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Abstract
general paradigm f o r recognizing 3D objects is
offered, and applied t o some geometric primitives
[sphe,res, cylinders, cones, and tori). The assumption
is that Q curve on the surface W Q S measured with high
accuracy (for instance, by a sensory robot). Differential properties of curves and surfaces are used t o recognize the surface. The motivation is t,wofold: the output of some devices is not surface range data, but such
curves. So, surface invariants, which may be simpler
in some cases, cannot Q ~ W Q Y Sbe obtained. Also, a consaderable speedup is obtained by using curve data, QS
opposed to surface data which usually contains Q much
higher number of points.
;
I

1

Introduction
Work

and

Figure 1: High-accuracy measuring device and a curve
it measured on a cylinder.

measuring devices, such as coordinate measuring machines, manufactured by the Brown & Sharpe Company (Figure l ) , or the IBM RS/1 Cartesian robot.
Such devices can measure 3D curves with very high
accuracy (for instance, typical error range for a coordinate measuring machine is 0.01 mm). Another
source of curves on a surface is stereo; if there are
shapes (such as letters) on a surface, they can be used
to recover curve data, but usually surface data will be
much harder to obtain, due to the difficulty of solving
the matching problem in smooth areas. We focus here
on the case where surface (range) data is not available.

Previous

One task an intelligent system should be able to accomplish is recognition. Usually, a recognition system
derives some characteristics of an object it examines,
and tries to match them against similar characteristics
in a database. Suppose, for instance, that one is dealing with 2D objects, and tries to recognize them, given
their boundary. Typically, there is a finite database
these boundaries are matched against; various invariants have been derived, some global and some local
[17, 16, 2.51, to solve this problem. These are quantities that do not change under certain transformations
(Euclidean, affine, projective), and therefore can be
used to recognize an object even after it had been altered by such transformations.
Here, a different problem is addressed - recognizing
a surface in 3D space, while the information we have
is one-dimensional. Specifically, we assume that some
measuring device has sampled a curve on the surface.
Given the curve, the goal is to recognize the surface.
Typical sensors which are the source of such curves are

In [a], an algorithm is presented for determining the
axis of a surface of revolution. using the information
measured by a tactile sensor which can also estimate
the two principle curvatures. Here, we do not assume
that the two curvatures are given. In [5], the parameters of a cylinder are computed from structured light
patterns.
Some previous work has addressed the problem of
recognizing various surfaces given their occluding contours [14,8]. However, the aggregate of possible curves
on a surface is much larger than the aggregate of its
occluding contours. and may contain far more complicated curves; for instance, the occluding contour of a
sphere is always a circle, while there are a great many
3D curves - some of which have rather complicated
structure - on a sphere.
One way to proceed i s straightforward: fit an implicit polynomial to the curve's points, and, from its
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e If the object is a torus, its general equation is

type, determine the surface. This is the algebraic approach [19, 111. However, this approach will fail if
the curve does not lie on a single “primitive” (sphere,
cylinder etc), but “crosses over” between two or more
primitives. In that case, the global algebraic fit will
give us a meaningless result. A very rich theory of
local, or differential invariants, was developed t o solve
this problem [4, 3, 6, 24, 21, lo].
In Section 4 we present a method to solve the problem, which uses the differential properties of the curve
(tangent and normal vectors and the curvature), and
their relationships to the differential properties of the
surface. These differential properties measured at one
or more points on the curve are used to recognize the
type of primitive (sphere, cylinder, cone or torus) on
which the those points lie and also recover their shape
parameters. Similar techniques have been used for recognizing plane and space curves [3, 21, 181 but not the
surfaces on which they lie.
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It’s trivial t o extract a , b , c from Et,, (for instance, differentiating Etor three times by x gives
242 - 24a). To extract r and RInote that substituting {. = a , y = b , z = c } in Et,,. gives
r4 R4 - 2 R2?, and substituting {x = a , y =
a’Etor
@Etor
6, .z = c } in a’Etor
ay2
a22
gives
-12 R’ - 12 r2 8 R’nl’
8 R’n‘’
8 R’n3’ =
-4R’ - 12r2. It is trivial to extract R and r from
these two identities. After R, r , a , b, c have been
recovered, it is trivial to recover (nltn2,n3).
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2.1
Implicit polynomials can be used t o describe 2D and
3D objects. Some works which address the fitting of
implicit polynomials are [22, 1, 12, 23, 201. One can
then use polynomial invariants to recognize the objects
[19, 11, 7, 91. Let us shortly describe how a sphere,
cone, cylinder and torus can be recognized using such
invariants. Note that the first three objects can be
fitted with a quadratic, and the torus with a quartic.
Suppose, then, that we succeeded to fit data with a
quadratic. Write it as

+ ( u , X )+ s = 0

+
+

where ( a , b , c ) is its center point, (n1,na1n3)a
unit vector perpendicular to the plane over which
the torus lies, and R ( r ) are the major (minor)
radii.

