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PARAMETER PRIORS FOR DIRECTED ACYCLIC GRAPHICAL 
MODELS AND THE CHARACTERIZATION OF SEVERAL 

PROBABILITY DISTRIBUTIONS 

BY DAN GEIGER AND DAVID HECKERMAN 

Technion and Microsoft Research 

We develop simple methods for constructing parameter priors for model 
choice among directed acyclic graphical (DAG) models. In particular, we 
introduce several assumptions that permit the construction of parameter priors 
for a large number of DAG models from a small set of assessments. We then 
present a method for directly computing the marginal likelihood of every 
DAG model given a random sample with no missing observations. We apply 
this methodology to Gaussian DAG models which consist of a recursive set of 
linear regression models. We show that the only parameter prior for complete 
Gaussian DAG models that satisfies our assumptions is the normal-Wishart 
distribution. Our analysis is based on the following new characterization of 
the Wishart distribution: let W be an n x n, n > 3, positive definite symmetric 
matrix of random variables and f (W) be a pdf of W. Then, f (W) is a 
Wishart distribution if and only if WI 1 - WI2 W2 W12 is independent of 
{WI2, W22} for every block partitioning WI 1, WI2, W'2, W22 of W. Similar 
characterizations of the normal and normal-Wishart distributions are provided 
as well. 

1. Introduction. Directed acyclic graphical (DAG) models have an increas- 
ing number of applications in statistics [Cowell, Dawid, Lauritzen and Spiegel- 
halter (1999)] as well as in decision analysis and artificial intelligence [Howard 
and Matheson (1981), Heckerman, Mamdani and Wellman (1995), Pearl (1988)]. 
A DAG model m = (s, Fs) for a set of variables X = {X1, ..., X,} each asso- 
ciated with a set of possible values Di, respectively, is a set of joint probability 
distributions for D1 x x D, specified via two components: a structure s and 
a set of local distribution families J, The structure s for X is a directed graph with 
no directed cycles (i.e., a directed acyclic graph) having for every variable Xi in X 
a node labeled Xi with parents labeled by Pam. The structure s represents the set 
of conditional independence assertions, and only these conditional independence 
assertions, which are implied by a factorization of a joint distribution for X given 
by p(x) = HI7 p(xi Ipam), where x = (xl, . . .,xn) is a value for X (an n-tuple) 
and xi is a value for Xi and where pam is the value for Pam as in x. When xi has 
no incoming arcs in m (no parents), p (xi Ipam) stands for p (xi). The local distri- 
butions are the n conditional and marginal probability distributions that constitute 
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the factorization of p(x). Each such distribution belongs to the specified family of 
allowable probability distributions Js. A DAG model is often called a Bayesian 
network, although the latter name sometimes refers to a specific joint probability 
distribution that factorizes according to a DAG, and not, as we mean herein, a set 
of joint distributions each factorizing according to the same DAG. A DAG model is 
complete if it has no missing arcs. Note that any two complete DAG models for X 
encode the same assertions of conditional independence-namely, none. Also note 
that a complete DAG determines a unique ordering of the variables in which Xi 
precedes Xj if and only if Xi -* Xj is an arc in this DAG. 

In this paper, we assume that each local distribution is selected from a family Fs 
which depends on a finite set of parameters Om E Om (a parametric family). 
The parameters for a local distribution are a set of real numbers that completely 
determine the functional form of p(xi 1pa7) when xi has parents and of p(xi) 
when xi has no parents. We denote by mh the model hypothesis that the true 
joint probability distribution of X is perfectly represented by a structure s of a 
DAG model m with local distributions from Fs-namely, that the joint probability 
distribution satisfies only the conditional independence assertions implied by this 
factorization and none other. Consequently, the true joint distribution for a DAG 
model m is given by 

n 

(1) p(xI0mm h) = Hp(xi pam, Oi, inh), 

where 01, .. .,On are subsets of Om. Whereas in a general formulation of 
DAG models, the subsets {o, I}n7 could possibly overlap allowing several local 
distributions to have common parameters, in this paper we shall shortly exclude 
this possibility (Assumption 5). Note that fm denotes the union of 01, ... , On for a 
DAG model m. 

We consider the Bayesian approach when the parameters Om and the model 
hypothesis mh are uncertain but the parametric families are known. Given data 
d = {x1, . . ., XNI, a random sample from p(xlOm, mh) where Om and mh are the 
true parameters and model hypothesis, respectively, we can compute the posterior 
probability of a model hypothesis mh using 

(2) p(Mh Id) = cp(mh) p(dalmh) = cp(mh) p(d LIOm, mh) P(Om Imh) dOm, 

where c is a normalization constant. We can then select a DAG model that has a 
high posterior probability or average several good models for prediction. 

