Noise in Computation — Exercise 1 (submit June 26, 2007)

June 19, 2007

. Fix a signal f € RY. Let 2 = f + w where w is zero mean white noise with variance o2. Let
B = (bg,...,by_1) be an orthonormal basis for RY and let , f, 1 respectively denote the
representation of x, f, w in the basis B. For a = (ap,...,an_1) let D, be the following linear
diagonal estimator for the signal f given observed signal x:

N-1
Da({L') = Z a; - ﬁ?i . bi.
=0
The risk of D, with respect to f is defined as

r(Da, f) = E[l|f — Da(@)|],

where the expectation is taken over the random white noise w. (i) Find the “best possible”
vector a* = (ag,...,a}_q), i.e., such that r(Dg«, f) is minimal among all possible a € RN,
(ii) Calculate rine(f) = r(Dgx, f).

. Let r,(f) denote the minimal risk of a linear projection estimator of the signal f as defined
in class:

N—-1 )
rp(f) = Y min(f7,0%).
=0

Let D7 denote the threshold diagonal estimator given by

N-1
) ) g |8 =T
Dr(e) = 3 pr(an) b where pr(a) = { 3 727
=0 !

Prove the following weaker form of the Donoho-Johnston Theorem presented in class:
Theorem: There exists Ny such that for all N > Ny and f € RN the following holds. For
T =o0-(vV2InN + 1), with probability greater than 0.99

If = Dr()|* < rp(f) - O(In N),

where x = f+w and the probability is taken over w which is zero mean Guassian white noise.
Hints:

e Represent all vectors in the basis B.



e Use the following Theorem.
Theorem: There exists Ny such that for all N > Ny

Inln N
Pr O'VQIHN—%S max |w;| <ov2InN| > 0.99,
In N 0<i<N

where the probability is taken over independent identically distributed (i.i.d.) Gaussian

random variables wy, ..., wy_1 ~ N(0,0%) with zero mean and variance o2.

e Split the problem to several subcases, depending on | fz], oand T.
3. Compare the risk of thresholding in different Basis. Let 7,(f, B) denote the minimal risk of a
linear projection estimator for f (as defined in question 2) when f is represented in the basis

B. Let N(f,B) denote the number of coefficients of the representation of f in basis B that
have absolute value at least . In other words, if f is the representation of f in basis B, then

N(f.B) = [{f; = o}

Let C(f, B,m) be the error of reconstructing f from its m largest coefficients in basis B, i.e.,
assuming without loss of generality fo > f1 > ... > fn-1,

C(f,Bm)=>_fI.
i>m
(i) Express rp(f, B) in terms of N(f, B), o and C(f, B,m). (Hint: What value should m
receive?)

(i) Prove there exist two distinct orthonormal basis By, By and two signals fo, f1 such that
for k € 0,1 we have ry(fx, By) is small while r,(fi_, B) is large?

(#ii) How large can the gap be?



