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AbstractThe economic value of data mining is today well established. Most large organizations regularlypractice data mining techniques. One of the most popular techniques is association rule mining(ARM), which is the automatic discovery of pairs of element sets that tend to appear together in acommon context. An example would be to discover that the purchase of certain items (say tomatoesand lettuce) in a supermarket transaction usually implies that another set of items (salad dressing)is also bought in that same transaction. Application domains for ARM include recommendationservice, customer segmentation, catalog design, store layout and more.ARM is a computationally and I/O intensive task. Given m items there are 2m subsets thatmight frequently occur together. An exhaustive search over this exponential space is infeasible,except for very small values of m. The number of records is also huge. Typical departmental storesstock thousands of items and collect millions of customer transactions every day. Processing allthis data requires a lot of disk I/O. Given that data is increasing both in terms of the number ofitems (dimensions) and the number of transactions (size), one of the desirable characteristics of anARM algorithm is scalability, i.e., the ability to handle massive data-stores. Since it is clear thatsequential algorithms cannot provide the scalability in terms of the data dimensions, size, and therunning performance for such large databases, it is a challenge of the high-performance parallel anddistributed computing to �ll this role.Since the introduction of the problem, eÆcient sequential algorithms were presented for its so-lution. A variety of Distributed ARM (D-ARM) algorithms were also shown in the context ofparallelization and IO-speedup. Unfortunately, all the distributed algorithms presented scan thedatabase multiple times which is still the main show-stopper for this task. In this work, we presenta new algorithm that is the �rst D-ARM algorithm to perform a single scan over the database. Assuch, its performance is unmatched by any previous algorithm. The algorithm is based on the se-quential Sampling algorithm, and demonstrates superlinear speedup with the number of computingnodes. Scale-up experiments over standard benchmarks demonstrate stable run time regardless ofthe number of computers. Theoretical analysis reveals a tighter bound on error probability than theone shown in the corresponding sequential algorithm.
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List of AbbreviationsARM Association Rules MiningD � ARM Distributed Association Rules MiningDB transactional database to be minedD number of transactions in DBDBi relative portion of DB at computing node iDi number of transactions in DBiS sample transactional database taken from DBjSj number of transactions in SSi relative portion of S at computing node iF req(X;DBi) local frequency of itemset X in DBiFreq(X;DB) global frequency of itemset X in DBMinFreq minimum frequency of any itemset in DB in order to consider associations with itMinConf minimum con�dence of any association between itemsets in order to be reported to the userFfr(A) group of all itemsets with frequency above or equal to fr in ANB negative border of a group of itemsets
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1 Introduction and Related Work1.1 IntroductionThe availability of cheap storage and the progress in automated data gathering have led, during the lastdecade, to the development of data mining (a.k.a. knowledge discovery) algorithms and tools. The goalof these tools is to generate knowledge in the form of generalizations, summaries, rules of behavior etc.about a database. Such knowledge has many applications in the context of understanding, describingand acting upon the database.Association Rules Mining (ARM) in large transactional databases is one of the central problems inthe �eld of knowledge discovery. The input to the ARM problem is a database in which objects aregrouped by context. An example of such a grouping would be a list of items grouped by the customerwho bought them. ARM then requires us to �nd sets of objects which tend to associate with each other.Given two distinct sets of objects, X and Y , we say Y is associated with X if the appearance of X in acertain context usually implies that Y will appear in that context as well. If indeed X usually implies Ywe say that the rule X ) Y is con�dent in the database.Like other data mining techniques that must process enormous databases, ARM is inherently disk-I/Ointensive. These I/O costs can be reduced in two ways: by reducing the number of times the databaseneeds to be scanned, or through parallelization, by partitioning the database between several machineswhich then perform a distributed ARM (D-ARM) algorithm. In recent years much progress has beenmade in both directions.The main task of every ARM algorithm is to discover the sets of items that frequently appear together{ the frequent itemsets. The number of database scans required for the task has been reduced from anumber equal to the size of the largest itemset in Apriori [2], to typically just a single scan in modernARM algorithms such as Sampling and DIC [23, 4].Much progress has also been made in parallelized algorithms. With these, the architecture of theparallel system plays a key role. For instance, many algorithms were proposed which take advantageof the fast interconnect, or shared memory of parallel computers. The latest development with these is[24], in which each processor makes just two passes over its portion of the database.Parallel computers are, however, very costly. Hence, although these algorithms were shown to scale upto 128 processors, few organizations can a�ord to spend such resources on data mining. The alternativeis distributed algorithms, which can be run on cheap clusters of standard, o�-the-shelf PCs. Algorithmssuitable for such systems include the CD and FDM algorithms [1, 6], both parallelized versions of Apriori,3



which were published shortly after it was described. However, while clusters may easily and cheaply bescaled to hundreds of machines, these algorithms were shown not to scale well [5]. The DDM algorithm[16], which overcomes this scalability problem, was recently described. Unfortunately, all the D-ARMalgorithms for share-nothing machines scan the database as many times as Apriori. Since many businessdatabases contain large frequent itemsets (long patterns), these algorithms are not competitive with DICand Sampling.In this work we present a parallelized version of the Sampling algorithm, called D-Sampling. Thealgorithm is intended for clusters of share-nothing machines. The main obstacle of this parallelization,that of achieving a coherent view of the distributed sample at reasonable communication costs, wasovercome using ideas taken from DDM. Our distributed algorithm scans the database once, just likeSampling algorithm, and is thus more eÆcient than any D-ARM algorithm known today. Not only doesthis algorithm divide the disk-I/O costs of the single scan by partitioning the database among severalmachines, but also uses the combined memory to linearly increase the size of the sample. This increasefurther improves the performance of the algorithm because the safety margin required in Samplingdecreases when the (global) sample size increases.Extensive experiments on standard synthetic benchmarks show that D-Sampling is superior to previ-ous algorithms in every way. When compared to Sampling { one of the best sequential algorithm knowntoday { it o�ers superlinear speedup. When compared to FDM and DDM, it improves runtime by ordersof magnitude. Finally, on scalability tests, an increase in both the number of computing nodes and thesize of the database does not degrade D-Sampling performance.1.2 Problem De�nitionThe ARM problem has many variations di�ered by these four main features:1. The data:The input to the ARM problem is a database of transactions. Each transaction may be composedof the set of items purchased by a client [9][2] or also contain the quantities bought [19]. Ataxonomy, or partial order, may be supplied along with the items as in [10][18] or they can besimply enumerated as in all previous examples.2. Rule importance criteria:All ARM algorithms report only those rules which are important in some sense. Many criteriawere o�ered by which the importance of a rule can be judged. In [3] Bayardo and Agrawal give an4



