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ABSTRACT

The Morphological Component Analysis (MCA) is a a new methodwhich allows us to separate features contained
in an image when these features present di erent morphologial aspects. We show that MCA can be very useful
for decomposing images into texture and piecewise smooth gctoon) parts or for inpainting applications. We
extend MCA to a multichannel MCA (MMCA) for analyzing multis pectral data and present a range of examples
which illustrates the results.
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1. INTRODUCTION

The task of decomposing signals into their building atoms isof great interest for many applications. In such
problems a typical assumption is made that the given signals a linear mixture of several source signals of more
coherent origin. These problems have drawn a lot of researchttention in last years. Independent Component
Analysis (ICA) and sparsity methods are typically used for the separation of signal mixtures with varying degrees
of success. A classical example is the cocktail party probie where a sound signal containing several concurrent
speakers is to be decomposed into the separate speakers. inage processing, a parallel situation is encountered
for example in cases of photographs containing transpareriayers.

A dictionary D being de ned as a collection of waveforms'( ) , , the general principle consists in repre-
senting a signals as a \sparse" linear combination of a small number of basis ements' such that:

X
s= a' 1)

or as an approximate decomposition
s= a, ,+RM: )

Given s and the dictionary atoms, an important question is the atom-decomposition problem, where we seek
the representation coe cients alpha;. While this is generally a hard task (combinatorial complexty), pursuit
methods to approximate the desired coe cients are availabk.

The Matching Pursuit %2 method (MP) uses a greedy algorithm which adaptively re nesthe signal approxi-
mation with an iterative procedure:

Sets®=0and R°=0.

Find the element ' , which best correlates with the residual.
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Update s and R:
Sk+l - Sk + kl .
Rk*1 = g gk+l.

In the case of non orthogonal dictionaries, it has been showhnthat MP may spend most of the time correcting

mistakes made in the rst few terms, and therefore is suboptinal in terms of sparsity.

The Basis Pursuit method® (BP) is a global procedure which synthesizes an approximatin s-to s by mini-

mizing a functional of the type
ks sk + Kk k, subjecttos=

Among all possible solutions, the chosen one has the minimurt norm. This choice ofl; norm is very important.
An |, norm, as used in the method of frameg, does not preserve sparsity.

In many cases, BP or MP synthesis algorithms are computatioally very expensive. We present in this paper
an alternative to these approaches, the MCA method (Morphobgical Component Analysis) which can be seen
as a kind of Basis Pursuit method in which i) our dictionary is a concatenation of sub-dictionaries which is
associated to a transformation with fast forward and adjoirt implementations, and ii) any kind of constraint can

be easily imposed on the reconstructed components.

Section 2 presents the MCA approach. Section 3 and section 4ew respectively how MCA can be used for

texture separation and inpainting. Two extensions to multichannel MCA are proposed in sections 5 and 6.

2. IMAGE DECOMPOSITION USING THE MCA APPROACH

2.1. Model Assumption

. . o P .
Assume that the data s is a linear combination of K parts, s = ,f:l sk, wWhere eachsy represents a di erent
type of signal to be decomposed. Our model assumes the follavg to hold true:

1. For every possible signaky, there exists a dictionary (which can be overcomplete), 2 MN L« (where
typically Lo N) such that solving

ot = Argmin k ko subjectto: sa = A (5)
leads to a very sparse solution (i.e k Ept ko is very small). The de nition in the above equation is essentally
the overcomplete transform ofsy, yielding a representation .

2. For every possible signak, solving fork 6 |

PP =Argmin k ko subjectto: s = ©

leads to a verynon-sparse solution. This requirement suggests that the dictionary  is distinguishing
between the di erent types of signals to be separated.

Thus, the dictionaries ¢ play a role of discriminants between the di erent content ty pes.
Finally, we consider only dictionaries  which have a fast transformationT ( k = T kSk) and reconstruction

Rk (sk = Rk «).



