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Image Sequence Denoising via Sparse
and Redundant Representations

Matan Protter and Michael Elad, Senior Member, IEEE

Abstract—In this paper, we consider denoising of image se-
quences that are corrupted by zero-mean additive white Gaussian
noise. Relative to single image denoising techniques, denoising of
sequences aims to also utilize the temporal dimension. This assists
in getting both faster algorithms and better output quality. This
paper focuses on utilizing sparse and redundant representations
for image sequence denoising, extending the work reported in
[1], [2]. In the single image setting, the K-SVD algorithm is used
to train a sparsifying dictionary for the corrupted image. This
paper generalizes the above algorithm by offering several exten-
sions: i) the atoms used are 3-D; ii) the dictionary is propagated
from one frame to the next, reducing the number of required
iterations; and iii) averaging is done on patches in both spatial
and temporal neighboring locations. These modifications lead to
substantial benefits in complexity and denoising performance,
compared to simply running the single image algorithm sequen-
tially. The algorithm’s performance is experimentally compared
to several state-of-the-art algorithms, demonstrating comparable
or favorable results.

Index Terms—Denoising, K-SVD, OMP, sparse representations,
video.

. INTRODUCTION

ENOISING of images is one of the most basic tasks of

image processing, and as such, it has been extensively
studied in the past several decades. This problem is the sim-
plest among the family of problems known as Inverse Problems,
aiming to recover a high quality signal from a degraded version
of it. There is a wealth of single image denoising algorithms; a
comprehensive review of these techniques can be found in [3]
and in [4].

Denoising image sequences extends the above task to handle
the temporal dimension as well. Such sequences can be TV
broadcast, camcorder files, and more. In many cases, one can
assume the noise to be an additive zero-mean white Gaussian
noise, as common also in the still image denoising literature.
Algorithms for the denoising of image sequences aim to re-
move the additive noise while utilizing both the spatial and the
temporal domains. Such an approach is expected to lead to a
gain both in the denoising performance and the computational
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load, when compared to applying a single image denoising al-
gorithm to each image separately. These desired and expected
gains emerge from the high temporal redundancy in image se-
quences. Indeed, in many cases, image sequences are noisier
than single images due to the high capture rate, making the use
of the temporal dimension that much more important.

Denoising of video sequences attracted some attention in the
past decade, with various suggested algorithms and principles.
One suggested approach that utilizes the temporal redundancy
is motion estimation [5], [7], [9], [13]. The estimated trajecto-
ries are used to filter along the temporal dimension, either in
the wavelet domain [5], [7], [13] or the signal domain [9]. Spa-
tial filtering may also be used, with stronger emphasis in areas
in which the motion estimation is not as reliable. A similar ap-
proach described in [10] detects for each pixel weather it has un-
dergone motion or not. Spatial filtering is applied to each image,
and for each pixel with no motion detected, the results of the
spatial filtering are recursively averaged with results from pre-
vious frames. The method described in [15] employs a similar
principle with a fuzzy logic used to replace the binary motion
detection.

A different approach to video denoising is treating the image
sequence as a 3-D volume, and applying various transforms to
this volume in order to attenuate the noise. Such transforms can
be a Fourier-wavelet transform [12], an adaptive wavelet trans-
form [11], or a combination of 2-D and 3-D dual-tree complex
wavelet transform [8].

A third approach towards video denoising employs spatio-
temporal adaptive average filtering for each pixel. The method
described in [6] uses averaging of pixels in the neighborhood of
the processed pixel, both in the current frame and the previous
one. The weights in this averaging are determined according to
the similarity of 3 x 3 patches around the two pixels matched.
The method in [14] extends this approach by considering a full
3-D neighborhood around the processed pixel (which could be
as large as the entire sequence), with the weights being com-
puted using larger patches and, thus, producing more accurate
weights. An adaptive selection of the neighborhood size used for
averaging is employed in [16] for obtaining improved results.
The current state-of-the-art reported in [17] also finds similar
patches in the neighborhood of each pixel; however, instead of
aweighted averaging of the centers of these patches, noise atten-
uation is performed in the transform domain. More on some of
these algorithms and their comparison to our proposed scheme
is found in Section IV.

