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ABSTRACT

This paper introduces a new framework for learning multeseaa-
rse representations of natural images with overcompletiéodar-
ies. Our work extends the K-SVD algorithm [1], which learpss
rse single-scale dictionaries for natural images. Receamkwas
shown that the K-SVD can lead to state-of-the-art imageratbn
results [2, 3]. We show that these are further improved witiuiti-
scale approach, based on a Quadtree decomposition. Owaviiain
provides an alternative to multiscale pre-de ned dictioesisuch as
wavelets, curvelets, and contourlets, with dictionarigsnoized for
the data and application instead of pre-modelled ones.

Index Terms— Image Restoration, Denoising, Multiscale, Sparsity

1. INTRODUCTION

Consider asignal 2 R". We say that it admits a sparse approxim
tion over a dictionanD 2 R" ¥, composed ok elements referred
to as atoms, if one can nd a linear combination of a “few” atom
from D that is “close” to the signak. The so-calledSparseland
model suggests that such dictionaries exist for variousselaof sig-
nals, and that the sparsity of a signal decomposition is aepfolv
model in many image processing applications [1, 2, 3].

a-

Another important assumption, commonly and successfully

used in image processing, is the existence of multiscaleires
in images. Trying to design the best multiscale dictionahjich
fulls a sparsity criterion has been a major challenge. Sath
tempts include the wavelets, curvelets, contourlets, wkadg, ban-
dlets, and steerable wavelets (see for example [4] anderefes
therein). These methods lead to many effective algorithmisi
age processing, e.g., image denoising [5].

In [1] the K-SVD is proposed for learning a single-scale dic-
tionary for sparse representation of image patches. By seha
sparsity prior on all xed-sized overlapping patches in thege,
the K-SVD is used for removing white Gaussian noise, leading
a highly ef cient algorithm [2]. This has been recently extied to
color images, with state-of-the-art results in denoisingainting,
and demosaicing applications [3]. In this paper, we extéedba-
sic K-SVD work, providing a framework for learning multiseand
sparse representation of images. In addition to the prasentof
the new framework, we apply it to denoising, obtaining resthat
outperform reference works such as [2, 5, 6] and competesdhly
with the most recent and state-of-the-art in this eld [7].

The task of learning a multiscale dictionary has been addres
in [8] in the general context of sparsifying image contentur @p-
proach differs from this work in many ways, including: (i)eth
training algorithm employs a simple steepest descent whils uses
more effective iterations, thus leading to faster convecge (ii) the
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structure of the multiscale process; and (iii) the way thenfbdic-
tionaries are deployed for denoising is entirely differes we base
our algorithm on the energy minimization method introducef2].
This explains the superior performance we obtain.

2. THE SINGLE-SCALE K-SVD DENOISING ALGORITHM

In this section, we brie y review the main ideas of the K-S\arie-
work for sparse image representation and denoising. Tiierés
referred to [1, 2, 3] for more details.

Let xo be a clean image ang = xo + w its noisy version
with w being an additive zero-mean white Gaussian noise with a
known standard deviaéion. 1p'he algorithm aims at nding a sparse
approximation ofevery n " n overlapping patch of , wheren is
xed a-priori. This representation is done over an adapietiahary
D, learned for this set of patches. These approximationstochpa
are averaged to obtain the reconstruct image. This algoiisown

in Figure 1) can be described as the minimization of an energy
4;D:% = arg Jmin - jix yii3 @
v X
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+ il idlo+ D i Ri X3

1) 1

In this equationy is the estimator oko, and the dictionanp) 2

R" X is an estimator of the optimal dictionary which leads to the
sparsest representation of the patches in the recoveraegkiniche
indicesli;j ] mark the location of the patch in the image (represent-
ing it's top-left corner). The vectors; 2 RX are the sparse rep-
resentations for thf; j ]-th patch in® using the dictionaryﬁ. The
notationjj:jio is the™° quasi-norm, a sparsity measure, which counts
the number of non-zero elements in a e(:torp The opeRtoris

a binary matrix which extracts the squaré n patch of coor-
dinates|i; j ] from the image written as a column vector. The main
steps of the algorithm are (refer to Figure 1):

Sparse Coding Steprhis is performed with an Orthogonal Match-
ing Pursuit (OMP) [9], which proves to be very ef cient fongirse
approximation problems [10]. Tibe approximation stops witien
residual reaches a sphere of radiusC representing the proba-
bility distribution of the noise. More on this is found in [3]
Dictionary Update: This is a sequence of one-rank approximation
problems that update both the dictionary atom and the spepse-
sentations that use it.