2.2. The MCA concept

For an arbitrary signal s containing K layers as a linear combination, we propose to seek the spargeof all
representations over the augmented dictionary containingall . Thus we need to solve

X
f o g = Arg min K ko )
oy ] k=1
X
subject to: s= k ke
k=1

This optimization task is likely to lead to a successful sepaation of the signal content, based on the assump-
tions made earlier about ¢ being very e cient in representing one phenomenon and beinghighly non-e ective
in representing the other signal types.

While sensible from the point of view of the desired solution the problem formulated in Equation (7) is
non-convex and hard to solve. Its complexity grows exponeriglly with the number of columns in the overall
dictionary. The Basis Pursuit (BP) method ® suggests the replacement of the °-norm with an “-norm, thus
leading to a solvable optimization problem (Linear Progranming) of the form

X
f o g = Arg min K-k ©
oy ] k=1
X
subject to: s= k ke
k=1

Interestingly, recent work has shown that for sparse enougtsolutions, the BP simpler form is accurate, also
leading to the sparsest of all representationst®

A solution for the rst problem could be obtained by relaxing the constraint in Equation (8) to become an
approximate one. Thus, in this new form, we seek to solve

f P Po o= Arfg min k kki+ s ko koo- ©)
k=1 k=1 2

We should note here that the choice of 2 as the error norm is intimately related to the assumption that the
residual behaves like a white zero-mean Gaussian noise. Gthnorms can be similarly introduced to account for
di erent noise models, such as Laplacian (%), uniformly distributed noise (! ), and others.

Another complicating factor is the length L of the representation vector 4 . If for example L = 100N (im-
plying a redundancy of factor 100), it means that storing andmanipulating the solution of this problem requires
a memory of 100 the input data size. Instead of solving this opmization problem, nding the representation

unknowns. This way, if we return to the example mentioned abee, we seekk images rather than 100. The
functional to minimize is now:

fsi?;: s'g = Arg min KTscki+ s Sk (10)

k=1 k=1 2

and the unknowns become images, rather then representatiocoe cients. For this problem structure there
exists a fast numerical solver called theBlock-Coordinate Relaxation Method based on the shrinkage method.
This solver requiresonly the use of matrix-vector multiplications with the unitary t ransforms and their inverses.
Seé? for more details. We note that the same algorithm can be applkd with non-unitary transforms although



theoretical validation may require more challenging analysis than in the block-unitary case. In practice, block
coordinate methods work well in the non-unitary cases we haw explored.

Finally one important aspect of working on the signals rathe than on the coe cients is the possibility to
add constraints on each individual signalsy. The MCA method consists in minimizing

X X 7

fs;m i8¢ g = Arfg min kTkskky + S S kG (Sk): (12)

where G implements constraints on componentsy.

2.3. Algorithm

We have chosen an approximation to our true minimization tak, and with it managed to get a simpli ed
optimization problem, for which an e ective algorithm can b e proposed. The algorithm we use is based on the
Block-Coordinate-Relaxation method}° with some required changes due to the non-unitary transforns involved.
The algorithm is given below:

1. Initialize L max , number of iterations, and threshold = L max -
2. Perform J times:
3. Perform K times:
Update of sy assuming alls;;| 6 k, pre xed:
{ Calculate the residualr = s |K:1 16k S
{ Calculate the transform T ¢ of sy + r and obtain « = Ty (sk + r).
{ Soft threshold the coe cient ¢ with the threshold and obtain”.
{ Reconstruct sx by sk = Rk "«.
{ Apply the constraint correction by sk = sk @Cg@f—;kg.
{ The parameter is chosen either by a line-search minimizing the overall
3. Update the threshold by =
4. If > | return to Step 2. Else, nish.

The numerical algorithm for minimizing (11).