In this paper, we explore a method that utilizes sparse and
redundant representations for image sequence denoising, ex-
tending the work reported in [1] and [2]. In the single image
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setting, the K-SVD algorithm, as presented in [18] and [19], is
used to train a sparsifying dictionary for the corrupted image,
forcing each patch in the image to have a sparse representation
describing its content. Put in a maximum a posteriori proba-
bility (MAP) framework, the developed algorithm in [1] and [2]
leads to a simple algorithm with state-of-the-art performance for
the single image denoising application.

This paper extends the above algorithm by considering 3-D
(spatio-temporal) patches, a propagation of the dictionary over
time, and averaging that is done on neighboring patches both in
space and time. As the dictionary of adjacent frames (belonging
to the same scene) is expected to be nearly identical, the number
of required iterations per frame can be significantly reduced.
Utilizing patches in nearby frames for the denoising process
is also examined. All of these modifications lead to substantial
benefits both in complexity and denoising performance, outper-
forming all the recently published video denoising methods.

The structure of the paper is as follows. In Section II, we
describe the principles of sparse and redundant representations
and their deployment to single image denoising. Section 11 dis-
cusses the generalization to video, discussing various options
of using the temporal dimension with their expected benefits
and drawbacks. Each proposed extension is experimentally
validated. Section IV surveys the literature, describing several
leading and competitive video denoising algorithms. A perfor-
mance comparison of these methods and the one introduced
in this paper is given, demonstrating the superiority of the
proposed approach. Section V summarizes and concludes the

paper.

Il. IMAGE DENOISING USING SPARSITY AND REDUNDANCY

A method of denoising images based on sparse and redundant
representations is developed and reported in [1] and [2]. In this
section, we provide a brief description of this algorithm, as it
serves as the foundation for the video denoising we develop in
Section I1I.

A noisy image Y results from noise V superimposed on an
original image X. We assume the noise V to be white, zero-
mean Gaussian noise, with a known standard deviation o

Y =X +V, where V ~N{0,0°T}. €))

The basic assumption of the denoising method developed in
[1] and [2] is that each image patch (of a fixed size) can be
represented as a linear combination of a small subset of patches
(atoms), taken from a fixed dictionary. Using this assumption,
the denoising task can be described as an energy minimization
procedure. The following functional describes a combination of
three penalties to be minimized:

fsein ({@ij}i;n X) = AIX = Y3+ ) |IDai; - Ri;X||3
1€
+ > mijlleiillo. ()

ijeQ

The first term demands a proximity between the measured
image, Y, and its denoised (and unknown) version X. The
second term demands that each patch from the reconstructed
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image (denoted by! R;;X) can be represented up to a bounded
error by a dictionary D, with coefficients a;;. The third part
demands that the number of coefficients required to represent
any patch is small. The values p,; are patch-specific weights.
Minimizing this functional with respect to its unknowns yields
the denoising algorithm.

The choice of D is of high importance to the performance of
the algorithm. In [1], [2] it is shown that training can be done
by minimizing (2) with respect to D as well (in addition to X
and a;;). The proposed algorithm in [1] and [2] is an iterative
block-coordinate relaxation method, that fixes all the unknowns
apart from the one to be updated, and alternates between the
following update stages.

1) Update of the sparse representations {e;; }: Assuming that

D and X are fixed, we solve a set of problems of the form

&;; = argmin [ Da — Ry; X |13 + pllelo ©)

per each location [z, j]. This means that we seek for each
patch in the image the sparsest vector to describe it using
atoms from D. In [1] and [2], the orthogonal matching
pursuit (OMP) algorithm is used for this task [20], [22],
[23].

2) Update the dictionary D: In this stage, we assume that X
is fixed, and we update one atom at a time in D, while
also updating the coefficients in {a;; },; that use it. This is
done via a rank-one approximation of a residual matrix, as
described in [18], [19], and [24].