Reconstruction: The last step is a simple averaging between the
patches approximations and the noisy image. The denoisaegeim
isX . Equation (4) emerges directly from the energy minimizatio
Equation (2).

Since it is well accepted that image information spreadesacr
multiple scales, designing a K-SVD type of algorithm thaalide to
adapt and capture information at multiple scales is the gbttis
paper.



Parameters: (Lagrange multiplier)C (noise gain);J (number multiscale structure. Another explanation is that it maythes the

of iterations)k (number of atoms) (size of the patches). K-SVD is trapped in a local minima. By explicitly imposingau
Initialization: Set® = vy; Initialize ® = (0, 2 R" Y)i21:x multiscale structure, we may help in this regard. This lasisat-
(e.g., redundant DCT). urally to the proposed framework. We note that learning iscdde
Loop: Repeat] times dictionaries is important per se, also for applicationsdmelyimage

denoising.

Sparse Coding:Fix B and use OMP to compute coef

cients”; 2 R' ¥ for each patch by solving:
3.1. The basic model

oA L .
8 % = argmin jj jjo subjectto @ In this paper we focus on the use of different sizes of atoms si
iRy % B ji2 n(C )% multaneously. Considering the design of a patch-based representa-
tion/denoising framework, we put forward a simple Quadtreelel
Dictionary Update: Fix all ~;, and for each ator on Iar.ge patches, Figure 2. This is a classical data steicalso
12 1:2 KinD used in wedgelets for example [11]. A xed number of scaNs,
B ' is chosen that corresponds I different sizes of atoms. A big
— Select the set of patches which use this atom, patch of sizen pixels is divided along the tree to sub-patches of
Ly=fi;j 0% (1) 680g. sizesns = &, wheres is the depth in the tree. Then, one different
_ . | : ; dictionaryD s composed oks atoms of sizens is built at each scale.
(I;or:eaRclh %pat(gil,’\{ ]+2’d . ((I:;) mpuite its residual. The original K-SVD exploits the overlapping/shift-invanit sparsity
! I I U of the patches' representation, which has been found to teipr
— SetE, as the matrix whose columns are ﬂdje, and nent for denoising [2, 3, 12]. One asset of our multiscale ehazl

! the row vector whose elements are the(l). that it does not allow for all possible shifts for the subeets inside
el o one large patch, preventing them from constantly adaptiag po-
— Updated, and the®; (1) by minimizing: sition to the noisy patch. Therefore, this structure pesrutforce

and exploit the overlapping/shift-invariance sparsitgath scale.
The overall idea of the multiscale algorithm we proposestesy

close as possible to the original K-SVD algorithm, Figurgvith an

This one-rank approximation is performed by a triin- attempt to exploit the several existing scales. The foltgnare the

@;;~) = argmin jiE, d jiZ: (3
plidii2=1

cated SVD ofg, . key modi cations to the basic algorithm:
. . Sparse CodingThis remains unchanged if we introduce some new
Reconstruction: Perform a weighted average: notations. In Equation (3) assume ti&§ remains the matrix that
1 extracts the patch of sizey = n with coordinategj . The dictionary
= I+ RE Rij y + RE DAy 1 (@) D is a joint one, composed of all the atoms of all the dicticesri

i i Ds = (8g 2 R" Y)121.4, located at every possible position in
the Quadtree. For the scade there existss® guch positions, we
Fig. 1 The single-scale K-SVD-based image denoising algorithm.denote their index ap. This makes a total of 2‘:01 4°ks atoms

in B. The OMP is implemented ef ciently using a Modi ed Gram-
Schanidt algorithm [13]. For each patch, this step can beszeliin
O(( [, "ks)nji*jio) operations.

Dictionary Update:This step is slightly changed, as we update each
atomdg (1 | ks)ineachscale (fros= N 1downwards),

by:

Select the set of sub-patches from the sedlsat use thé-th
atom,! ¢ = f[i;j;s;pli” (s;;p) 6 09, where[i;j;s;p ]
denotes the sub-patch at the scalend positionp from the
patchij , and?j (s;1; p) is the coef cient corresponding to
Fig. 2. Quadtree model chosen for the multiscale. the atomQy .