overview of such criteria and show that a simple support (frequency) and con�dence partial order�sc on rules encompasses many of them.3. Rule constraints:Many times the user of the algorithm is not interested in a rule unless it ful�lls some constraints.For example there can be item constraints [20] or meta rules [7]. In [14] Pei and Han give a goodcategorization of such constraints.4. The required mining process:The process of mining can have its own variations. It can be a one time action (as are all priorexamples), an ongoing update process (see the FUP algorithm [21] and [22]), or even a cumulativeprocess in the spirit of anytime algorithms, where more and more rules are discovered over time.It is widely accepted that, at least for academic purposes, the basic ARM problem is the one in which:A. there are no taxonomies or quantitative transactions, B. rules are generated which surpass frequencyand con�dence thresholds, C. no further rule constraints are applied and D. the process of mining is aone time action over static data. Hence the problem de�nition is the following:Let I be a set of items. An itemset is some A � I and a k-sized itemset is an itemset whichincludes exactly k items. A transaction is some T � I and a database DB of size D is a listof D such transactions each one with its own unique transaction identi�er (tid). For everyitemset A the support count of A in DB, Support (A;DB), is the number of transactions inDB to which A is a subset, and its frequency is Freq(A;DB) = Support(A;DB)D .For a given frequency threshold MinFreq we say that an itemset A is frequent if and onlyif Freq (A;DB) � MinFreq. For a pair of frequent itemsets X;Y such that X � Y anda given MinConf threshold we say that the association (rule) X ) Y n X is con�dent ifFreq (Y;DB) �MinConf � Freq (X;DB).Given such database and thresholds the problem of Association Rule Mining is to �nd thelist of all the con�dent associations (rules) between frequent itemsets in the database.All known ARM algorithms work by identifying all frequent itemsets. Once the frequent itemsets andtheir frequencies are known, signi�cant rules can be generated in a straightforward procedure by com-paring the frequency of a frequent itemset to the frequencies of all its generalizations.5



1.3 Characteristics of ARM AlgorithmsSeveral choices have to be made when a new ARM algorithm is developed. These choices have to do withfundamental characteristics of the algorithm and will determine, to a large extent, its points of strengthand weakness. Following is a list of those characteristics:Direction of search for frequent itemset: The group of itemsets can be viewed as a lattice (see�gure 1) with the empty itemset at the bottom and the full itemset at the top. ARM algorithms searchthis itemset lattice for frequent itemsets. One of the main observations in ARM is that if an itemset A isfrequent then any itemset B which generalizes it (B � A) must also be frequent. From this observationwe can deduce two pruning rules. Bottom-up: given that a certain itemset is infrequent the algorithmcan refrain from counting all its speci�cations, for they too are certainly infrequent. Top-down: giventhat a certain itemset is frequent the algorithm can refrain from counting all its generalizations for theytoo are certainly frequent. It is impractical to search the lattice in a top-down manner because thefrequent itemsets are much more sparsely spread on the lattice at its top than at the bottom. All knownalgorithms use either bottom-up search (see Apriori [2], FP-tree [9]) or a hybrid bottom-up and top-downsearch (see Pincer-Search [12]).
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{}Figure 1: The itemsets form a lattice with the empty itemset at the bottom and the full itemset at thetop.
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Data Layout The database can be organized in one of two ways (see �gure 2): either horizontalas a list of tid's, each followed with the items which are included in that transaction, or vertical as alist of items, each followed by the tid's of the transactions in which that item appear. The latter viewcan, once the algorithm advances, be extended to a list of itemsets (initially 1-sized itemsets) followedagain by the tid's of the transactions in which the prescribed itemset is contained. The main problem ofvertical representation is that for usual distributions of items on transactions it is much larger, at leastfor 1-sized and 2-sized itemsets. A hybrid approach is also possible (see Eclat algorithm at [27]) wherehorizontal layout is used for mining the 1-sized and 2-sized itemsets and then vertical layout is used formining larger sized itemsets.Figure 2: Horizontal vs. Vertical Data Layout
A C T W1

C D W2

A C T W3

A C D W4

A C D T W5

C D T6 (a) Horizontal Layout

1

3

4

5

A

2

1

3

4

5

6

C

6

5

4

2

D

6

5

3

1

T

5

4

1

2

3

W

(b) Vertical LayoutDeterministic vs. Heuristic Pruning: As we already said, not all itemsets have to be considered byan ARM algorithm. Speci�cally, information gathered on some itemsets can be used to prune the searchtree and refrain from counting many of the itemsets. Even if we restrict the discussion to algorithmswhich compute the complete set of frequent itemsets (without allowing approximation) there still remainsthe question of the order by which the itemsets are considered. For example, both Apriori [2] and FP-tree [9] consider itemsets in a breadth �rst search from the bottom-up. They do not start to countfrequency of an itemset before it is known that all its generalizations are frequent. On the other hand,7



algorithms such as Pincer-Search, Partition, AS-CPA, DIC and Sampling ([12][15][13][4][23] respectively)consider itemsets before it is certain that their generalizations are frequent. The drawback of the latteralgorithms is the larger number of false positives, itemsets which are counted and prove to be infrequent.The advantage, on the other hand, is a reduction in the number of database scans.Parallel System Architecture: The main distinction between parallel ARM algorithms is the ar-chitectures they are intended for. Typically these would include Shared Memory Machines, DistributedShared Memory Machines or Shared Nothing Machines. Several of the methodologies used for parallelARM are restricted to a certain architecture. Especially, any algorithm requiring comprehensive sharingof information will probably only be practical for Shared Memory Machines. Since our main interest isin share nothing machines we will focus on algorithms which are applicable to such systems.Data vs. Task Parallelism: Considering parallel algorithms one of the main decisions is what topartition between the processors: the database or the candidate itemsets. Partitioning the databaseo�ers linear disk I/O speedup. Partitioning the candidates, on the other hand, o�ers better memoryutilization but may require, in the case of Share Nothing Machines, replication of the database to allthe processors (See Eclat parallelization [25]). Hybrid approaches have also been o�ered which partitionboth candidates and database (See Par-Eclat [28]).1.4 Distributed ARM AlgorithmsWe are interested in the kind of Distributed ARM (D-ARM) problems which have the following twocharacteristics. First, the number of nodes participating n is very large due to large sizes of todaysdatabases. Second, at the beginning of the problem the databases may already be horizontally partitionedamong those nodes. We would like not to limit in any way the other important characteristics of theproblem: the local sizes of the database Di, the number of items I and the size of the itemsets.The �rst characteristic dictates that our algorithms must use data parallelization, because any algo-rithm which requires moving data from one node to another will not scale with the size of the databaseor the number of nodes. The second characteristic dictates that the data layout must be horizontal.For such distributed algorithms we give the following additional notation:We assume the algorithm is executed by n computing nodes (parties) which communi-cate by exchanging messages. Let DB be a transactional database of size D. Let DB =�DB1; DB2; :::; DBn	 be a horizontal partition ofDB into n partitions of sizesD = �D1; D2; :::; Dn	8