3) Update the estimated image X: After several rounds of up-
dates of {aij}z.j and D, the final output image is computed
by fixing these unknowns and minimizing (2) with respect
to X. This leads to the quadratic problem

X =argmin A|X = Y[5+ ) [[Da; - Ri;X[; (4)
ij
which is solved by a simple weighting of the represented
patches with overlaps, and the original image Y.
The improved results obtained by training a dictionary based on
the noisy image itself stem from the dictionary adapting to the
content of the actual image to be denoised. An added benefit is
that the K-SVD algorithm has noise averaging built into it, by
taking a large set of noisy patches and creating a small, relatively
clean representative set. More recently, the above described al-
gorithm was generalized to handle color image denoising, de-
mosaicing, and inpainting, leading in all these applications to
state-of-the-art results [25].

I1l. EXTENSION TO VIDEO DENOISING

In this section, we describe, step by step, the proposed ex-
tensions to handling image sequences. We also provide exper-
imental results for each proposed extension, validating its ef-
ficiency. A description of the test set and a comparison of the
overall algorithm to other state-of-the-art methods appear in the
next section. To validate the efficiency of the proposed exten-
sion steps, we super-impose white Gaussian noise on several se-
guences, which are then denoised and quantitatively compared.

1The matrix ,; stands for an operator that extracts a patch of fixed size from
the image in location
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The measure of quality of the denoising result X versus the orig-
inal signal X is the Peak-Signal-to-Noise-Ratio (PSNR), given

by

EE2

2
PSNR = 10logy, (%) [dB]
X —X]3

where both signals use the scale 0-255. The PSNR is computed
for each image in the sequence, and then averaged over the entire
sequence, for assessment of the overall denoising quality.

A. Constructing the Algorithm

Considering the objective function in (2), extending it to
handle image sequences might seem to be a simple task. By let-
ting Y and X represent the noisy and clean videos respectively
(instead of the noisy and clean images), and adding an index ¢
in the range [1, T'] to account for the time dimension, we arrive
at a desired penalty term that contains all the forces described
in the single image denoising setting. This formulation forms
one MAP energy function for the entire sequence

T
Hheo {@ije}ije, X, D) = AIX=Y 34+ D> pijellesjello

ijeQ t=1

T
+ > IDaij — RipX[f5. (5)

ijEQ t=1

The term R,;;: X extracts a patch of a fixed size from the volume
X in time ¢ and spatial location [z, j]. This patch may be 3-D, in
general, this way exploiting the temporal axis to our benefit.

Minimizing this functional with respect to its unknowns gen-
erates a single dictionary for the entire sequence and cleans all
the images at once with such a dictionary. The transition to
three dimensions appears in the finer details of the algorithm.
The patches are transformed into 3-D ones, in the sense that
they can contain pixels from more than one image. A 3-D patch
is created by taking a block around the pixel (i, 7,¢) that ex-
tends by (Aé, Aj, At) in each axis respectively. This makes the
patch symmetrical around the center image and, therefore, is not
causal.2 This structure also requires paying special attention to
the dictionary initialization. In our tests, the basis for the initial
dictionary is the same 2-D overcomplete DCT dictionary. Each
atom is then replicated (2At¢ + 1) times to create a 3-D atom of
the wanted temporal width.

As already mentioned, in the penalty term in (5) all the
patches in the sequence are used for training a single dictionary,
that is then applied to the entire sequence. However, training
a single dictionary for the entire sequence is problematic; The
scene is expected to change rapidly, and objects that appear
in one frame might not be there five or ten frames later. This
either means that the dictionary will suit some images more
than others, or that it would suit all of the images but only
moderately so. Obtaining state-of-the-art denoising results
requires better adaptation.

2Causality can be enforced, but was found to lead to a slightly inferior per-
formance.

Fig. 1. PSNR gain (difference in decibels relative to the 2-D atoms’ method)
achieved by using 3-D atoms versus 2-D atoms.

An alternative approach could be proposed by defining a lo-
cally temporal penalty term, that on one hand allows the dictio-
nary to adapt to the scene, and on the other hand, exploits the
benefits of the temporal redundancy. A natural such attempt is
rewriting the penalty in (5) for each image separately

oo i} Xe. Do) = MIXe = Yol3+ Y puijlexisllo
ijEQ
+ > |Drai; — Ri;iX[3 (6)
ijEQ

defined for¢t = 1,2,...,T.