For each sub-patdt j;s;p] 2 ! s, compute

3. THE MULTISCALE SPARSE REPRESENTATION g = Tsp(RjR  Day)+ Qg% (si1:p);
whereT, 2 f0;1g"s "° is a binary matrix which extracts

One simple and naive strategy to introduce multiscale aigbon- the sub-patchi: j: s: p ] from a patcHi: | 1.

sists of using big patches with a high redundancy facﬁo)r, @nd

hope for the appearance of intrinsic multiple scales amdgy t SetEs as the matrix whose columns are g, , and**
learned dictionary's atoms. However, we have observed go si the row vector whose elements are the(s; |; p).

ni cant differences between the results with the paranseter = Updatedg and then; (s;1; p) using a SVD as before:

8 8k =256g comparedtdn =16 16;k = 1024g. A num-

ber of reasons might explain the “failure” of this direct agpgch. (@s;"*) = argmin jEg d jjf:

First, it might be that for low dimensions (smal) there is no need P iidija=1

for multiscale structure for representation and denojsirgoming 1|n a separate work we also consider using a multiscale pgramd

more crucial as the dimension grows. In that resgigt, 16 blocks  |eaming dictionaries at all the pyramid scales (see al§o [Besults along
might not be enough for the original K-SVD algorithm to shdvet this direction will be reported elsewhere.



Reconstruction:Remains the same as in Equation (4), while usingthe results of off-line training on a large generic datakzEsenages
the new notation just introduced. Note that each patch ismec [2, 3]. The so-called sparsity factarfor these off-line training was
structed from multiple-scales, and since a pixel belongautiiple  settoL = 6 forN = 1,L = 20 for N = 2, andL = 30 for
(overlapping) patches, it is reconstructed with multiglales and at N = 3. Some visual results fdd = 2 are presented in Figure 3,
multiple positions. while further improvements provided by the usé\bf= 3 scales and
The computational time of ti®parse Codings paramountcom- n =20 20 (PSNR =36:93) compared tiN =2 andn =12 12
pared to theDictionary Updateand theReconstructiorstages. The (PSNR =36:57) are shown on Figure 4. One example of a multiscale
total complexity is therefor® (( iN:o 1 ks)NLIM ) whereL isthe  learned dictionary is presented in Figure 5.
average sparsity factor (number of coef cients obtainedhia de-
composition), andM is the number of patches processed.

3.2. Additional Algorithmic Improvements

Compared to the original K-SVD algorithm [2], we introduaarse
additional re nements, which further improve the resulthaiut in-
creasing the computational cost.

First, we nd it useful to force the presence of a constant \DC
atom in each dictionary, and to give it a preference by miyitig (a) Noisy,
this atom by a constan2({5 in our examples) during the selection __
procedure of the OMP (refer to [9]). This makes sense sin@na c
stant atom does not introduce any noise in a reconstruction.

Secondly, as discussed in [3], the stopping criterion dutire
OMP is based on the norm of andimensional Gaussian vector
which is distributed by the generalized Rayleigh law. Thisams
that one has to stop the approximation when the residuahesaa
fuzzy sphere. But according to this law, the bigges, the thinner v

e sphere is, and the more accurate the stopping criterioi o

(n)C(n) becomes( is a parameter that depends mn Thus (d) Noisy,
one asset of increasing through our multiscale scheme is to pro-
vide an improved stopping criterion. It is actually not nesary to Fig. 3. Denoising results foN = 2.
perform a complete multiscale algorithm to take advantaghis
property. During theSparse Codingstage, instead of processing
each patch separately, one can choose to process somenaditse |
of non-overlapping patches simultaneously and considanths a
larger patch (and therefore associated with a better sigppite-
rion). In practice, we choose adjacent patches of size and we
pst process them independently using their own stoppiritedon

(n)C(n) . Then, as long as the cumulative error of thgatches

is larger than the (better) stopping criterio(nm)C(nm) , we re-
ne the approximation by progressively adding terms, ona tine,
to the sparse expansion of the worse ofrtheatches. Then we con-
sider a new set ah patches and continue the sparse approximation
This does not increase the complexity of the algorithm andiges
noticeable improvements.

25 (e) Denoised (6 (_Driginl .

‘“(a) Noisy, =10 (b)N =3 (c) Zoom on (b)

4. EXPERIMENTAL RESULTS

We now present denoising results obtained within the preposul-
tiscale sparsity framework. On Table 1, our results Kbr= 1

(single-scale) antl = 2 scales are compared to those presented () Original (e)N =2 (f) Zoomon (e)

in[2, 5, 6, 7]. The best results are shared between our éhgornd

[7], where [7] performs better only for very high noise (bagiahe Fig. 4. Denoising results withh =3 andN = 2.

normal expected one) and on the images “barbara” and “|efat.”

