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In these methods, the transform is defined via a nonsquare full-rank
matrix R" N with . Such redundant methods, like
the un-decimated wavelet transform, curvelet, contourlet, steerable-
wavelet, and more, were shown to be more effective in representing
images, and other signal types. It is often assumed that is a tight
frame, implying that ' = .Insuchacase, the adjoint ' stands
for the Moore—Penrose pseudoinverse transform, up to the constant

Given a noisy signal , one can still follow the shrinkage proce-
dure, by computing the forward transform , putting the coefficients
through a shrinkage LUT operation , and finally applying the in-
verse transform? to obtain the denoised outcome, . Will this
be the solver of (1) when using the prior = p? The answer
is negative. As we have said before, the orthogonality of the transform
plays a crucial role in the construction of the shrinkage as an optimal
procedure. Still, shrinkage is practiced quite often with nonunitary, and
even redundant representations, typically leading to results better than
in the nonredundant cases—see [15]-[24] for representative examples.
Naturally, we should wonder why this is the case.

In this correspondence, we shed some light on this behavior. Our
main argument, as will be composed in Section III, is that such a
shrinkage could be interpreted as the first iteration of a converging
algorithm that solves the basis pursuit denoising (BPDN) problem
[25]. The BPDN forms a similar problem to the one posed in (1),
replacing the analysis prior with a generative one. While the desired
solution of BPDN is hard to obtain in general, a simple iterative
procedure that amounts to stepwise shrinkage can be employed with
quite successful performance. Thus, beyond showing that shrinkage
has justified roots in solid denoising methodology, we show how
shrinkage can be iterated in a simple form, to further strengthen the
denoising effect. As a by-product, we get an effective algorithm that
minimizes the BPDN functional via simple shrinkage steps.

This correspondence is organized as follows: In Section II, we show
how shrinkage emerges as an optimal solution for the prior =

p with anyunitary matrix . This is a well-known result, be-
longing now to the classics of signal processing. We bring it here for
completeness, and to set the stage for the redundant representation case,
whose analysis follows. In Section III, we generalize the prior to use
redundant transforms. We show first the BPDN formulation as the de-
sired denoising method, and then show how shrinkage could approxi-
mate it. In Section IV, we present some experimental results to support
the claims made in Section III.

II. SHRINKAGE FOR UNITARY TRANSFORMS

In this section, we consider the denoising problem with a general ad-
ditive prior that utilizes an orthonormal matrix . The ideas presented
in this section can be traced back to [5], and also found in [6]-[13],
although they may appear different. We intend to minimize

% + T @)

()=
In our notations, ( ) is an arbitrary scalar function. When applied to
a vector, it is producing an output vector obtained by operating on each
entry independently. The vector RN is a vector of ones. Thus, the
prior term amounts to

and thus the name “additive prior.”

SThere are infinitely many ways to define the inverse, and in most cases the
Moore—Penrose pseudoinverse is practiced.
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Fig. 1. A block diagram of the shrinkage method for denoising.

We typically assume (for convenience, and those assumptions can
be relaxed) that ( ) is symmetric ( ( ) = ( )) and monotonic
nondecreasing in the range 0, implying ‘() 0. As examples,
choosing ( ) = leadsto = ,choosing ()=
gives the  alternative— = ,and () = P leads
to the P option— = B, all being special cases of this
general additive form.

Defining w = and similarly , = , the function ( ) in
(2) can be rearranged to become a function of

(V=35 (v W+ T @

Exploiting the unitary invariance property of the -norm,® we can dis-
card of the multiplication by in the first term, and obtain

(V=3 (w W)+ ;
"
= 3O = GO
= (w@® w@ ... w( ) (5)

A consequence of the above simple manipulation is the fact that the
original problem with respect to the unknown  is now decoupled. It
can be solved independently for each unknown entry  ( ) as a scalar
optimization procedure, and this is far easier than the -dimensional
optimization task we embarked from.

Note that the first stage to be done in solving (5) is to transform
the input signal  to obtain ,, = . This aligns with the block dia-
gram described in Fig. 1. Once this is done, we face  one-dimensional

(1-D) optimization problems of the general form

)+ () ©

=zargmin ()=argmin }(
z z 2

with and assumed known. The solution is an antisymmetric LUT
curve of the form = (). Indeed, for an arbitrary we have

is symmetric. Thus, if for some

): =

and the white Gaus-

where we have exploited the fact that
0 we have that = (), then necessarily, (

6This is where we exploit both the orthogonality of
sianity of the noise, as promised.
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Fig. 4 Experiment 1 results—comparing denoising effects of the various algorithms. Top left: the IRLS versus simple shrinkage. Top right: the sequential
coordinate descent algorithm versus simple shrinkage. Bottom left: the parallel coordinate descent algorithm with fixed =1  versus simple shrinkage.
Bottom right: the parallel coordinate descent algorithm with line-search versus simple shrinkage.