In the above algorithm, soft thresholdong is used due to our drmulation of the 1 sparsity penalty term.
However, as we have explained earlier, thé! expression is merely a good approximation for the desired® one,
and thus, replacing the soft by a hard threshold towards the &d of the iterative process may lead to better
results.

We chose this numerical scheme over the Basis Pursuit inteor-point approach in ,*> because it presents two
major advantages:

We do not need to keep all the transformations in memory. Thisis particularly important when we use
redundant transformations such the un-decimated wavelet tansform or the curvelet transform.

We can add di erent constraints on the components. As we shdlsee next, Total-Variation on some of
the content types may support the separation task, and otherconstraints, such as positivity, can easily be
added as well.

Notice that in turning from the formulation (11) to the algor ithm described here, we have changed the role of . In the
algorithm it is used as a weight that multiplies the ~-norm terms. This change was made to better t the soft-thres holding
description, and it has no impact on the way the problem formu lation acts.



Noise Consideration

The case of noisy data can be easily considered in our framqu;and merged into the algorithm such that we get
a separation between components and an additive noise: s= ,_; sk + n. We can normalize each transform
Tk such that for a given noise realizationn with zero-mean and a unit standard deviation, y = Tgn has also
a standard deviation equal to 1. Then, only the last step of the algorithm changes. By replacing the stopping
criterion > by >a , where is the noise standard deviation anda 3;4. This ensures that coe cients

with an absolute value lower thana will never be taken into account.

2.4, Example

Figure 1 illustrates the separation results in the case wher the input image (256 256) contains only lines and
isotropic Gaussians. In this experiment, we have initialiZd L nax to 20, and to 2 (10 iterations). Two transform
operators were used, the isotropic undecimated wavelet tnasform and the ridgelet transform. The rst is well
adapted to the detection of the isotropic Gaussians due to tke isotropy of the wavelet function,'* while the second
is optimal to represent lines!? Figure 1 represents respectively the original image, the reonstructed image from
thea trous wavelet coe cient, and the reconstructed image from the ridgelet coe cient. The addition of both
reconstructed images reproduces the original one.

Figure 1. Left, original image containing lines and Gaussians. Middl e, reconstructed image for the a trous wavelet
coe cient, bottom right, reconstructed image from the Ridg elet coe cients.

The above experiment is synthetic and through it we validatethe proper behavior of the numerical scheme
proposed. While being synthetic, this experiment has also igh relevance for astronomical data processing where
stars look like Gaussians and where images may also contaimigotropic features (dust emission, supernovae
remnants , laments, ...). Separation of these componentss very important for the analysis of this type of
images.

3. TEXTURE SEPARATION USING MCA

An interesting and complicated image content separation poblem is the one targeting decomposition of an image
to texture and piece-wise-smooth (cartoon) parts. Such segration nds applications in image coding, and in
image analysis and synthesis (see for examplé).

A theoretic characterization of textures proposed recenty by Meyer'# was used by Vese and OsherS and
Auijol et al. ¢ for the design of such image separation algorithms, and thespioneering contributions awaken this
application eld. The approach advocated by Vese and Osher*® is built on variational grounds, extending the
notion of Total-Variation. 17

Here we demonstrate that the is capable of separating thesamiage content types, and as such poses an
alternative method to the variational one mentioned above. More on this approach can be found in 1819



For the texture description, the DCT seems to have good prop#ies due to the natural periodicity. If the
texture is not homogeneous, a local DCT should be preferred.Characterizing the cartoon part of the image
could be done in various ways, depending on the image contenfor images containing lines of a xed size, the
local ridgelet transform will be a good dictionary candidate. More generally the curvelet transform represents
well edges in images, and could be a good candidate as well. bur experiments, we have chosen images with
edges, and decided to apply the texture/signal separation ging the DCT and the curvelet transform.