N=1,n=8 8 ForN =2,nis10 10for =5,12 12 Our implementation was coded in C++ using the Intel Math Ker-
for =10,16 16for 15 25, and20 20 for 50. nel Library. ForN = 1, during one experiment on ti#66 256

The results from our experiments and [2, 7] reported in TAkdee  image “house”, for = 25, oneSparse Codingtep takes approx-
averaged oveb experiments for each image and each level of noiseimately 3s on an Opteron 2.4GHz. With the same image and same
During our experiments, the number of iteratighgvas xed to 20, level of noise, withN = 2, this time become80s. In both cases,
the number of atomks for each scale was set 256 and the pa- the Dictionary Updatetakes less thaf:5s. Thus our algorithm is
rameter to 0:45n?= . The parametem, representing the num- slower than [7], and improving on this is part of ongoing effan

ber of patches simultaneously processed,@ndre reported within  our group. To achieve this goal one could de ne a criteriodeac-

the table. The initial dictionaries used during these arpents are  tivate some scales during the OMP. Code pro ling shows thaitem



I [ ¢ [ImT] house I peppers I lena I barbara I boat I

5 1.128 1 38.65 | 37.62 | 39.56 37.31| 37.34 | 37.83 38.49 | 37.91 | 38.62 37.79 | 37.12 | 38.16 36.97 | 36.14 | 37.19
1.069 3 39.37 | 39.62 | 39.84 37.78 | 37.94 | 38.14 38.60 | 38.60 | 38.70 38.08 | 37.59 | 38.11 37.22 | 37.13 | 37.26

10 1.128 1 35.35 | 35.26 | 36.37 33.77 | 34.07 | 34.38 35.61 | 35.18 | 35.81 34.03 | 33.79 | 34.86 33.58 | 33.09 | 33.76
1.042 3 35.98 | 36.24 | 36.54 || 34.28 | 34.49 | 34.60 35.47 | 35.63 | 35.75 34.42 | 34.35 | 34.57 33.64 | 33.81 | 33.87

15 1.041 4 33.64 | 34.08 | 34.75 31.74 | 32.13 | 32.35 33.90 | 33.70 | 34.20 31.86 | 31.80 | 33.05 31.70 | 31.44 | 31.92
1.026 4 34.32 | 34.59 | 34.87 32.22 | 3241 | 3241 33.70 | 33.90 | 34.08 32.37 | 32.47 | 32.58 31.73 | 31.99 | 32.02

20 1.023 4 32.39 | 3290 | 33.54 30.31 | 30.59 | 30.84 32.66 | 32.64 | 33.02 30.32 | 30.37 | 31.71 30.38 | 30.12 | 30.61
1.026 | 4 33.20 | 33.45 | 33.67 30.82 | 31.10 | 31.11 32.38 | 32.69 | 32.86 30.83 | 31.11 | 31.24 30.36 | 30.69 | 30.77

25 1.023 | 4 31.40 | 32.44 | 32.66 29.21 | 29.95 | 29.82 31.69 | 31.66 | 32.06 29.13 | 29.96 | 30.68 29.37 | 29.66 | 29.64
1.020 4 32.15 | 32.44 | 32.75 29.73 | 29.95 | 30.05 31.32 | 31.66 | 31.89 29.60 | 29.95 | 30.17 29.28 | 29.66 | 29.79

50 1.018 4 28.26 | 28.67 | 29.68 25.90 | 25.29 | 26.45 28.61 | 28.38 | 29.10 25.48 | 24.09 | 27.50 26.38 | 25.93 | 26.63
1.010 | 5 27.95 | 28.25 | 29.43 26.13 | 26.40 | 26.62 27.79 | 28.11 | 28.75 25.47 | 26.04 | 26.80 2595 | 26.34 | 26.74

100 1.018 | 4 25.11 | 23.08 | 25.96 22.66 | 20.51 | 23.06 25.64 | 23.32 | 25.91 22.61 | 20.64 | 24.11 23.75 | 21.78 | 23.88
1.008 5 23.71 | 23.69 | 24.73 21.75 | 22.05 | 22.57 24.46 | 24.48 | 25.13 21.89 | 22.04 | 22.88 22.81 | 22.95 | 23.65

Table 1. PSNR results of our denoising algorithm. Each case (imageraise level) is divided into six parts: The top row for eaetntp
presents the results from, respectively, [5, 6, 7] (fromhtefight). The bottom row presents successively the ceigdaSVD [2], our results
for N =1 (single-scale), and theN = 2 scales. Each time the best results is in bold. The valuesegidhameter< andm are reported
in the second and third columns: Inside these ones, the tdmpaach cell is devoted td = 1 and the low part tdN = 2.
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