respectively. Let S be a list of transactions which were sampled uniformly from DB, andlet S = �S1; S2; :::; Sn	 be the partition of S induced by DB. For any itemset X we callFreq �X;DBi� the local frequency of X in partition i and Freq (X;DB) its global frequency ;likewise, we call Freq �X;Si� the estimated local frequency ofX in partition i and Freq (X;S)its estimated global frequency. For some frequency threshold 0 �MinFreq � 1, we say thatan itemset X is frequent in A if Freq (X;A) � MinFreq and infrequent otherwise. If A isa sample, we say that X is estimated frequent or estimated infrequent. If A is a partition,we say that X is locally frequent, and if A is the whole database, then X is globally frequent.Hence an itemset may be estimated locally frequent in the kth partition, globally infrequent,etc. The group of all itemsets with frequency above or equal to fr in A is called Ffr [A]. Thenegative border of Ffr [A] is all those itemsets which are not themselves in Ffr [A] but haveall their subsets in Ffr [A]. Finally, for a pair of globally frequent itemsets X and Y suchthat X \ Y = ;, and some con�dence threshold 0 < MinConf � 1, we say the rule X ) Yis con�dent if and only if Freq (X [ Y;DB) �MinConf � Freq (X;DB).D-ARM problem restatement: Given a partitioned database DB, and given MinFreqand MinConf , the D-ARM problem is to �nd all the con�dent rules between itemsets inFMinFreq �DB�.Reviewing previously published distributed algorithms we can see that only a small group of shared-nothing Apriori [2] based D-ARM algorithms, and one more FP-Growth [9] based algorithm conformwith this paradigm. The Apriori based include CD [1], FDM [6], FPM [5] and DDM [16] algorithms.The FP-Growth based is described in [11].1 Below, we overview these algorithms. For a good surveyof parallel algorithms which includes algorithms �t only for Shared Memory or Tightly coupled SharedNothing machines see [26].1.4.1 Apriori-based D-ARM AlgorithmsApriori is a sequential algorithm which scans the itemset lattice in a DFS bottom-up manner. Startingfrom level 1 where each itemset contains exactly one item Apriori scans the database and computesthe frequency of every itemset. Apriori considers, in the same manner, every k + 1 level itemset ifand only if all its k level subsets proved to be frequent. The algorithm terminates when on somek + 1 level no candidates should be considered. Hence, it performs a number of database scans1This article was recently published, when most of the work described here was already carried out.9



exactly equal to the maximal number of items in a frequent itemset.CD is an obvious parallelization of Apriori in which the database is partitioned among n parties. Eachof these parties concurrently scans its partition and produces local frequencies for every candidate.Then a global sum reduction is performed in which every party receives the global frequency forevery candidate. Given the list of k level frequent itemsets, the list of k + 1 level candidates canbe independently calculated by all the parties with no communication or synchronization and thealgorithm proceeds similarly to Apriori. The algorithm makes the same number of database scansas Apriori, but since the database is partitioned among the parties the I/O is expedited linearlywith n. The algorithm carries O (n � jCj) communication complexity penalty where C is the set ofall itemsets considered by Apriori.FDM introduces a new pruning technique called local pruning. Using the observation that in order for anitemset to be globally frequent it has to be locally frequent in at least on partition of the database.FDM replaces the sum reduction stage of CD with a three step procedure. First every partyreports to a preassigned polling station which itemsets are relatively frequent (locally frequent) inits partition. Then the polling station broadcast the list of all itemsets which are locally frequentat some partition. Finally the global sum is computed only for those itemsets. As a result fromthis pruning technique many of the candidates may be ignored altogether and communication costsreduces. FDM has two main drawbacks. The �rst drawback is that it uses two synchronizationpoints instead of the one used in CD. The second drawback is that the communication complexityof FDM is O (Prpotential � n � jCj) where Prpotential is the probability that an itemset is locallyfrequent on some partition. Unfortunately Prpotential grows very fast to 1 with the increase of n.This is because when the database is not homogeneous and the number of partitions is large thereis a good chance that every candidate itemset might be locally frequent in at least one partition.If this happens then FDM communication costs deteriorates to be worse than those of CD.FPM introduces two other pruning techniques the stronger of which is called global pruning. In globalpruning each party independently computes a bound on the maximal local frequency of every otherparty for a k + 1-sized itemset, those candidates for which the sum of the bounds is lower thanMinFreq can then be pruned. The bound each party computes is the minimum local frequencythat other party reported for any k-sized itemset which is a generalization of the k + 1-sizeditemset considered. The eÆciency of this pruning technique increases as the database becomes lesshomogeneous. However, for homogeneous databases the communication complexity of FPM is no10



