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This Talk Gives and Overview Oné

A decade of tremendous progress in the field of
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demosaicing, super-res., and compression

.
Summary &
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C Sparsity and Redundancy are valuable and
well-founded tools for modeling data.

C When used in image processing, they lead
to state-of-the-art results.

Sparse and Redundant Representation Modeling
of SignalsT Theory and Applications
By: Michael Elad



Denoising by
Sparse & Redundant
Representations
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Noise Removal?

Our story begins with I mage denoi si

Remove
Additive
Noise

C Important: (i) Practical application; (ii) A convenient platform
(being the simplest inverse problem) for testing basic ideas in image
processing, and then generalizing to more complex problems.

C Many Considered Directions: Partial differential equations, Statistical
estimators, Adaptive filters, Inverse problems & regularization,
Wavelets, Examplebased techni ques, Sparse
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Denoising By Energy Minimization

Many of the proposed image denoising algorithms are related to the
minimization of an energy function of the form

()= s o el

y : Given measurements Relation to

Prior or regularization
x : Unknown to be recovered . Measurements

C Thisis in-fact a Bayesian point of view, adopting the
Maximum-A-posteriori Probability (MAP) estimation.

C Clearly, the wisdom in such an approach is within the !
choice of the prior i modeling the images  of interest. Thomas Bayes

1702 - 1761
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The Evolution of G(x)

During the past several decades we have made all sort of guesses
about the prior G(x) for images:

G(x)= I, o(x) =y, G(x)= LA,

8. &
" Energy :F Smoothness L Adapt+

/ E’: Smooth rh’i‘L Statistics
0
Gl x) = C AHidden Markov Models,
o(9)= I 8, 6(x)= fwx, = SH=IE rmenmee
- —Ill1 — —ll1 for x = Da ACompression algorithms as priors,
# - - Aé
Total - D?;NWavelet rﬂ Sparse &
}ﬁ*Val’latIOI’\ }\ Sparsity \\ Redundant
) ‘ S \’
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Sparse Modeling of Signals

C Every column in
D (dictionary) is
a prototype signal
(atom).

Y

A
v

Y\ 4

N C The vector a is
— . generated
randomly with few

Jy (say L) non-zeros

:(nnnrn-n EEEmEEEEEE B

A fixed Dictionary A sparse X at random
& random — locations and with
D vector random values.
C We shall refer to
D this model as
Sparseland



Sparselansignalsare Special

Interesting Model:
C Every generated

signal is built as a linear
combination of few atoms

from our dictionary D

. C A general model: the
Multipl obtained signals are a union
‘ by By ‘ of many low-dimensional

Gaussians

X = D D C We have been

— using this model in other
context for a while now
(wavelet, JPEG,
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Sparse & Redundant Rep. Modeling?

0= e

1

x =D _awhere H_H%\ L«
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Back to Our MAP Energy Function

¢ We L, norm is effectively
: 1 2
counting the number of —H X -V HZ

non-zeros in 4. 2

C The vector a is the ¥
representation (

of the desired

signal x. D g _y —

C The core idea: while few (L out of K) atoms can be merged
to form the true signal, the noise cannot be fitted well. Thus,
we obtain an effective projection of the noise onto a very
low-dimensional space, thus getting denoising effect.
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Walit! There are Some Issues

Numerical Problems:  How should we solve or approximate the
solution of the problem

m;n IDa - XH; st. ||g||8 ¢L or main ngg st. |pa- XHE ¢ &

or min| | 4 {D_ &/

Theoretical Problems: Is there a unique sparse representation? If
we are to approximate the solution somehow, how close will we get?

Practical Problems:  What dictionary D should we use, such that all
this leads to effective denoising? Will all this work in applications?
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ToO

Summartr

Image denoising
(and many other
problems in image
processing) requires
a model for the
desired image

Z

There are some issues:
1. Theoretical

2. How to approximate?
3. What about D?

Image Denoising & Beyond Via Learned
Dictionaries and Sparse representations
By: Michael Elad

e

So

We proposed a
model for
signals/images
based on sparse
and redundant
representations

Far
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Theoretical &
Numerical Foundations
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Lets Start with the Noiseless Problem

Suppose we build a signal
by the relation

-
INEEENEN EEEEN EEEEEEEEEETE
| . J

Da
We aim to find the sigllal 0s
representation: B Known

& :Argl\/!linH_Hag\ st. x [x

Why should we necessarily get E — 7C
Unigqueness

It might happen that eventually HEHg <ﬂ_“%l

Sparse and Redundant 15
Signal Representation,
and Its Role in
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Matri x nSpar ko

Definition:

Donoho 02 E.