Assume hereafter that we use the DCT for the texture - denotedD - the curvelet transform for the natural
scene part, denoteC. Returning to the separation process as posed earlier, we ia two unknowns -sy and s
(K = 2)- the texture and the piecewise smooth images. The optimzation problem to be solved ig°:

 min  kDsgk; + kfCscky + ks sg scko + TV fseg: (12)
Sd; Sc9

In this optimization problem we support the choice of the catoon dictionary by adding another penalty term
based on the Total-Variation on the cartoon image part.

Figure 2. Left, the original Barbara image; midlle, the separated texture, and right, the separated cartoon.

Figure 2 illustrates the layer separation result for the Barbara image, as obtained with the algorithm described
above. Many more such results are given in®1° This separation was obtained using the curvelet transform
with ve resolution levels of the curvelet transform C, and 50% overlapping discrete cosine transfornD with a
block size 32 32.

4. IMAGE INPAINTING USING MCA

Filling{in “holes' in images is an interesting and important inverse problem with many applications. Removal of
scratches in old photos, removal of overlayed text or graphas, lling{in missing blocks in unreliably transmitted
images, scaling{up images, predicting values in images fdvetter compression, and more, are all manifestations
of the above problem. In recent years this topic has attractel much interest, and many contributions have
been proposed for the solution of this interpolation task. Acommon feature of these many techniques is the
understanding that classical interpolation methods (suchas polynomial-based approaches) are not satisfactory;
indeed nonlinear strategies and local adaptivity seem crual. Among the numerous approaches to Il in holes in
images, variational methods are very attractive; these wee pioneered by Guillermo Sapiro and his collaborators
2423 and followed by 2* These techniques were coinethpainting as a reminder of the recovery process museum
experts use for old and deteriorated artwork.

Based on MCA, an inpainting algorithm has been proposed® which is capable of lling in holes in either
texture or cartoon content, or any combinations thereof. This new algorithm extends the sparsity{seeking layer
separation method of®'° mentioned above. In e ect, missing pixels t naturally into the layer-separation
framework. As a result, layer separation and denoising of tk image are integral by-products of the inpainting
process.



Figure 3. Three Barbara images with 20%, 50%, and 80% missing pixels (right). The results of the MCA inpainting are
given on the left.



Assume that the missing pixels are indicated by a diagonal “rask' matrix M 2 M N N The main diagonal
of M encodes the pixel status, namely "1' for an existing pixel ad "0' for a missing one. Then model (11) can
be modi ed to incorporate this mask as in

min kDsgk, + kfCsck; + kM [s  sqg sc]k§+ TV fs.Q: (13)

fsq; Scg

Clearly, replacing the mask matrix by the identity operator leads to the very same algorithm as proposed i 1°

for the task of image decomposition. Thus, this algorithm isa simple modi cation of the separation one proposed
earlier. In the algorithm, the only required modi cation co nsists in multiplying the residual by M after each
residual estimation.

The rationale behind the way the mask is taken into account hee is the following: suppose that after several
rounds we have a rough approximation ofsy and s.. In order to update s4 we assume thats; is xed and
compute the residual imager = M (s sc Sq). In existing pixels (where the mask value is "1") this residial
has a content that can be attributed to texture, cartoon, and/or noise content. On the missing pixels (where
the mask is "0") the residual value is forced to zero by the muiplication with the mask. Thus, the image r + sq
does not contain holes. An analysis of this image { transfornng it to curvelet coe cients, zeroing small entries,
and reconstructing it { is able to absorb some of the cartoon ontent that exists in r. This way the updated
sq takes some of the cartoon content that exists in the residuagland the new residual image energy becomes
smaller. More details and experiments can be found if°

Experiment - Random Mask : Figure 3 presents theBarbara image and its lled-in results for three random
patterns of 20%, 50%, and 80% missing pixels. The unstructwed form of the mask makes the reconstruction
task easier. These results are tightly related to the removhof salt-and-pepper noise in images. As before, the
MCA-inpainting method applied here used Wavelet and Wavelé Packets to represent the cartoon and the texture
respectively, and again, the results look natural and artifact-free.