better than CD.DDM In 2001, Schuster and Wol� presented another Apriori-based D-ARM algorithm called DDM [16].As in Apriori, candidates in DDM are generated level-wise and are then counted by each node inits local database. The nodes then perform a distributed decision protocol in order to �nd outwhich of the candidates are frequent and which are not. DDM di�ers from FDM in that the DDMprotocol allows that some of the nodes choose to publish the local frequency of a candidate whileothers choose not to. The protocol is directed by two hypotheses which are maintained about eachcandidate: in one, called the public hypothesis, each node assumes that the global frequency of theitemset is equal to the average of the local frequencies published for it thus far (or zero if none waspublished); in the other, called the private hypothesis, each node assumes that its local frequencyis shared by all those which have not published their own local frequency for the candidate. Ifa node �nds that the public and private hypotheses about an itemset disagree (i.e., one predictsthat the itemset is frequent while the other predicts that it is infrequent), it will publish the localfrequency. It is easy to show that when the protocol dictates that no node should publish the localfrequency of a certain itemset, the public hypothesis for that itemset correctly predicts whetherit is frequent or infrequent. DDM improves the communication complexity of previous solutionsto O (Prabove jCjn), where Prabove is the chance of an itemset being locally frequent at a speci�cpartition. Prabove is by de�nition smaller than Prpotential and is also independent of n. DDM isthus far more communication eÆcient, scalable, and resilient to data skewness.1.4.2 FP-Growth based Distributed AlgorithmThe FP-Growth algorithm can be divided into two phases: the construction of FP-Tree, and miningfrequent patterns from the FP-Tree [9]. The construction of FP-Tree requires two scans of the database.The �rst scan accumulates the support of each item and then selects items that satisfy minimum support,i.e. frequent 1-itemsets. Those items are stored in frequency descending order to form F-list. The secondscan constructs FP-Tree as follows: �rst, the transactions are reordered according to F-list, while non-frequent items are stripped o�. Then, reordered transactions are inserted into FP-Tree. The order ofitems is important since in FP-Tree itemsets with same pre�x share same nodes. If the node correspondingto itemset in transaction exists the count of the node is increased, otherwise a new node is generated andthe count is set to 1. FP-Tree also has a frequent-item header table that holds heads of node-links, thatconnect nodes of same item in FP-Tree. The node-links facilitate item traversal during frequent pattern11



mining.The second stage of the algorithm is to mine frequent patterns from this FP-Tree. FP-Growth thentraverses nodes in the FP-Tree starting from the least frequent item in F-list. The node-link originatingfrom each item in the frequent-item header table connects the same item in FP-Tree. While visiting eachnode, FP-Growth collects the pre�x-path of the node, that is the set of items on the path from the nodeto the root of the tree. FP-Growth stores the count on the node as the count of the pre�x-path. Thepre�x-paths form the so called conditional pattern base of that item.The conditional pattern base is a relatively small database of patterns which co-occur with the item.Then FP-Growth creates small FP-Tree from the conditional pattern base called conditional FP �Tree.The process is recuresively iterated until no conditional pattern base can be generated and all frequentpatterns that contain the item are discovered. The same iterative process is repeated for other frequentitems in the F-list.Parallelization of the FP-Growth algorithm on a PC cluster presented in [11] exploits the fact thatthe processing of a conditional pattern base is independent of the processing of other conditional patternbases. After the �rst scan of the database the support counts of all items are exchanged to determineglobally frequent items and identical F-lists are built at each node. At the second database scan, eachnode builds local FP-Tree from local transaction database with respect to the global F-list. To �ndall locally frequent patterns local conditional pattern bases are generated from the FP-Tree. Then thecounts are communicated and globally frequent patterns are determined.The paper demonstrates speed-up ratio of 8 with 32 nodes which is not very promising. More extensiveexperiments should be conducted, most importantly, on larger than 100K transactions databases in orderfor this work to be adequately considered. FP-Growth approach also has other limitations; the algorithmrequires two scans of the database, and there is a potential problem that FP-Tree cannot �t into memory.1.5 Sequential SamplingIn 1996 Toivonen presented a single scan algorithm called Sampling [23]. The idea behind Sampling issimple. A random sample of the database is used to predict all the frequent itemsets, which are thenvalidated in a single database scan. Because this approach is probabilistic, and therefore fallible, notonly the frequent itemsets are counted in the scan but also their negative border. If the scan revealsthat itemsets which were predicted to belong to the negative border are frequent, then all their possiblefrequent supersets are generated. A second scan is then performed to discover whether they are alsofrequent. To further reduce the chance of failure, Toivonen suggested that mining be performed using12



some low fr < MinFreq, and the results reported only if they pass the original MinFreq threshold.He also gives a heuristic which can be used to determine low fr. The cost of using low fr is an increasein the number of candidates. The Sampling algorithm and the DIC algorithm (Brin 1997 [4]) are theonly single-scan sequential ARM algorithms known today. The performance of the two is thus unrivaledby any other sequential ARM algorithm.2 D-SamplingThe distributed algorithms described in the previous section are based on Apriori. Indeed, all parallelalgorithms that have been presented until today are level-wise and require multiple database scans. Thereason why no distributed form of Sampling was suggested in the six years since its presentation maylie in the communication complexity of the problem. As we have seen, the communication complexityof D-ARM algorithms is highly dependent on the number of candidates and on the noise level in thepartitioned database. When Sampling reduces the database through sampling and lowers the MinFreqthreshold, it greatly increases both the number of candidates and the noise level. This may render adistributed algorithm useless.This is the reason that the reduced communication complexity of DDM seems to o�er an opportunity.The main idea of D-Sampling is to utilize DDM to mine a distributed sample using low fr instead ofMinFreq. After Flow fr �S� has been identi�ed, the partitioned database is scanned once in parallel,to �nd the actual frequencies of Flow fr �S� and its negative border. Those frequencies can then becollected and rules can be generated from itemsets more frequent than MinFreq.We added three modi�cations to this scheme. First, although the given DDM is level-wise, here it isexecuted on a memory resident sample. Thus we could modify DDM to develop new itemsets on-the-
yand calculate their estimated frequency with no disk-I/O. Second, a new method for the reduction ofMinFreq to low fr yielded two additional bene�ts: it is not heuristic, i.e., our error bound is rigorous,and it produces many less candidates than the method suggested previously. Third, after scanning thedatabase, it would not be wise to just collect the frequencies of all candidates. Since these candidateswere calculated according to the lowered threshold, few of them are expected to have frequencies abovethe original MinFreq. Instead, we run DDM once more to decide which candidates are frequent andwhich are not. We call the algorithm D-Sampling (Algorithm 1).
13
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Infrequent(f)Figure 3: The development of the trie throughout D-Sampling: First (c) the trie is developed accordingto the local frequencies of the itemsets. Then (d) MDDM is performed once and the estimated globallyfrequent itemsets are identi�ed. The error reduction phase (e) follows, by the end of which low fris set and the itemsets which are frequent according to this threshold are identi�ed. At this stage thenegative border is calculated, the database is scanned and actual frequencies are counted for the combinedcandidate set. Finally, in (f) MDDM is run once more with these frequencies and the original MinFreq.The frequent itemsets are identi�ed. If one of them belongs to the negative border, failure is reported;otherwise, rules are calculated.
Algorithm 1 D-SamplingFor node i out of nInput:MinFreq, MinConf , DBi, s, M , ÆOutput:The set of con�dent associations between globally frequent itemsetsMain:Set p error  1,low fr  MinFreqLoad a sample Si of size s from DBi into memoryInitialize the trie with all the size-1 itemsets and calculate their TID listsFlow fr �S� MDDM (MinFreq)While p error > Æ1. Flow fr �S� Flow fr �S� [M Max (M)2. Set low fr to the frequency of the least frequent itemset in Flow fr �S�3. Set p error to the new error bound according to MinFreq, low fr and Flow fr �S�Let C be Flow fr �S� [Negative Border �Flow fr �S��Scan the database and compute Freq �c;DBi� for each c 2 C. Update the frequencies in the trie to thecomputed onesCompute FMinFreq �DB� by running MDDM (MinFreq), this time with the actual frequenciesIf exists c 2 FMinFreq �DB� such that c 62 Flow fr �S� (i.e., from negative border) report failureGen Rules �FMinFreq �DB� ; MinConf� 14