The problem of selecting an appropriate DAG model, or sets of DAG models, 
given data, poses a serious computational challenge, because the number of DAG 
models grows faster than exponentially in n. Methods for searching through the 
space of model structures are discussed, for example, by Cooper and Herskovits 
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(1992), Heckerman, Geiger and Chickering (1995) and Friedman and Goldszmidt 
(1997). 

From a statistical viewpoint, an important question which needs to be addressed 
is how to specify the quantities p(mh), p(dIm .mh), p(OmImh), needed for 
evaluating p(mh Id) for every DAG model m that could conceivably be considered 
by a search algorithm. Buntine (1991) and Heckerman, Geiger and Chickering 
(1995) discuss methods for specifying the priors p(mh) via a small number of 
direct assessments. 

Herein, we develop practical methods for assigning parameter priors, p (Om Imh), 
to every candidate DAG model m via a small number of direct assessments. 
Our method is based on a set of assumptions the most notable of which is the 
assumption that complete DAG models represent the same set of distributions, 
which implies that data cannot distinguish between two complete DAG models. 
Multivariate Gaussian, multinomial and multivariate t-distributions satisfy this 
assumption. Another assumption is likelihood and prior modularity, which says 
that the local distribution for xi and its parameter priors depends only on the 
parents of xi but not on the entire description of the structure. These assumptions, 
together with global parameter independence, introduced by Spiegelhalter and 
Lauritzen (1990), are the heart of the proposed methodology. 

The methodology described herein for setting priors to DAG models and con- 
sequently calculating their marginal likelihoods is an extension of the results by 
Dawid and Lauritzen (1993) for decomposable graphical models. For decompos- 
able graphical models, which form a set of models that can be regarded both as 
DAG models as well as undirected graphical models, the two methodologies are 
identical. Our specification of a formal set of assumptions followed by a technical 
derivation of this methodology provides an easy access to examine the validity of 
the approach and devise alternatives when needed. 

The contributions of this paper are as follows: a methodology for specifying 
parameter priors for many DAG structures using a few direct assessments 
(Section 2); a formula that computes the marginal likelihood for every DAG 
model (Section 3); a specialization of this formula to an efficient computation for 
Gaussian DAG models (Section 4); and an analysis of complete Gaussian DAG 
models which shows that the only parameter prior that satisfies our assumptions is 
the normal-Wishart distribution (Section 5). The analysis is based on the following 
new characterization of the Wishart, normal, and normal-Wishart distributions. 

THEOREM. Let W be an n x n, n > 3, positive definite symmetric matrix of 
real random variables such that no entry in W is zero, ,A be an n-dimensional 
vector of random variables, fw(W) be a pdf of W, f(,(A) be a pdf of ,u, and 
fv, w (A, W) be a pdf of {I, W}. Then, fw (W) is a Wishart distribution, fg (,A) is a 
normal distribution, and fit, w (J, W) is a normal-Wishart distribution if and only 
if global parameter independence holds for unknown W, unknown AL, or unknown 
{,I, W}, respectively. 
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The assumption of global parameter independence is expressed differently 
for each of the three cases treated by this theorem and the proof follows from 
Theorems 7, 9 and 10, respectively, proven in Section 5. It should be noted that 
a single principle, global parameter independence, is used to characterize three 
different distributions. 

A similar characterization for the bivariate Wishart, bivariate normal, and 
bivariate normal-Wishart distributions has recently been obtained under the 
assumption that the pdf is strictly positive, and assuming also some additional 
independence constraints-termed standard local parameter independence [Geiger 
and Heckerman (1998)]. Another related result is the characterization of the 
Dirichlet distribution via global and local parameter independence [Geiger and 
Heckerman (1997), JaLrai (1998)]. 

2. The construction of parameter priors. In this section, we present 
assumptions that simplify the assessment of parameter priors and a method of 
assessing these priors. The assumptions are as follows: 

ASSUMPTION 1 (Complete model equivalence). Let m 1 = (s1, FsI) be a 
complete DAG model for X. The family Fs2 of every complete DAG model 
M2 = (S2, Fs2) for X is such that mI and m2 represent the same set of joint 
probability distributions, namely, that for every Om 1 there exists Om2 such that 
P(XIOmi, m h) = P(XI0m2, mh) and vice versa. 