5. MULTICHANNEL MCA

5.1. Blind Source Separation

Blind Source Separation (BSS) is a problem that occurs in mui-dimensional data processing. The overall goal
is to recover unobserved signals, images @ourcesS from mixtures X of these sources observed typically at the
output of an array of sensors. The simplest mixture model wold take the form:

X = AS (14)

where X, S and A are matrices of respective sizea, n,ns nandn. ns. Multiplying S by A linearly mixes
the ng sources inton. observed processes. Independent Component Analysis metti® were developed to solve
the BSS problem,i.e. estimate A and S, relying mostly on the statistical independence of the souce processes.
Although independence is a strong assumption, it is plausite in many practical cases.

Algorithms for blind component separation and mixing matrix estimation depend on the model used for
the probability distributions of the sources.?® In a rst set of techniques, source separation is achieved ira
noise-less setting, based on the non-Gaussianity of all bupossibly one of the components. Most mainstream
ICA techniques belong to this category : Jade?® FastICA, Infomax. 27

In a second set of blind techniques, the components are modml as Gaussian processes, either stationary
or non stationary and, in a given representation, separatio requires that the sources have diversej.e. non
proportional, variance pro les. The Spectral Matching ICA method (SMICA) 28 considers in this sense the case
of mixed stationary Gaussian components and goes beyond thabove model (Eq. 14) by taking into account
additive instrumental noiseN:

X =AS+ N (15)

Moving to a Fourier representation, the point of SMICA is that colored components can be separated based on
the diversity of their power spectra.



5.2. MMCA

Many papers have recently proposed that sparsity could be usd to build alternative source separation meth-
0ds2®39  Following this idea, we extended MCA to deal with multichannel data (MMCA) leading to a powerful
separation algorithm.

As before, we assume that each sourcg is well represented (i.e. sparsi ed) by a given transform, lut now,
the oka,served dataX are no longer the sum of sources, but a set df. linear combinations of the ns sources:

X = Eil Ayl sk, wherel =1 :::n¢, A is the mixing matrix and, here, sy is the 1 n array of the kth source
samples. The solutionS = fs;;:::;s,.,9 and A is obtained as
opt : X 1 2
fsiP i s A% = Arfg min —kscTkky + kX ASK; (16)
S1;%5 Sng0 k

k=1

Unfortunately, this criterion su ers from several drawbacks and particularly from an indeterminacy attached
to the model structure. For instance, assuming that the simpe scale transform occurs:A A then an inverse
scaling of the source matrix such thatS 1S leaves the error minimization constraint unchanged wherea the
sparsity measure is deeply altered by the same scale factdr. Consequently, the minimization of this criterion
will probably lead to trivial solutions: A!1 andS! O (the sparsity term can be minimized as desired as
long as tendsto +1 ).

The multichannel extension of the MCA algorithm must therefore take into account this lack of scale in-
variance by introducing arti cially this essential proper ty. Practically, lack of scale invariance can be solved by

normalizing each column ofA at each iteration (ak+ kaakk I(2) and propagating the scale factorka® k; to the

corresponding sources, and threshold  such that s,* k a¢ kpse and " k a¢ ky

The model structure can be simpli ed by decomposing the prodict AS by a sum of elementary products of
directions and sources as follows:

X = as (17)

. . P : . :
Introducing the k-th residual, Dy = X sk & s; (corresponding to the part of the data unexplained by
the other couplesfal ;s; g;s k), the minimization of the whole criterion 16 is equivalent to jointly minimizing the
set of elementary criteria :

s ag = Argmin ks Teki+ « D afsq o (18)

sk; akg
Estimating jointly couples of directions and sources is ale widely interesting as it avoids the computation of