2.1 AlgorithmD-Sampling begins by loading a sample into memory. The sample is stored in a trie { a lexicographictree. This trie is the main data structure of D-Sampling and is accessed by all its subroutines. Eachnode of the trie stores, in addition to structural information (parents, descendants etc.), the list of TID'sof those transactions that include the itemset associated with this node. These lists are initialized fromthe sample for the �rst level of the trie; when a new trie node { and itemset { are developed, the TIDlists of two of the parent nodes are intersected to create the TID list of the new node.Figure 3 describes the development of the trie throughout D-Sampling. The �rst step of D-Samplingis to run a modi�cation of DDM on the distributed sample. Then, in order to set low fr, the algorithmenters a loop; in each cycle through the loop it calls another DDM derivative called M-Max to mine thenext M estimated-frequent itemsets. M is a tunable parameter we set to about 100. After it �nds thoseadditional itemsets, D-Sampling reduces low fr to the estimated frequency of the least frequent one andre-estimates the error probability using a formula described in section 3. When this probability dropsbelow the required error probability, the loop ends. Then, D-Sampling creates the �nal candidate set Cby adding to Flow fr �S� its negative border.Once the candidate set is established, each partition of the database is scanned exactly once and inparallel, and the actual frequencies of each candidate are calculated. With these frequencies D-Samplingperforms yet another round of the modi�ed DDM. In this round the original MinFreq is used; thus,unless there is a failure, no candidates outside the negative border need be used. If indeed no failureoccurs, then all frequent itemsets will be evaluated according to the actual frequencies which were foundin the database scan. Hence, after this round it is known which of the candidates in C are globallyfrequent and which are not. In this case, rules are generated from FMinFreq �DB� using the knownglobal frequencies.If an itemset belonging to the negative border of Flow fr �S� does turn out to be frequent, this meansthat D-Sampling has failed: a superset of that candidate, which was not counted, might also turn outto be frequent. In this case we suggest the same solution o�ered by Toivonen: to create a group ofadditional candidates that includes all combinations of anticipated and unanticipated frequent itemsets,and then perform an additional scan. The size of this group is limited by the number of anticipatedfrequent itemsets times the number of possible combinations of unanticipated frequent itemsets.2 Sincefailures are very rare events, and the probability of multiple failure is exponentially small, the additional2The number of existing frequent patterns jLj is typically only a few thousands (the rest hundreds of thousands is thenegative border). If there are l independent misses, the number of candidates to check in the second pass would be 2l � jLjat most. The probability for l independent misses is Æl. 15



scan will incur costs that are of the same scale as the �rst scan.2.2 MDDM { A Modi�ed Distributed Decision MinerThe original DDM algorithm, as described in section 1.4, is level-wise. When the database is smallenough to �t into memory, the level-wise structure of the algorithm becomes super
uous. Modi�edDistributed Decision Miner, or MDDM (Algorithm 2), therefore starts by developing all the locallyfrequent candidates, regardless of their size. It then continues to develop candidates whenever they arerequired, i.e., when all their subsets are assumed frequent (according to the local hypothesis - P ) or whenanother node refers to the associated itemset.The remaining steps of MDDM are the same as DDM. Each party looks for itemsets for which theglobal hypothesis and local hypothesis disagree and communicate their local counts to the rest of theparties. When no such itemset exists, the party passes (it can return to activity if new informationarrives). If all of the parties pass, the algorithm terminates and the itemsets which are predicted to befrequent according to the public hypothesis H are the estimated globally frequent ones.Figure 4 exempli�es the development of the trie as messages are sent and received. First, the locallyfrequent itemsets are developed, their TID lists calculated, and their public hypothesis and privatehypothesis evaluated (H and P respectively); the starting value of H is zero and that of P is the localfrequency. As messages are received, those values change. Itemsets are sent when their H and P areon opposite sides of MinFreq. Therefore, in this toy example, where MinFreq is 0:75, itemset f1g issent. When a message is received about an itemset which has already been developed (as is the case forf2g, f3g and f4g), it causes the reevaluation of H and P . If a message is received for an itemset whichhas not yet been developed (as is the case for f3; 4g), it is developed on-the-
y and its local frequency iscalculated.2.3 M-Max AlgorithmThe modi�ed DDM algorithm identi�es all itemsets with frequency above MinFreq. D-Sampling, how-ever, requires a further decrease in the frequency of itemsets which are included in the database scan.The reason for this, as we shall see in section 3, is that three parameters a�ect the chances for failure.These are the size of the sample N , the size of the negative border, and the estimated frequency of theleast frequent candidate. The �rst parameter is given, the second is a rather arbitrary value which wecan calculate or bound, and the last parameter is the one we can control.16



