where R is a

�xed rational expression. We have already seen in Problem 7.3 that when |A+A| = O(|A|)
then |`A| = O(|A|) as well. The very same result (stated for a multiplicative group) implies

that |A`| is small when |A ·A| is small. However, such results discuss only a single arithmetic

operation, whereas we need to bound the size of sets involving all four of them and this is

what we do next.

10.1 Bounding expressions that involve an operator and its

inverse

The following theorem bounds the size of rational expressions involving a single group op-

eration and its inverse. We state the theorem for the pair of addition�subtraction but the

same proof applies to multiplication�division as well. The initial proof of this theorem is

from Plünnecke [1969] and we give the simpler proof from Ruzsa [1996].

Theorem 10.1 (Plünneke-Ruzsa iterated sums theorem). There exist constants c1, c2 such

that the following holds for any �nite subsets A,B, |A| = |B| of an abelian group G (written

additively). If |A+B| ≤ K|A| then |`A− `A+ `B − `B| ≤ c1Kc2 |A|.

To prove the theorem we start with the following lemma from Ruzsa [1996].

Lemma 10.2 (Ruzsa's inequality). For any �nite subsets C,D,E of a group G (written

additively) we have

|C −D| · |E| ≤ |C − E| · |E −D|. (20)

Problem 10.1. Prove Lemma 10.2. Hints:

• De�ne a function φ : (C −E)×D → (C −E)× (D−E) by �xing for each λ ∈ C −D
a pair cλ ∈ C, dλ ∈ D such that cλ − dλ = λ and letting φ(λ, e) = (cλ − e, e− dλ).

• Prove φ is injective.

To prove Theorem 10.1 we also need the result stated in the next problem.
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Problem 10.2. Prove: If |A| = |B| and |A+B| ≤ K|A| then there exists S ⊆ A+B, |S| ≥
|A|/2 such that |A+B + S| ≤ 2K3|A|. Hints:

• Let S ⊆ A + B be the set of elements that have at least |A|/2K representations as

sums of pairs from A,B. Argue |S| ≥ |A|/2.

• To prove |A + B + S| ≤ 2K3|A| notice that every element x ∈ A + B + S can be

written in |S|/2K distinct ways as a sum of two elements from A+B.

Problem 10.3. Prove, using Lemma 10.2 and Problem 10.2:

1. If |A+A| ≤ |A|1+ε then |A−A| ≤ |A|1+2ε.

2. If |A| = |B| and |A+B| ≤ K|A| then |A−A+B −B| ≤ 8K6|A|.

3. Theorem 10.1 for the case of ` being a power of 2.

10.2 Bounding expressions that involve addition and multipli-

cation

Finally, we discuss how to bound expressions involving addition and multiplication. Follow-

ing [Barak et al., 2007, Section 4.4], we next state a �dream version� of Theorem 6.2, i.e.,

a version that is not known to be true, and use it to bound a certain expression involving

subtraction and multiplication. Similar techniques are used to bound the size of an arbitrary

rational expression (see, e.g., [Barak et al., 2007, Section 4.4] for details).

Lemma 10.3 (�Dream version� of the Balog-Szemeredi-Gowers theorem). If |A−A| ≤ K|A|
then ∃A′ ⊂ A, |A′| ≥ |A|/Kc such that every b ∈ A′ − A′ has |A|/Kc representations as

b = x− y, where x, y ∈ A′.

Problem 10.4. Prove that Lemma 10.3 implies that if |A + A|, |A · A| ≤ K|A| then there

exists B ⊂ A, |B| ≥ |A|/Kc such that |B ·B −B ·B| ≤ |A|/Kc. Hints:

• Bound the size of (B−B) ·B by arguing every element in this set has many represen-

tations as a di�erence of two elements from B ·B.

• Notice that b−b′ ∈ B ·B−B ·B can be written in ≈ |B| ways as a sum of two elements

from (B −B) ·B.

10�2
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