. . T . . .
matrix inverses given that the vector products ak* a or scscT found in the algorithm are just scalars. If we also
assume that the covariance matrix , of noise is known, the criterion is now written as below:

fsﬁpt;akomg = Argmin ks Tyky+ (Tracef (D afsy) ,1(Dx  a“s¢)"g (19)

fse; akg

Zeroing the gradient with respect to s, and a of this criterion leads to the following coupled equations:

8
T .
2 5 = ﬁ a“ Dk FSign(sTK)TR
(20)
>
- gk = ;DkSkT

Sk SkT



It appears that, considering a xed a*, the source processy is estimated by soft-thresholding a transformed

\coarse version" & = ﬁaﬂ »'Dk with threshold --. Then, considering a xed s, the update on

ax follows from a simple least squares linear regression. In ogparison to the algorithm in?® which uses a
single sparsifying transform and a quadratic programming tchnique, our method considers more than just one
transform and a shrinkage-based optimization. The MMCA algorithm is then given below :

1. Initialize L max , number of iterations, and thresholdBk « = k Lmax-
2. Perform J times:

Normalization and propagation for scale invariance:
Nax = ka¥ksp, a = % Sk = NaxSk and k = Nax «
Estimation of sy assuming alls;;| 6 k and a are xed:
{ Calculate the residualDy = X 116k @S
{ Projection of the residual s = ﬁaﬂ n 1Dk
{ Calculate ¢ = scT«.
{ Soft threshold the coe cients ¢ with the  threshold and obtain”.
{ Reconstruct s by sk = " ¢Rk.
Estimation of a“ assuming alls; and als  , are xed:
{ Estimation of a* by a* = ﬁDkskT.
3. Update the threshold by x = « K-
4. If ¢ > , return to Step 2. Else, nish.

The numerical algorithm for minimizing (18).
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Figure 4. Simulated data. Left, the original source and right, the thr ee observed channels. Each channel is a linear
combination of the two sources plus some Gaussian noise.

Figure 4 shows on its left two simulated sources, the rst comaining four bumps and the second a sine, and
on the right, three simulated observed channels. Gaussianaise was added to each channel and the resulting
mixtures are shown on the right. Figure 5 shows the reconstrated sources using two methods, JADE (seé&®)
on the left, and MMCA on the right.

This algorithm brings a very strong and robust solution as Ing as the MCA hypothesis is veri ed (sources
are sparsi ed in di erent bases) i.e. for morphologically diverse sources. Actually source separation is merely a
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Figure 5. Left, reconstructed sources using JADE. Right, reconstruc ted sources using MMCA.

guestion of diversity. On the one hand standard ICA methods am at enforcing the independence of the estimated
sources and su er from a certain lack of robustness in the preence of noise. On the other hand MMCA performs
well even in the presence of noise for morphologically di eent sources. Next we describe an extension of MMCA
coined ICA-MCA which aims at getting the most of both ICA and M MCA.

6. INDEPENDENT AND SPARSE SOLUTION: THE ICA-MCA METHOD

In this section we introduce a brand new method coined ICA-MQA devised to separate independent sources
in the presence of noise, considering a more general modelr fthe sources according to which each sourcs;
(i=1:::n)is a sum ofK; components:

Xi
Si = Cirk (21)
k=1
And the observed data are:
x X Xi
Xi= Agsi= Ay Cirk (22)
i=1 i=1 k=1
The previous MMCA model corresponds to the case wher& ; = ::: = K, = 1. As before, we assume that

each componentc;x is sparsied using a given transform Tk . Tix is the transform associated to thek-th
component of theith source. Nothing here forces the transforms related to a gien source to be di erent from
those related to another one. For instance, we can hav& 1x = ::: = Tpx, in the case where the two di erent
sources contain the same morphological components.