Algorithm 2 Modi�ed Distributed Decision MinerFor node i out of nInput:fr { the target frequencyOutput:Ffr �S�De�nitions: P �X;Si� = Xj2G(X) ��Sj��Freq �X;Sj�jSj +Xj 62G(X) ��Sj��Freq �X;Si�jSjH (X) =8><>: Pj2G(X) ��Sj��Freq �X;Sj�Pj2G(X) jSj j G(X) 6= ;0 otherwiseMain:Develop all the candidates which are more frequent than fr according to PDo � Choose a candidate X that was not yet chosen and for which either H (X) < fr � P �X;Si� orP �X;Si� < fr � H (X)� Broadcast m = 
id (X) ; F req �X;Si��� If no such itemset exists broadcast hpassiUntil jPassedj = NR all X with H (X) � frReturn RWhen node i receives a message m from party j:1. If m = hpassi insert j into Passed2. Else m = 
id (X) ; F req �X;Sj��If j 2 Passed remove j from PassedIf X was not developed then: develop it, set G (X) = ;, calculate X:tid list by intersecting theTID lists of two of X 's immediate subsets and set Freq �X;Si� = jX:tid listjjSijInsert j to G (X)Recalculate H (X) and P �X;Si�
17
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0.5, 0.8(c) A message may arrive concern-ing an itemset which has not yetbeen developed. In that case, itis developed and inserted into thetrie.Figure 4: The development of the trie throughout MDDMThe frequency of the least frequent candidate can be controlled by reducing low fr. However, thismust be done with care: lowering the frequency threshold increases the number of candidates. Thisincrease depends on the distribution of itemsets in the database and is therefore nondeterministic. Thelarger number of candidates a�ects the scan time: the more candidates you have, the more comparisonsmust be made per transaction. In a distributed setting, the number of candidates is also strongly tiedto the communication complexity of the algorithm.To better control the reduction of low fr, we propose another version of DDM called M-Max (Al-gorithm 3). M-Max increases the number of frequent itemsets by a given factor rather than decreasingthe threshold value by an arbitrary value. Although worst case analysis shows that an increase of evenone frequent itemset may require that any number of additional candidates be considered, the numberof such candidates tends to remain small and roughly proportional to the number of additional frequentitemsets. We complement this algorithm with a new bound for the error (presented in section 3). Thecombined scheme is both rigorous and economical in the number of candidates.The M-Max algorithm is based on the inference that changing theMinFreq threshold to the H-valueof the M -largest itemset3 every time an itemset is developed or a hypothesis value is changed will resultin all parties agreeing on the M most frequent itemsets when DDM terminates. This is easy to prove.Take any �nal state of the modi�ed algorithm. The H value of each itemset is equal in all parties; hence,the �nal MinFreq is equal in all parties as well. Now compare this state to the corresponding stateunder DDM, with the static MinFreq value set to the one �nally agreed upon. The state attained by3P is used when the M largest H is zero. 18



M-Max is also a valid �nal state for this DDM. Thus, by virtue of DDM correctness, all parties must bein agreement on the same set of frequent itemsets.As a stand-alone ARM algorithm, M-Max may be impractical because a node may be required to referto itemsets it has not yet developed. If the database is large, this would require an additional disk scanwhenever new candidates are developed. Nevertheless, at the low fr correction stage of D-Sampling,the database is the memory-resident sample. It is thus possible to evaluate the frequency of arbitraryitemsets with no disk-I/O.3 Statistical AnalysisTwo statistical issues should be settled in order to validate that D-Sampling has the required failureprobability. The �rst is bounding the probability of failure that follows the error adjustment phase. Thesecond is showing how a distributed database can be sampled uniformly.3.1 A Bound on the Sampling ErrorLet 0 < fr < 1 be the frequency of some arbitrary itemset X in DB. Consider a random sample S ofsize N from DB. We will assume that transactions in the sample are independent. Hence, the numberof rows in S which contain X can be seen as a random variable, x � Bin(N; fr).The frequency of X in N transactions, s fr = x=N , is an estimate for fr, which improves as Nincreases. The best-known way to bound the chance that s fr will deviate from fr is with the Cherno�bound. We use a tighter bound for the case of binomial distributions (see Hagerup and Rub [8]):Pr (jfr � s frj > ") � "� 1� fr1� s fr�1�s fr � frs fr�s fr#N (1)Lemma: Given a random uniform sample S of N transactions from DB, a frequency thresholdMinFreq, the lowered frequency threshold low fr, and the negative border of Flow fr [S], denoted NB,the probability pfailure that any X 2 NB will have frequency larger than or equal to MinFreq (hencecausing failure) is bounded by:jNBj � "�1�MinFreq1� low fr �1�low fr �MinFreqlow fr �low fr#N (2)Proof: For any speci�c itemset in NB, the probability that this itemset will cause failure is theprobability that its estimated frequency is below low fr while its actual frequency is above MinFreq.19



Algorithm 3 M-MaxFor node i out of nInput:low frOutput:The M most frequent itemsets not yet in Flow fr �S�De�nitions: same as for algorithm 2.2Let B denote the initial size of Flow fr �S�, fr = low frMain:Do1. call set fr2. Choose X that was not yet chosen and for which either H (X) < fr � P �X;Si� or P �X;Si� <fr � H (X)Broadcast m = 
id (X) ; F req �X;Si��3. If no such itemset exists broadcast hpassiUntil jPassedj = NR all X in the trie with H (X) � fr which are not in Flow fr �S�Return RWhen node i receives a message m from party j:1. If m = hpassi insert j into Passed2. Else m = 
id (X) ; F req �X;Sj��If j 2 Passed remove j from PassedIf X was not developed then: develop it, set G (X) = ;, Calculate X:tid list by intersecting theTID lists of two of X 's immediate subsets and set Freq �X;Si� = jX:tid listjjSijInsert j to G (X)Recalculate H (X) and P �X;Si�call set frprocedure set fr:Do M times:� Select the next most frequent itemset outside Flow fr �S� and develop its descendants if they werenot developed yetSet fr to the H value of the last itemset selected. For itemsets with H = 0 consider P instead.
20



Substituting MinFreq for fr and low fr for s fr, the bound gives us:Pr (jFreq (X;DB)� Freq (X;S)j > �) �Pr (jMinFreq � low frj > �) �"�1�MinFreq1� low fr �1�low fr �MinFreqlow fr �low fr#N (3)As for the entire NB: Pr (9X 2 NB : X fails) � XX2NB Pr (X fails) �jNBj"�1�MinFreq1� low fr �1�low fr �MinFreqlow fr �low fr#N (4)Since calculating the negative border is by itself a costly process, we choose to relax this bound bysubstituting jI j jFlow fr [S]j for jNBj. Obviously, any itemset in Flow fr [S] can only be extended by atmost jI j items, and thus this relaxed bound holds.Corollary (Toivonen 1996): If none of the itemsets in the negative border caused failure, then noother itemset can cause failure.Proof: Any other itemset X outside Flow fr [S] and NB must include a subset from NB. Hence itsfrequency must be less than or equal to the frequency of this subset. It follows that if the frequency ofeach itemset in NB is below MinFreq, so is the frequency of X .3.2 Uniformly Sampling a Partitioned DatabaseUniform sampling is not a simple task in any database. At worst it may require as much as a full scanof the database to ensure uniformity. Partitioning the database, as we do, adds a further complication.Here we show that any existing method for uniformly sampling a single database can be leveraged intoa scheme for sampling partitioned databases.The scheme we use is simple. In order to randomly choose a single transaction from the partitioneddatabase, we �rst uniformly choose a partition4 and then uniformly choose a transaction from the chosenpartition. Extending this to a sample of size jSj, we �rst choose randomly, for each transaction in the4If the partitions are not equal in size, this choice is weighted according to the partition sizes.21