The Algebraic Approach
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Number of Points Needed

Experiments on curve data show that a relatively high
number of points is necessary to achieve reliable algebraic fitting. For instance, for the cylinder data we
have used (Figure l ) , more than 200 points are required for a reliable fit. When 200 points were used,
there was a difference of 22% between the true radius
of the cylinder and the radius of the fitted cylinder.
At least 300 points are necessary to obtain a reliable
fit. Apparently, the fact that the points lie on a curve,
which is a “one dimensional entity”, results in singularities when trying to fit it with an implicit polynomial which, by its nature, is appropriate for fitting
“two dimensional entities”.
On the other hand, when using the differential invariants proposed here, a far smaller number of points
was necessary; usually, invariants were computed using 10 points or so.

(1)

where A is a 3 x 3 matrix, U a vector in R3,and s
a scalar. It is easy to verify that
If the object is a sphere, A has three positive and
identical eigenvalues. It is then trivial to extract
the sphere’s center and radius.

3

If the object is a cylinder, A has two positive and
identical eigenvalues, and one zero eigenvalue;
also, the axis of the cylinder is in the direction
of the eigenvector with zero eigenvalue, and it is
trivial t o extract its radius.

Mat hematical Preliminaries

In the sequel, a few concepts from geometry and algebra are required. We proceed to define them and state
some of their important properties.
Locally, a surface S in 3D Euclidean space is a differentiable image of an open set 0 in 72’. Formally, it
is the set of triplets { ( ~ ( uU ),, y ( u , ~ )z,( u , w)) / ( U , w ) E
0).
The tangent plane to S a t the point
((.(U,
U ) , y(u, U ) , z ( u , U ) ) is the plane spanned by
( 2 u , y u , z u ) and ( x , , y v , z , , ) . The normal to S at.
( u , v ) is the unit vector pointing at the direction of

If the object is a cone, A has two identical positive
eigenvalues and one negative eigenvalue. The axis
of the cone is in the direction of the eigenvector
with the negative eigenvalue. It is then trivial to
extract the cone’s opening angle and apex.
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(xu, yu , ) x (xu,yv, z,,); it is therefore perpendicular
to the tangent plane.
In the sequel, we shall use the fact that if C1 and
Ca are curves which intersect on S , then the normal to
S at their intersection point is a unit vector a t the direction of the vector product of their tangent vectors.
This holds unless these tangent vectors are parallel.
The intersection of S with any plane containing N
is called a normal section of S . Note that the normal
section is determined by a unit vector v in the tangent
plane, which is the direction at which the plane containing N intersects the tangent plane. Thus, we may
speak of a normal section at the direction U.
The curvature of a normal section is called the normal curvature. The maximal such curvature, kl , and
the minimal, k 2 , are called the prznczple_curvatu_resof
S . Let us denote their directions by k l and ka. It
can b,. proved that they are orthogonal and that, if
ti = kl cos(8) ka sin(8), then the normal curvature a t
the direction v equals

additional constraints are used to verify that the shape
is correct.
For each point on a curve the proposed primitive
must satisfy the following constraints:
0

P ( M ) = 0.
0

0

+ k?sina(8)

(2)

The product I< = k1ka is called the Gaussian curvature, and the mean H =
is the mean curvature.
Suppose a curve C lies on the surface S. Then, if
its curvature is K C , and the normal curvature of S at
the direction of C’s tangent vector is K S , then
KS

1
KC

COS(8)

(3)

where 8 is the angle between N s , the normal to S , and
N c , the normal to C .
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Tc, the curve’s tangent, must be orthogonal to
the surface normal N s a t the point.
Thus N s * Tc = 0.
If 8 is the angle between N s and N c , then K S =
K C cos(8), where the value of K S (the curvature of
the normal section on the surface) is determined
by the principal curvatures ~1 and ~2 and the
angle between them and Tc .

Therefore, each point yields three equations which
have t o be satisfied. These equations can be used
to verify hypotheses or to determine the value of unknown parameters.
When two curves intersect, at the intersection point
only five constraints exist because the first constraint
for the two curves is identical.
If additional points are not on a curve, and we don’t
have any differential properties associated with them,
we still have the first condition (they have to satisfy
the surface equation). In that case, we will need more
points.
In all the cases considered, we will require at least as
many constraints as unknown shape parameters and
use the remaining (or additional) constraints t o verify
the shape hypothesis.

+

k l cos’(8)

The point M must lie on the surface. This
means that if P is the object’s implicit equation,

Our Approach

4.1

In this section we study curve invariants which use
only curvature (this requires computing only the first
and second derivatives of the curve). We also assume that the only primitives the recognition system
may encounter are spheres, cylinders, cones, and tori.
When the information from one point is not enough
to uniquely determine the object, we will use an additional point or two on the curve to help disambiguate
the object.
Each of the classes of objects mentioned above have
a small number of parameters which determine its
shape. The sphere is defined by its center and radius
(four parameters) and the cylinder, cone, and torus
have 5, 6, and 7 parameters respectively.
I n order to be able to recover the shape of primitives, constraints which involve the differential properties of the curve and shape parameters have to be
derived, simple techniques for recovering the shape parameters from these constraints have to be found, and