Example:

o r O O
= O O O

* In tensor decomposition,
Kruskal defined something
similar already in 1989.
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Uniqueness Rule

Suppose this problem has been solved somehow

& :Argl\/linH_\%\ st. x [

Uniqueness  If we found a representation that satisfy
&), <
g, =5
Then necessatrily it is unigue (the sparsest).

This result implies that if M generates

signals using ditheear se
solution of the above will find it exactly.

17



Our Goal

Here is a recipe for solving this problem:

SetL=1
There are (%)

such supports 1 -

Done
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Lets Approximate

: 0
min Jaf? st |Da-

cxd\

Relaxation methods

Smooth the L, and use
continuous optimization
technigues
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Build the solution
one non-zero
element at a time
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Relaxationi The Basis Pursuit (BP)

L

C This is known as the BasisPursuit (BP)[ Chen, Donoho95. Saunc

C The newly defined problem is convex (quad. programming).

C Very efficient solvers can be deployed:

A Interior point methods [ Chen, Do noh o 95)4KinS Koh, huste, Bsyd, &6
D. Gorinevsky (" 07)].

A Sequential shrinkage for union of ortho-bases[Br uce @8)]. al . (¢

A lterative shrinkage | Fi guer i d o03)g[DaNeehizss Defrige, & De-Mo | 84)] ( 6
[ EOS) (6 [ E., Mat al o06)] [Be&k &Zebbuliel(€09)s]k yé ( 6
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Go Greedy: Matching Pursuit (MP)

algorithms that finds one atom e Seana= | |1

atatime [Malatazhanag).( o |IECHCECEEcEceAReacaseaceds | | B

Step 1: find the one atom that | SESEEEERRSSSRcERsSmmammmnn) |B .
the signal.

Next steps: given the previously H

found atoms, find the next one to
the rsidual.

The algorithm stops when the error HDa yHIS below the destination
threshold.

The Orthogonal MP (OMP) is an improved version that re-evaluates the
coefficients by LeastSquares after each round.

Sparse and Redundant Representation Modeling
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Pursuit Algorithms

: 0 2
minafg st pa- y2 ¢ @

There are various algorithms designed for approximating the
solution of this problem:

C Greedy Algorithms: Matching Pursuit, Orthogonal Matching Pursuit
(OMP), LeastSquares OMP, Weak Matching Pursuit, Block Matching
Pursuit [1993-today].

C Relaxation Algorithms: Basis Pursuit (a.k.a. LASSO)Dnatzig Selector
& numerical ways to handle them [ 1995-today].

C Hybrid Algorithms: StOMR CoSaMPSubspace Pursuit, Iterative Hard-
Thresholding [2007-today].

Cé

. | Sparse and Redundant Representation Modeling
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Pursuit Algorithms

min al; st [Pa yf, ¢

There are various algorithms designed for approximating the
solution of

Greedy / Jit
- (OMP)>,/L Why ShOUId ling
Pursuit [:
Relaxatic actor
¢ & numeri th ey Work
C Hybrid A lard-
Thresholaing | zuu r-toaay].
C e

. | Sparse and Redundant Representation Modeling
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The Mutual Coherence

C Compute ‘ B ]:

DT Assume

normalized DTD =
columns

C The Mutual CoherenceM is the largest off-diagonal
entry in absolute value.

C The Mutual Coherence is a property of the dictionary
(just Ilike the nSparko).

can be shown: 1
S 21 <+
M
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BP and MP Equivalence (No Noise)

Given a signalx with a representation X =D ¢

Equivalence :
assuming that |2, <0.5(1 #¥MBP and MP

are-guaranteed to find the sparsest solution.
- : 0
& =ArgMin|_[a st. x Dz

C MP and BP are different in general (hard to say which is better).

C The above result corresponds to the worst-case, and as such, it is too
pessimistic.