sample, the partition from which it will be sampled. Then, knowing exactly how many transactions shouldbe sampled from each partition, we randomly choose the correct number. Note that the theoretical boundwe use allows sampling with repetitions; the algorithm, however, will require slight modi�cations for asingle TID to appear twice in the sample.This does not yet mean that D-Sampling works well with every partitioned sample. Since local samplesizes are selected randomly, one of these local samples may be small. Small samples are, by de�nition,noisier than large ones. Since the performance of DDM depends on Prabove and hence on the noisinessof the data, a sample which is biased against a speci�c partition may result in a longer run time.The choice of the number of transactions to be sampled from each partition is distributed multino-mially. The expected number of transactions from each of the n partitions is hence jSjn . Since we choosethe partitions independently, we can apply the Cherno� bound to the size of the sample from a speci�cpartition: Pr���Si�� � (1� �) jSjn � � e� �2jSj2n (5)Taking � = 10%, we get Pr ���Si�� � 0:9 jSjn � � e� jSj200n . In our experiments, jSj = 80; 000 � n. This isbased on the size of the sample in Toivonen's experiments: between 20; 000 and 80; 000 transactions.The chance of having a 10% smaller sample with these �gures is negligible: less than e�400. Obviously,a 10% di�erence in sample size will not have any noticeable e�ect on the noise level or on the run time.Since the chances of a sample that is largely biased toward a speci�c partition are slim, the best thingto do if such a sample does occur is to sample once again. Moreover, in many practical scenarios it isknown that the partitioning of the data was random. In that case, it is justi�ed to simply sample anequal portion of each partition. In our experiments, we used this last method.4 ExperimentsWe carried out four sets of experiments. The �rst set tested D-Sampling to see how much faster it is torun the algorithm with the database split among n machines than to run it on a single node. The secondset compared D-Sampling with FDM and DDM on a range of MinFreq values. The third set checkedscale-up: the change in runtime when the number of machines is increased together with the size of thedatabase. The fourth set tested how many candidates are generated by D-Sampling in comparison tothe minimal amount of candidates in FDM and Apriori.We ran our experiments on two clusters: the �rst cluster, which was used for the �rst, second and22



fourth sets of experiments, is a cluster of 15 Pentium computers with dual 1.7GHz processors. Eachcomputer has at least 1 gigabyte of main memory. The computers are connected via an Ethernet-100network. The second cluster, which we used for the scale-up experiments, is composed of 32 Pentiumcomputers with dual 500MHz processors. Each computer has 256 megabytes of memory. The secondcluster is also connected via an Ethernet-100 network.All of the experiments were performed with synthetic databases produced by the standard gen tool[17]. The databases were built with the same parameters used by Toivonen in [23]. The only change wemade was to enlarge the databases to about 18 gigabytes each; had we used the original sizes, the wholedatabase would �t, when partitioned, into the memory of the computers. The database T5.I2.D600M has600M transactions, each containing an average of �ve items, and patterns of length two. T10.I4.D375Mand T20.I6.D200M follow the same encoding. When the database was to be partitioned, we divided itarbitrarily by writing transaction number TID into the TID%n partition.4.1 Speedup ResultsThe speedup experiments were designed to demonstrate that parallelization works well for Sampling.We thus ran D-Sampling with n = 1 (with n = 1, D-Sampling reverts to Sampling) on a large database.Then we tested how splitting the database between n computers a�ects the algorithm's performance.As �gure 5 shows, the basic speedup of D-Sampling is slightly sublinear. However, when the numberof candidates is large, the speed-up becomes superlinear. This is because the global sample size increaseswith the number of computers. This larger sample size translates into a higher low fr value and thusto a smaller number of candidates than with n = 1.For completeness, we included FDM and DDM speedup graphs. They start o� at n = 1 with roughlydouble the runtime of D-Sampling and then speed up sublinearly. For proper comparison, we normalizedtheir speedup relative to the runtime of D-Sampling with n = 1. That is why, for n = 1, the graph showsthat FDM and DDM have a 50% slowdown.4.2 Dependency on MinFreqThe second set of experiments (�gure 6) demonstrates the dependency of D-Sampling performance onMinFreq, which determines the number and size of the candidates. We compare the D-Sampling runtimeto that of FDM and DDM. D-Sampling turns out to be insensitive to the reduction in MinFreq; itsruntime increases by no more than 50% across the whole range. On the other hand, the runtimes of FDM23
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(f)Figure 5: Figures (a) through (f) show the speedup of D-Sampling versus that of FDM and DDM whenthe database is partitioned among ever larger numbers of computers. Typical speedup of D-Sampling issuperlinear: the larger communication load is more than compensated for by the reduction in the numberof candidates resulting from the larger sample. When the number of candidates is low to start with, thelarger sample does not reduce this number to an extent that compensates for the larger communicationload. Hence, the slight sublinearity in some of the tests.
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and DDM increase rapidly as MinFreq is decreased. This is because of the additional scans required asincreasingly larger itemsets become frequent. Because it performs just one database scan, D-Sampling isexpected to be superior to any level-wise D-ARM algorithm, just as Sampling is superior to all level-wiseARM algorithms.
0.25 0.5 0.75 1 1.25 1.5 1.75 2

10

15

20

25

30

35

40

T5.I2.D600M, N=15

MinFreq

T
im

e 
(M

in
ut

es
)

FDM time
DDM time
D−Sampling time

0.25 0.5 0.75 1 1.25 1.5 1.75 2
0

1

2

3

4

5

6
N

um
be

r 
of

 S
ca

ns

(a) 0.5 0.75 1 1.25 1.5 1.75 2
0

20

40

T10.I4.D375M, N=15

MinFreq

T
im

e 
(M

in
ut

es
)

FDM time
DDM time
D−Sampling time

0.5 0.75 1 1.25 1.5 1.75 2
0

2

4

6

N
um

be
r 

of
 S

ca
ns

(b) 1 1.25 1.5 1.75 2
0

50

T20.I6.D200M, N=15

MinFreq

T
im

e 
(M

in
ut

es
)