We make at this point the additional assumption that A is square and of full rank. It seems easier then
to estimate a demixing matrix B rather than a mixing matrix. This way, we avoid the issues raised by the
bilinearity AS. Finally we seek to solve the following minimization problem:

opt . popt — i Re K 1 ) . 2
P Cne1t 5 Gk B%'g = ArfgS r_n_qns . —kcik Tix ki + kBX  Ski (23)
Lo "s¥ =1 k=1

opt.....
feriinicryg it

ICA-MCA takes advantage of both ICA, which enforces the statistical indepedance of the estimated sources,

and MCA, which gives more contrast between the sources as itracts the essence of each one. The ICA-MCA
algorithm is given below :



1. Perform J times.
Data projection:
{ Project the data S = BX
MCA Decomposision :
{8k =1:::ns calculate x = skT«k.

are xed.

The numerical algorithm for minimizing (23).
In a few words, the ICA-MCA is divided into three steps:

1. Project the data to get a \coarse estimation" of the source this minimizes the quadratic part of the
criterion described above.

2. Apply MCA to each \coarse" source in ordre to achieve a spase decomposition of each estimated source,
thus eliminating all kind of redundancies.

3. Update the estimated demixing matrix B using an ICA-update rule to enforce the statistical indeperdence
of the sources as ir?’ where the update of the demixing matrix is achieved by a few stps of the natural
gradient of the likelihood of B.

Experiment - : Figure 6 shows two simulated observed channels (a gaussiamise of variance 003 was added
to each channel), obtained from a mixture of two sources showin Figure 7 top left and top right. Both sources
contain sinusoids and bumps. Figure 7 middle left and right iows the ICA-MCA reconstructed sources and
Figure 7 bottom left and right shows the reconstructed sour@s using the JADE method. In this experiment, we
have initialized J to 20 iterations. The sources were decomposed on the Dirac b (T; was the identity matrix)
and using the DCT. One can notice that the low amplitude sinusid of source 1 is not detected by JADE. The
ICA-MCA method achieves such a detection quite well.

Figure 8 left shows the simulated @ ) and reconstructed (using ICA-MCA) coe cients of source 1. On
the right, the simulated (4 ) and reconstructed (using ICA-MCA) coe cients of source 2. Each decomposition
is achieved on the whole dictionnary : samples 0 to 149 corrpsnd to the Dirac basis and samples 150 to 299
correspond to the DCT basis. Due to the scale indeterminacy cussed previously, only their relative amplitudes
of the coe cients are signi cant.

We further assess the quality of the separation by computinghe angular error between the original demixing
matrix B© and the estimated oneB. Estimating the rst direction with JADE leads to an angular error of 1:13
and 0:73 degrees for the rst and the second directions respectilg ICA-MCA leads to an angular error of 0:13
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Figure 6. The observed data. Each channel is a linear combination of two sources plus a gaussian noise of standard
deviation 0.03.
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Figure 7. The top gures are the two observed data. Each channel is a lin ear combination of the two sources plus some
Gaussian noise. At the bottom, the sources estimated using JADE. One can notice that the low frequency sinusoid of the

rst source is not well detected. In the middle, the gures sh ow the sources estimated using ICA-MCA; the base line of
the second source is now well estimated.

Simulated and Reconstructed Coefficients of Source 1 Simulated and Reconstructed Coefficients of Source 2

05— —_———— —————— . 15 —_———— —————— 1
[ T ) 1.0~ =
0.0 L ]
|- 4 |- A 4
L | 0.5 —
L 4 r AN 1
-0.5F — 0.0 J
[ ] -05H— —
-1.0 = L ]
L 1 10 —
-1.5 T R | . —1.5L 1 L 1 ]
a 100 200 300 a 100 200 300

Figure 8. On the left, the simulated ( 4 ) and reconstructed (using ICA-MCA) coe cients of source 1. On the right, the
simulated (4 ) and reconstructed (using ICA-MCA) coe cients of source 2. Each decomposition is achieved on the whole
dictionnary : samples 0 to 149 correspond to the Dirac basis and samples 150 to 299 correspond to the DCT basis. Due
to the scale indeterminacy discussed previously, only their relative amplitudes of the coe cients are signi cant.
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