C Average performance results are available too, showing much better
bounds [Donoho (" 04)][Candese t . &4) ] ( & a n n 65)] [Ee (t06)]d Tropp € t6. 86)].
€ (Jandeset . 08)].. (0
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BP Stability for the Noisy Case

- Given a signaly =Da + vwith a representation
Stability 0
satisfying |a|| <l /3Mand a white Gaussian

noise v ~ N (0, s,)BP will show %tability, i.e.
|&. -_[a Gonst() logto] |} &

: I 2 * With very high
- probability (as
min | |4 o & e

C Fors=0 we get a weaker version of the previous result.
C Thisr esul t 1 s t hmultupledloylCdd © g&Kr r or

C Similar results exist for other pursuit algorithms ( Dantzig Selector, Orthogonal
Matching Pursuit, CoSaMPSu b s pace Pursuit, e)

-
26



To Summar |

Image denoising
(and many other
problems in image
processing) requires
a model for the
desired image

The
Dictionary D
should be
found
somehow !

Image Denoising & Beyond Via Learned
Dictionaries and Sparse representations
By: Michael Elad

We proposed a
model for
signals/images
based on sparse
and redundant
representations

We have seen that there are
approximation methods to
find the sparsest solution,

and there are theoretical
results that guarantee their
success.

ze So Far
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Dictionary Learning:
The K-SVD Algorithm

Sparse and Redundant Representation Modeling
of SignalsT Theory and Applications
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What Should D Be?

[
O
|FPIc

& = argmin|a]) st. %H Da -y H; ¢ e’ ke

Our Assumption: Good-behaved Images
have a sparse representation

Y

D should be chosen such that it sparsifies the representations

\ 4 ) 4

One approach to chooseD is from The approach we will take for
a known set of transforms building D is training it,
(Steerable wavelet, Curvelet, based on Learning from

Contourlets, Bandlets, Shearletsé ) Image Examples

. | Sparse and Redundant Representation Modeling
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KI Means For Clustering

Clustering: An extreme sparse representation

Initialize
D

i

Sparse Coding

Nearest Neighbor

i

C

Dictionary
Update

Column-by-Column by

9 | Sparse and Redundant Representation Modeling
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The Ki SVD Algorithmi General

[Aharon, E. & Bruckstein ( 0d, 06)]

Initialize
D

i

Sparse Coding

Use Matching Pursuit

Dictionary
E Update

Column-by-Column by

. | Sparse and Redundant Representation Modeling
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KI SVD: Sparse Coding Stage

Min gHDa- - X-HZ st. "] Ha.Hp ¢L O o
A =1 oL 72 ] 9 EEEEEEEEEEEEEEEEEEEE

Min [Da- x> st. Jaf ¢L
a

SOIVed by lllllllllllllllllllllllllllllllllllllllll
A Pursuit Algorithm

Sparse and Redundant Representation Modeling
of Signalsi Theory and Applications
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KI SVD: Dictionary Update Stage

We should solve:

Min il Lg =
glk,ah b 4 \

4

. | Sparse and Redundant Representation Modeling
¥ of SignalsT Theory and Applications
By: Michael Elad

We refer only to the
examples that use the
column d,

Fixing all A and D apart
from the k* column,
and seek both d, and
the k" column in A to

better fit the residual !
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To Summar |

Image denoising
(and many other
problems in image
processing) requires
a model for the
desired image

Will it all
work in
applications?

Image Denoising & Beyond Via Learned
Dictionaries and Sparse representations
By: Michael Elad

We proposed a
model for
signals/images
based on sparse
and redundant
representations

We have seen approximation
methods that find the
sparsest solution, and
theoretical results that

guarantee their success. We

also saw a way to learn D

ze So Far
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Back to
and Beyond i
Combining it All

Sparse and Redundant Representation Modeling
of SignalsT Theory and Applications
By: Michael Elad
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From Local to Global Treatment

C The K-SVD algorithm is reasonable for low
dimension signals (N in the range 10-400).
As N grows, the complexity and the memory
requirements of the K-SVD become

G

prohibitive.

So, how should large images be handled?

<
<«

4

»

INEEEEEEENEEEEEN A

>

o

C The solution: Force shift-invariant sparsity - on each patch of size

N-by-N (N=8) in the image, including overlaps.

k= ArgMin —Hx yH

{ IJ}U

Sparse and Redundant Representation Modeling

of Signalsi Theory and Applications
By: Michael Elad

Extracts a patch
In the i location

Our prior

37



What Data to Train On?

Option 1:
C Use a database of images,

C We tried that, and it works fine (~ 0.5-1dB
below the state-of-the-art).