Fig. 5 presents the actual ~ found by the line search in Algorithm
D in the first iteration, as a function of the varying . We see that for
small (where our assumptions in Section III-F hold true), the value

found is close to = as expected.
Experiment 2—A nontight frame with normalized columns: We
build D as a random matrix of size with entries drawn as

Gaussian i.i.d., and then normalize each column. The rest of the data
generation follows the same procedure described for Experiment 1.
Generally speaking, the results of this experiment are similar to those
in Experiment 1, assuggested by Fig. 6. Here we cannot align the choice
of threshold in the simple shrinkage to the choice of in the objective
function, simply because those two have not been related. We see that
five iterations of the IRLS or the sequential CD can give a substantial
improvement in denoising. Also, we see that the first iteration of Algo-
rithm D that parallels in complexity to the simple shrinkage perform as
good, and adding several iterations give further noise decay. Here we
have not tried a fixed since the = rule does not apply.
Experiment 3—A general frame: We build D as a random matrix of
size with entries drawn as Gaussian i.i.d. We deliberately
change the scale of the columns to range linearly between : and . Fig.5. Experiment 1: The line-search results for in the first iteration.
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Fig. 6. Experiment 2 resuliscomparing denoising effects of the various algorithms. Top left: the IRLS versus simple shrinkage. Top right: the sequential coor-
dinate descent algorithm versus simple shrinkage. Bottom: the parallel coordinate descent algorithm with line-search versus simple shrinkage.

The rest of the data generation follows the same procedure described
for Experiment 1. Fig. 7 presents hoWgorithm D compares to the
simple shrinkage. As can be seen again, while the alternative shrinkage
formulation we get is different from the heuristic method, it has the
same complexity and a comparable (and slightly better) noise decay.
Performingbve iterations further improves the performance slightly
more.

Experiment 4N Average performance: The results reported above
correspond to one spdx signal and the denoising obtained for it, so
as to illustrate the relation between the various methods. We now in-
troduce a wider experiment, where a corpus of signals is generated,
contaminated by additive noise, and then denoised. Our objective here
is to show theaverageamount of better denoising that can be expected
when turning from the heuristic shrinkage (i.e., thiet iteration ofAl-
gorithm D) to several iterations ohlgorithm D.

Using the same dictionary as in Experiment 1, the signals in this
experiment are generated by synthesizing a sparse represerggation
with L nonzeros, wheréd L  20. Each such signal is normalized,
and then contaminated by additive Gaussian noise with varying power
in the range = [0:03;0:96] (i.e., SNR in the rang§0; 30] dB). Per
eachL and , we generate 50 random signals, and apply denoisifgy. 7. Experiment 3: The denoising effect of the parallel coordinate descent
based orAlgorithm Dwith 1 to 10 iterations. Per each experiment wealgorithm with line-search versus simple shrinkage.
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Fig. 8. Experiment 4: Average denoising obtainedAtgorithm D with one iteration (left), 10 iterations (middle), and their difference in decibels (right). The
results are shown as images with gray values being proportional to the results. The bar on the right of each image shows the relation betweembrightness
resulting values. For convenience, the equi-height contours of the results are overlayed.

choose the optimal, as done in Experiment 1, so as to exclude its VI. CONCLUSION

inBBuence. _ ) In this correspondence, we studied the heuristic shrinkage as is com-
Fig. 8 shows the average noise decay factors obtained perLeachonly practiced with redundant transforms. We have shown that such
and input SNR. Several conclusions can be drawn from the resuligathod has origins in Bayesian denoising, beingiseiteration of an
) The denoising results are roughly the same for cardinalities in thgrative denoising algorithm. This leads to several consequences: i) we
rangef1; 20], implying that all these signals are sparse enough and thaig now able to extend the heuristic shrinkage and get better denoising
handled similarly; ii) the denoising effect depends on the SNR, showifignore computations are allowed; ii) we obtain alternative shrinkage
better denoising resuilts for a higher SNR; and iii) using more than oggyorithms that use the transform and its adjoint, rather than its pseu-
iteration inAlgorithm D we typically get better performance with upgoinverse; iii) the new interpretation may help in addressing the ques-
to 2.5-dB improvement. In some cases, more iterations may causgo of choosing the threshold in shrinkage, and how to adapt it to the
deterioration in the denoising performance, but when this happens,dtious codscients, and iv) the obtained algorithm can be used as an
is a very mild loss (less than 0.05 dB on average). effective approximate solver for the BPDN for other applications, such
as a nonlinear transform that promotes sparsity.
We should emphasize that theaedings are not to be confused as
Interestingly, a sequence of recent contributions proposed a simidafecommendation to use shrinkage for denoising in its simple form.
sequential shrinkage algorithm. First, the work reported in [40], [43reating each transform cdwfient alone is appealing because it is
uses such an algorithm féanding the sparsest representation over resimple. However, recent work has shown that by treating clusters of
dundant dictionaries (such as the curvelet, or combination of dictigoepcients, or exploiting the cobtientinterdependencies in other
naries). These papers motivated such algorithm heuristically, relyijgys (e.g., hidden Markov models), could give a substantial improve-
on the resemblance to the unitary case, on one hand, and the blockrggnt in the denoising effect [26B2], [34]6{39].
ordinate-relaxation method, on the other [33].
Figueiredo and Nowak suggested a constructive method for image ACKNOWLEDGMENT
deblurring, based on iterated shrinkage [42]. Their algorithm aims atThe author would like to thank Dr. Michael Zibulevsky, Dr. Doron
minimizing the penalty function Shaked, and Prof. Yaacov Hel-Or for insightful discussions that helped
in making this a better manuscript.
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