FDM time
DDM time
D−Sampling time

1 1.25 1.5 1.75 2
0

5

N
um

be
r 

of
 S

ca
ns

(c)Figure 6: Figures (a) through (c) compare D-Sampling, FDM and DDM runtimes with varyingMinFreq.D-Sampling is consistently better than FDM and DDM. Its superiority increases when MinFreq isreduced and larger itemsets become frequent. This is because FDM and DDM performance is tightlylinked with the number of database scans they perform, while D-Sampling performance is only mildlya�ected by the larger number of candidates. The same results were achieved for every number of machineswe tested.4.3 Scale-upThe third set of tests is aimed at testing the scalability of D-Sampling. Here the partition size is �xed.We use a database of about 1.5 gigabytes on each computer. A scalable algorithm should have the sameruntime regardless of the number of computers.D-Sampling creates the same communication load per candidate as DDM. However, because it gen-erates more candidates, it uses more communication. As can be seen from the graphs in �gure 7,D-Sampling is scalable in two of the tests. In fact, for mid-range numbers of computers, D-Samplingruns even faster than with n = 1; this is due to the superlinear speed-up discussed earlier. The mildslowdown seen in �gure 7.c is due to the smaller average pattern size and the smaller number of candi-dates in T5.I2.D600M. The larger the number of candidates, the greater the saving in candidates whenthe number of computers increases. If there are enough large patterns, this saving will compensate forthe increasing communication overhead. Such is not the case, however, with T5.I2.D600M.
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(f)Figure 8: A comparison: the number of candidates produced by FDM, D-Sampling using the Cherno�bound (as suggested by Toivonen), and D-Sampling using the Hagerup bound, for various databases.Figures (a), (b) and (c) compare the sequential algorithms. Figures (d), (e) and (f) compare theirparallel counterparts with N = 8. Clearly, the Hagerup bound is tighter than the common Cherno�bound, and only improves as the number of computing nodes increases. The overhead of candidatesposed by D-Sampling with Hagerup bound is incremental.
27



number of candidates in D-Sampling is strongly tied to both the bound the algorithm uses for calculatingthe probability of error and the number of computers running the algorithm. First, the Cherno� boundsuggested by Toivonen in sequential Sampling produces relatively many candidates to satisfy the errorprobability condition. The Hagerup bound we use is tighter and produces signi�cantly fewer candidates.Second, the parallelization drastically reduces the number of candidates. The reduction is up to ordersof magnitude as the frequency threshold decreases and the total number of candidates increases.Table 1 summarizes the overhead of candidates posed by D-Sampling for some databases and valuesof MinFreq. Our experiments show, that D-Sampling does not pose large candidates overhead whencompared to the number of candidates generated by FDM.5 DiscussionIn this section we examine the various stages of the D-Sampling algorithm. In particularly, we areinterested in the portion of time each stage borrows from the overall runtime. We show that M-Max isessential for the algorithm's performance, while alternative methods degrade it.The basic stages of D-Sampling are: A. Use MDDM to mine a sample with frequency thresholdMinFreq, B. Use M-Max to reduce the frequency threshold, C. Scan the database to collect counts, andD. Use MDDM once more to �nally obtain the frequent itemsets. In our experiments we found that stageD of the algorithm takes less than 3% of the total runtime in the worst case. Stages A and B each takeless than 5% of the total runtime as well. Figure 9 shows the time spent on A and B together comparedto the time of the disk scan (stage C) as the frequency of the least frequent candidate lowFreq varies.It is obvious from the graphs that the main bottleneck of the algorithm is the disk scan. Moreover, thetime of the scan is also strongly tied to lowFreq. Lower frequency thresholds produce more candidates,more candidates translate to more checks be made per transaction so the scan time becomes longer.Hence, it is important to �ne-tune and provide the minimum number of candidates from sample in orderto shorten the scan time and improve performance. M-Max provides us with a mean of disengaging fromlowFreq and the arbitrary distribution of itemsets in the database, and building a minimal safety margingradually and controllably by sticking only to the number of candidates we mine from the sample. Thetime spent on M-Max is negligible and worthwhile spending compared to the penalty of slowing downthe disk scan that may be caused by less accurate techniques which drop the frequency threshold to somearbitrary value.To estimate the required accuracy of a heuristic that sets lowFreq and does not degrade the scan28
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(c)Figure 9: The time spent on MDDM and M-Max together compared to the disk scan time of D-Sampling
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(c)Figure 10: The required accuracy for a potential zero-time heuristic that would set lowFreq and notdegrade the disk scan performance of D-Sampling
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time by more than the time spent on MDDM and M-Max, we calculated the sensitivity of the scantime at each point from the average of its left- and right-hand side derivatives as function of lowFreq.Figure 10 suggests that as lowFreq becomes smaller the accuracy needed for it generally becomes higherdue to higher sensitivity of the disk scan time. The graphs show that, in most cases, even a zero-timealgorithm replacing MDDM and M-Max with a mistake of less than 0:2% in lowFreq will not producehigher performance.6 ConclusionsWe presented a new D-ARM algorithm that uses the communication eÆciency of the DDM algorithm toparallelize the single-scan Sampling algorithm. A tight bound on error probability is provided to improveperformance. Experiments prove that the new algorithm has superlinear speedup and outperforms FDMand DDM with any MinFreq value. The exact improvement in relation to these algorithms dependson the number of database scans they require. Experiments demonstrate good scalability, provided thedatabase scan is a major bottleneck of the algorithm.References[1] R. Agrawal and J. Shafer. Parallel mining of association rules. IEEE Transactions on Knowledgeand Data Engineering, 8(6):962 { 969, 1996.[2] R. Agrawal and R. Srikant. Fast algorithms for mining association rules. In Proc. of the 20th Int'l.Conference on Very Large Databases (VLDB'94), pages 487 { 499, Santiago, Chile, September 1994.[3] R. Bayardo and R. Agrawal. Mining the most interesting rules. In Proc. of the ACM SIGKDDConf. on Knowledge Discovery and Data Mining, pages 145 { 154, San Diego, California, 1999.[4] S. Brin, R. Motwani, J.D. Ullman, and S. Tsur. Dynamic itemset counting and implication rulesfor market basket data. SIGMOD Record, 6(2):255{264, June 1997.[5] D. Cheung and Y. Xiao. E�ect of data skewness in parallel mining of association rules. In 12thPaci�c-Asia Conference on Knowledge Discovery and Data Mining, pages 48 { 60, Melbourne,Australia, April 1998.
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