Option 2:
C Use the corrupted image itself !!

C Simply sweep through all patches of size
N-by-N (overlapping blocks),

C Image of size 10007 pixels ==~ 10°
examples to useT more than enough.

C This works much better!

Sparse and Redundant Representation Modeling
of SignalsT Theory and Applications
By: Michael Elad
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K-SVD Image Denoising

x=y and D known x and a; known D and a; known

: 4 4 4

Sparse and Redundant Representation Modeling 39
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Image Denoising (Gray) (e & aharon (0s)

l\lll:ll!!i!!!ii
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Noisy image Initial dictionary
s = 20 (overcomplete DCT) 641 256
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Image Denoising (Gray) (e & aharon (0s)

Wi
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e
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Noisy image The obtained dictionary after
s =20 10 iterations
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Image Denoising (Gray) (e & aharon (0s)

|
l

et ]

C The results of this algorlthm compete favorably W|th
the state-of-the-art.

C In arecent work that extended this algorithm to

use joint sparse representation on the patches, the !

best published denoising performance are obtained i"

[Mairal, Bach,Po nc e, Sapiro09R Zi sser mgi

Cal ] BRI J@"’ |||.|I9'\_
Result 30.829dB R RS TR

gSﬁ*ﬁﬂzsugmﬂ
=

ESVSWPRERE. 5
SRw IV ENE S0

AEEAEE

N Lt A N DALATANS
(/] L D TBSBSNRSI T |

i Noisy image The obtained dictionary after
s =20 10 iterations
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Denoising (Color) (vairal, E. & sapiro ( 0s)

C When turning to handle color images, the
main difficulty is in defining the relation
between the color layers T R, G, and B.

C The solution with the above algorithm is
simple i consider 3D patches or 8-by-8
with the 3 color layers, and the dictionary
will detect the proper relations.

Sparse and Redundant Representation Modeling
of SignalsT Theory and Applications
By: Michael Elad
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Denoising (Color) [vairal, £. & sapiro ( 0s)

ok Lo A b AN
Original Result (30.75dB)
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Denoising (Color) (mvairal £. & sapiro (0s)

Our experiments lead to state-of-the-art denoising results,
giving ~ 1dB better results compared to | Mcaul eyosgpt . al
which implements a learned MRF model (Fieldof-Experts)

Original Noisy (12.77dB) Result (29.87dB)

Sparse and Redundant Representation Modeling 45
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Video DenOiSing [Protter & E. ( 09)]

When turning to handle video, one could
Improve over the previous scheme in three
Important ways:

1. Propagate the dictionary from one
frame to another, and thus reduce the
number of iterations;

2. Use 3D patches that handle the motion
implicitly; and

3. Motion estimation and
compensation can and should be
avoided [Buades Col,and Md8)e!| (6

. | Sparse and Redundant Representation Modeling
¥ of SignalsT Theory and Applications

By: Michael Elad
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Video Denoising (rroter & E. (09)]

R e,

Original Noisy ( : 15 : Denoised (PSNR=29.98)
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Video Denoising (rroter & E. (09)]

Our experiments lead to state-of-the-art video
denoising results, giving ~ 0.5dB better results on

average compared to [Boades Cole. Mo r08)) ands
comparable to [Rusanovskyy Dabov, & Egiazarian ( 06)]

Original Noisy ( : 15) Denoised (PNR: 9.98)
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Low-Dosage Tomography shiok, zibulevsky & £ . 10)

C In Computer-Tomography (CT) reconstruction, an
Image is recovered from a set of its projections.

C In medicine, CT projections are obtained by X-ray,
and it typically requires a high dosage of radiation In
order to obtain a good quality reconstruction.

C A lower-dosage projection implies a stronger noise
(Poisson distributed) in data to work with.

C Armed with sparse and redundant representation
modeling, we can denoise the data and the final
reconstruction e enabling C

% | Image Denoising & Beyond Via Learned 49
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Low-Dosage Tomography (shiok, zibulevsky & £ . 10)

Image Denoising & Beyond Via Learned 50
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Image Inpainting i The Basics

C Assume: the signal x has been created

by x=DU, with very sparse U, D __

¢ Missing values inx imply a 0 —X
missing rows in this linear — —
system.

C By removing these rows, we get

Da =x

CITTTTTTTTTTITTIT]

C Now solve

~/

MaianHO st. X D

C If U, was sparse enough, it will be the solution of the
above problem! Thus, computing DU, recovers x perfectly.