The temporal repetitiveness of the video sequence can be
further used to improve the algorithm. As consecutive images
X; and X;_; are similar, their corresponding dictionaries are
also expected to be similar. This temporal coherence can help
speed-up the algorithm. Fewer training iterations are necessary
if the initialization for the dictionary D; is the one trained for
the previous image.

Returning to the first step of migrating from 2-D to 3-D
patches, how important is this change? To answer this question
we test the effects of 2-D and 3-D atoms on the performance
of the overall video denoising algorithm (with a temporally
adaptive and propagated dictionaries). The results of such a
comparison appears in Fig. 1. For the 3-D case, one set of
parameters (noise-level dependent) is used for all movies. The
3-D atoms used in these tests are 5 images wide (two images
away in each direction). For the 2-D case, it is difficult to
find one set of parameters that does justice to all movies. We,
therefore, use the optimal set found for each movie, as this does
not change the conclusions drawn from this comparison.

The performance gain achieved by using 3-D atoms is very
noticeable. A better understanding of the reasons the 3-D atoms
outperform the 2-D ones can be gained by looking at the content
of the dictionary. Fig. 2 shows several atoms from the trained
3-D dictionary, for image #10 of the “garden” sequence (several
frames from this sequence appear at the end of this section). This
sequence has a camera motion to the right, so the entire scene
moves to the left. The described motion can be seen clearly in
the atoms. The central part of the atom (coming from the current
image) has moved to the left compared to the top part (coming
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Fig. 2. Several (8) 3-D atoms (each of size , but only the temporal
center is shown) trained for image #10 of the garden sequence. Each vertical
column is one atom.

Fig. 3. PSNR gain (average of all sequences) by propagating the dictionary and
using the specified number of training iterations for each image. The reference
option is with no propagation, and 15 K-SVD iterations.

Fig. 4. Dictionaries trained by propagating (left) and not propagating (right)
the dictionary between images. Top: Central part (time-wise) of each dictionary.
Bottom: Several enlarged atoms, showing the three center temporal layers.

from the previous image). In the same manner, the bottom part
(coming from the next image) has moved to the left relative to
the center part. The question of what happens to the dictionary
when the motion is not global naturally arises. In such cases, the
dictionary has several atoms reflecting each of the patterns and
motions.

To gauge the possible speed-up and improvement achieved
by temporally adaptive and propagated dictionary, we test the
required number of iterations to obtain similar results to the non-
propagation alternative. Fig. 3 presents the results of such an ex-
periment. Several options for the number of training iterations
that follow the dictionary propagation are compared to the non-
propagation (using 15 training iterations per image) option.
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Fig. 5. PSNR gain achieved by also using patches that are one image away for
training and cleaning.

The clear conclusion from these results is that propagation
is crucial and leads to improved denoising performance.3 More
insight to the reasons for such an improvement can be seen in
Fig. 4, that shows the dictionaries trained for frame #30 of the
“garden” sequence. The left dictionary is the one trained after
propagating the dictionary (from image #10), using 4 training
iterations for each image. The right part of the figure shows
the trained dictionary from the DCT using 15 training itera-
tions. This comparison shows that propagation of the dictio-
nary leads to a cleaner version with clearer and sharper texture
atoms. These benefits are attributed to the memory induced by
the propagation. Indeed, when handling longer sequences, we
expect this memory feature of our algorithm to further benefit
in denoising performance. This was verified in tests on longer
sequences.

A second conclusion is that the number of training iterations
should not be constant, but rather depend on the noise level. It
appears that the less noisy the sequence, the more training iter-
ations are needed for each image. In higher noise levels, adding
more iterations hardly results in any denoising improvement.