Object Recognition from Two Intersecting Curves

Given two intersecting curves C1 and C2, we extract
T l lN I ,B 1 ,K ~ I , NTa~,B2,tcCca
,
at theintersection point
M . These are the Frenet trihedrons and the curvature
for both curves respectively. Recall that N s , the normal to the surface a t M , equals TI x T2.
For each curve we compute 8, the angle between
N s and the curve’s normal. The surface normal
curvature equals K N ~ = K C C O S ( ~ ) , and n~,(p) =
~1 sin2(@) K ~ C O S ~ (where
@ ) , ~ 1 , r i 2are the principal
curvatures for the surface at M , and p is the angle
between the tangent to the curve and ti:, the second
principal direction.
Given two curves we have two equations for the
surface normal curvature, with three unknowns - ~ 1
ka, and /3:

+

K

N

tc:Ns2
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~
= ~~1

=

~1

+ cos2((P)
+ 4)+ K Z cosa(P + 4 ) ,

sin?(P)
sin’(/?

lig

(4)

,

where 4 the angle between TI and T2 is known. Usually, it is impossible t o solve such a system; however, if
we know in advance that the geometric primitives can
only be spheres, cylinders, cones, and tori, it is possible t o identify them and extract their parameters.
If the given object is a cylinder, its parameters can
be recovered as follows. As ~1 = 0, the surface normal equations are reduced t o two equations with two
unknowns. Solving them, we can recover K Z and the
principal directions K; , ti-2. The cylinder’s radius is
R=
and the orientation of its axis is ti-1. A point
on the axis is:

which gives us two equations in two unknowns, which
can be solved for the values of 01 and PI.
These two points give the equation of the cylinder
that passes through them and satisfies the given constraints. In addition, from ( 5 )

which gives an additional constraint to verify that this
is indeed a cylinder with the computed parameters.

&,

5

C=M+RNs.
It is important to note that this does not prove that
the object is a cylinder. That has to be verified using
an additional point on the curve.

4.2

Object
Curve

Recognition

from

The algorithm for a single curve has been tested on
real data received from the Brown & Sharpe Company using their coordinate measuring machines (Figure 1). The data is a curve measured on a cylinder.
For each point on the curve TC, Nc, B e , and K C are
estimated. Using the algorithm described above, the
problem is reduced to solving for cos(&) and cos(Pl),
where all other parameters are expressed as functions
of these unknown values. The correct values must
satisfy four equations and have to satisfy the constraints that the absolute values of the cosine and
sine of the various angles must be less than 1. The
values of the unknowns are found using non-linear
least squares optimization techniques. In this case we
use the Levenberg-Marquardt procedure of the MINPACK library [15].
We chose at random 200 pairs of points and ran the
minimization procedure on them using several initial
conditions for the minimization. Even though the data
is noisy, most pairs of points yielded results close to
the correct shape. The results were sorted according
t o the least-squares error (LSE) of the four equations.
We trace the five cylinders with the smallest LSE in
Figure 2(a). One of these results and the original data
are shown in 2(b). It is important t o note that only the
data on the two points and their derivatives mentioned
above was used to recover the shape of the cylinder.
Additional points can then be used, if desired, to get
a better estimate for the shape.

One

When two intersecting curves are given, we are able
to recover N s and thus we know the angle B between
N s and N c . When we are given only one curve, B is
an unknown parameter which has to be recovered.
In the case of the cylinder we know that 61 = 0
and K? =
Given a point M1 on the curve, the two
unknowns are 61 and PI. When they are given, the
cylinder is uniquely defined. Note that ti; is parallel
to the axis of the cylinder, so it has to be the same
for every point on the cylinder. We will now use these
facts to define R and K’; the axis of the cylinder as
functions of 81 and P1:

k.

= Tc sin(P1)

+ (Tc x N s ) cos(Pl)

(5)

And a point on the axis is:

C1 = Mi

+ RNsl

Given an additional point, its
ered as follows:

02

6

and 02 can be recov-

K’;

Conclusions

A novel method to recognize some surfaces, given
curve(s) on them, was presented. The method recognizes the type of surface on which the curve lies by
finding relationships between the differential properties of the curves and the surfaces on which they lie.
The method can use 3D curves derived from stereo
and structured light; it is particularly useful when
given the output of measuring devices which produce

From them we can recover the point on the axis C2
closest to the second point, and both points must lie on
the cylinder’s axis, which is parallel to r;;; therefore,

(Cl - C?) x

Experimental Results

= 0,
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Figure 2: (a) The five recovered cylinders with the
lowest LSE: (b) The recovered shape of the cylinder
and the original data points.
such curves (for instance, sensory robots and coordinate measuring machines).
The main advantage of the proposed method compared to algebraic methods is in its local nature, which
enables it to segment and recognize curves (and the
surfaces they lie on), even if the curves lie on more
than one geometric primitive. Also, it necessitates a
far smaller number of curve points than the algebraic
method, for recognizing a single primitive.
An additional method using curve invariants has
been presented in [13].
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