. | Sparse and Redundant Representation Modeling
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Side Note: CompressedSensing

C IS leaning on the very same principal, leading
to alternative sampling theorems.

C Assume: the signal x has been created by x=D U, with very sparse U,

C Multiply this set of equations by the matrix Q which reduces
the number of rows.

. | Sparse and Redundant Representation Modeling 5 2
¥ of SignalsT Theory and Applications

By: Michael Elad



Side Note: CompressedSensing

C IS leaning on the very same principal, leading
to alternative sampling theorems.

C Assume: the signal x has been created by x=D U, with very sparse U,

C Multiply this set of equations by the matrix Q which reduces
the number of rows.

C The new, smaller, system of equations is

QDa Qx =D_ax%

C If U, was sparse enough, it will be the sparsest solution of the
new system, thus, computing DU, recovers x perfectly.

C Compressed sensing focuses on conditions for this to happen,
guaranteeing such recovery.

. | Sparse and Redundant Representation Modeling 5 3
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Inpainting [Mairal, E. & Sapiro ( 08)]

Our experiments lead to state-of-the-art inpainting results.

5] :3 SRAPAL

Origihal 80%"missing

Sparse and Redundant Representation Modeling
of SignalsT Theory and Applications
By: Michael Elad
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Inpainting [Mairal, E. & Sapiro ( 08)]

Original 80% missing Result
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Inpainting [Mairal, E. & Sapiro ( 08)]

Our experiments lead to state-of-the-art inpainting results.
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Inpainting [Mairal, E. & Sapiro ( 08)]

The same can be done for video, very much like the
denoising treatment: (i) 3D patches, (ii) no need to
compute the dictionary from scratch for each frame, and
(i) no need for explicit motion estimation

Original 80% missing Result

Sparse and Redundant Representation Modeling
of Signalsi Theory and Applications
By: Michael Elad
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Inpainting [Mairal, E. & Sapiro ( 08)]

The same can be done for video, very much like the
denoising treatment: (i) 3D patches, (ii) no need to
compute the dictionary from scratch for each frame, and
(i) no need for explicit motion estimation

Original 80% missing Result

Sparse and Redundant Representation Modeling
of Signalsi Theory and Applications
By: Michael Elad
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Inpainting [Mairal, E. & Sapiro ( 08)]

The same can be done for video, very much like the
denoising treatment: (i) 3D patches, (ii) no need to
compute the dictionary from scratch for each frame, and
(i) no need for explicit motion estimation

Original 80% missing Result

Sparse and Redundant Representation Modeling
of Signalsi Theory and Applications
By: Michael Elad
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Inpainting [Mairal, E. & Sapiro ( 08)]

The same can be done for video, very much like the
denoising treatment: (i) 3D patches, (ii) no need to
compute the dictionary from scratch for each frame, and
(i) no need for explicit motion estimation

Original 80% missing Result

Sparse and Redundant Representation Modeling
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By: Michael Elad
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Inpainting [Mairal, E. & Sapiro ( 08)]

The same can be done for video, very much like the
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DemOsaiCing [Mairal, E. & Sapiro ( 08)]

CTodayos cameras ar 2w S e plluSe i N g

color per pixel, leaving the rest for
Interpolated.

C Generalizing the inpainting scheme to
handle demosaicingis tricky because
of the possiblility to learn the mosaic
pattern within the dictionary.

Cln order tdoiaviaaeandgoiover
handle the demosaicing problem while
forcing strong sparsity and applying only
few Iterations.
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DemOsaiCing [Mairal, E. & Sapiro ( 08)]

Our experiments lead to state-of-the-art demosaicing
results, giving ~ 0.2dB better results on average,
compared to [Chang &Ch a 06)]( 6
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Image Compression (st and E. (0s)

C The problem: Compressing photo-1D images.

C General purpose methods (JPEG, JPEZD0O0)
do not take into account the specific family.

C By adapting to the image-content (PCA/K-SVD),
better results could be obtained.

C For these technigues to operate well, train
dictionaries locally (per patch) using a
training set of images is required.

C In PCA, only the (quantized) coefficients are stored,
whereas the K-SVD requires storage of the indices
as well.

C Geometric alignment of the image is very helpful
and should be done [Goldenberg, Kimmel, & E. ( 08)].
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