So far, we discussed the use of 3-D atoms and a temporally
adaptive dictionaries. However, in the formulation written in (6),
only patches centered in the current image are used for training
the dictionary and cleaning the image. In the global temporal
termasin (5), all the patches in the sequence were used for these
tasks. A compromise between temporal locality and exploiting
the temporal redundancy is again called for. This compromise
is achieved by using patches centered in a limited number of
neighboring images of the image currently denoised, both in
training and cleaning. Introducing this into the penalty term in
(6) leads to the modified version

({aijrtijr, X¢, Dy)
t+At

=MX = Yull3+ Y D piselleiiello

ijEQ k=t—At

(t£At)
JVideo

t+At
+ > Y D — Rip X[ )
ijEQ k=t—At

defined fort = 1,2,...,T.

3In a real system, employing dictionary propagation requires some scene-cut
detection algorithm to reset the dictionary when the scene changes at once.
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Fig. 6. Football sequence (frames 15 and 70) with
frame. Middle: Noisy frame. Right: Cleaned frame.

. Left: Original

Fig. 7. Tennis sequence (frames 15 and 60) with
Middle: Noisy frame. Right: Cleaned frame.

. Left: Original frame.

The effectiveness of the extended training set can be seen by
observing Fig. 5, in which we show the gain (or loss) in PSNR
achieved by also using patches centered one image away (i.e.,
the patches are taken from three frames). All the tests in this
experiment are done on one quarter of the patches in the spatio-
temporal region (chosen randomly) so as to lead to a reduced
complexity algorithm.

It is visible from the graph that using an extensive set indeed
results in an improved performance. Tests taking patches also
from two images away were also run; however, there was no
significant advantage in performance to justify this additional
computational burden.

B. Overall Algorithm and Parameter Selection

The penalty term in (7) is the penalty term we target in the
algorithm that follows. The algorithm for minimizing this func-
tional is founded on the same principles as the ones described
in Section |1, with the obvious modifications due to the 3-D na-
ture of the treatment done here. Three visual examples of the
denoising results can be seen in Figs. 6-8.

We have run many tests to tune the various parameters of the
proposed algorithm, which have a crucial effect on the overall
denoising performance. These tests have resulted in a selection
of a single set of parameters (as a function of noise level). In
conjunction with the previously described experiments, this set
of parameters includes 3-D atoms (which are five images wide),

Fig.8. Garden sequence (frames 10 and 20) with
Middle: Noisy frame. Right: Cleaned frame.

. Left: Original frame.

propagation of the dictionary with the number of training itera-
tions being noise-level dependent, and a training set which ex-
tends one image in each temporal direction. During the experi-
mentation with other parameters, we have found, for example,
that higher noise levels require that the spatial size of the blocks
is slightly smaller than at low noise levels.

We have also found that at high noise levels, the redundancy
factor (the ratio between the number of atoms in the dictio-
nary to the size of an atom) should be smaller. At high noise
levels, obtaining a clean dictionary requires averaging of a large
number of patches for each atom. This is why only a relatively
small number of atoms is used. At low noise levels, many de-
tails in the image need to be represented by the dictionary. Noise
averaging takes a more minor role in this case. This calls for a
large number of atoms, so they can represent the wealth of de-
tails in the image.

A comparison between the final 3-D algorithm and the orig-
inal single image algorithm can be seen in Table IV, which ap-
pears in the next section.

C. Complexity of the Algorithm

The algorithm is divided into two parts: (i) dictionary training
and (ii) image cleaning. The dictionary training is an iterative
process, of repeatedly running sparse coding (OMP) followed
by a dictionary update (SVD step). The image cleaning is com-
posed of a simple per-pixel averaging. In order to analyze the
complexity of the algorithm, we present the following nota-
tions: —the number of pixels in an atom; —the number of
atoms in the dictionary; /—the average number of atoms used
in the representation of a patch; p—the number of pixels in one
frame; 2At¢ + 1—the number of frames taken into account in
the training and denoising; and J—the number of training iter-
ations.

The sparse-coding stage—solving the problem posed in (3)
using the OMP algorithm—requires - £ operations for one
patch [20]. Applying this to each of the (2A¢+1)p patches in the
spatio-temporal window requires - -£-(2At+1)-p operations.
The update of the dictionary requires -£-(2At¢+1)-p operations
[18], [19]. The image cleaning is done by a simple averaging of
patches, requiring - (2A¢+ 1) - p operations. Since there are .J
iterations of sparse coding and dictionary update, and one final
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