Two examples where this assumption holds are quite common. One happens 
when p(xlOmI, mh) and p(XIOm2, mh) are multivariate normal distributions and the 
other happens when X consists of variables with finite domains and p(xIOm,, mh) 
and P(XIOm2, mP) are unrestricted discrete distributions. In these two cases, all the 
local distributions have the same functional form in every ordering of the variables. 
If the joint distribution for X is a multivariate t-distribution, then too, all local 
conditional distributions have the same functional form [e.g., DeGroot (1970)]. 
However, unlike the unrestricted discrete and multivariate normal distributions, 
for t-distributions, the parameters of the local distributions are dependent which 
violates Assumption 5 discussed below. 

We now provide an example where this assumption fails. Suppose the set 
of variables X = {X1, X2, X3} consists of three variables each with possible 
values {xi, xi }, respectively, and s1 is the complete structure with arcs X1 -*X2, 
X -* X3, and X2 -* X3. Suppose further, that the local distributions Fs, 
of model m 1 are restricted to the logit 

p (xi 1pai, Oi, mh) =I 
1 + exp{ai + ExjEpa7 bjixj} 

where 01 = {aI 1, 02 = {a2, b12} and 03 = {a3, b13, b23}. 
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Consider now a second complete model m2 for X = {X1, X2, X3} whose 
structure consists of the arcs X1 -* X2, X1 -* X3, and X3 -* X2. Assumption 1 
asserts that the families of local distributions for m 1 and m2 are such that the set 
of joint distributions for X represented by these two complete models is the same. 
In this example, however, if we specify the local families for m2 by also restricting 
them to be logit distributions, then the two models will represent different sets 
of joint distributions over {X1, X2, X3}. Hence, Assumption 1 will be violated. 
Using Bayes rule one can always determine a set of local distribution families that 
will satisfy Assumption 1; however, their functional form will usually involve an 
integral (and will often violate Assumption 5 below). 

Note that whenever two DAG models represent the same set of probability 
distributions for X, they must also specify the same set of independence 
assumptions. The example with the logit distributions highlights that the converse 
does not hold because every complete DAG represents the same independence 
assumptions, namely none, and yet complete DAG models can represent different 
sets of probability distributions. 

Our definition of mh, that the true joint pdf of a set of variables X is perfectly 
represented by m, and Assumption 1, which says that two complete models 
represent the same set of joint pdfs for X, implies that for two complete models 
mnh = mh. This is a strong assumption. It implies that p(Om2ImIt) = p(Om2ImIt) 

1 2 

because two complete models represent the same set of distributions. It also 
implies p(d lmhj) = p(dlmh) which says that the marginal likelihood for two 
complete DAG models is the same for every data set, or equivalently, that complete 
DAG models cannot be distinguished by data. Obviously, in the example with the 
logit distributions, the two models can be distinguished by data because they do 
not represent the same set of joint distributions. 

ASSUMPTION 2 (Regularity). For every two complete DAG models m I 
and m2 for X there exists a one-to-one mapping k1,2 between the parameters 
ol of m1 and the parameters Om2 of m2 such that the likelihoods satisfy 
p(XNOmI, mt ) = p(XIOm2, mh) where 0rn2 = ki2 (Om I ). The Jacobian I aOm I /aOm2 
exists and is nonzero for all values of (0m 1- 

Assumption 2 implies P(0m21m h) - I I P(Om Imgh) where O0,2 = ki,2(0ml). 
Furthermore, due to Assumption 1, p(Om2IM h) = p(Om2 Imh), and thus 

(3) P (0m2iM2 h) = MMa 
I 

P(Om 1m |h . I)U 2IrTL)I 

For example, suppose x = {xI, X2} has a nonsingular bivariate normal pdf 
f (x) = N(x Iut, W) where jut is the vector of means and W = (wij) is the inverse 
of a positive definite covariance matrix. If we write f (x) = fX1 (Xi)fX2IXI (x2 lXi) 
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where fxl (x1) = N(xl Jel, 1/vl) and fX21x1 (x2Ix1) = N(x2le2ll + bl2xI, 1/V2ll), 
then the following well-known relationships are satisfied: 

1 b2 bL12 
Wl =-+ , W12 W22- 

(4) VI V211 V211 V211 

el = /tl, e211 = 2 2- b2/l2 

Note that the transformation between {1t, WI and {ei, v, e2l, V21 1 b 12} is one-to- 
one and onto as long as W is the inverse of a covariance matrix and the conditional 
variances VI, v21 1 are positive. The Jacobian of this transformation is given by, 

aW_1_, W12, W22, A_ , _2 = V-2 -3 
avl, V12, bL12, el, e211 1 

Symmetric equations hold when f(x) is written as f12(x2)fx1 1x2(x1x2) and 
so there is a one-to-one and onto mapping between {e1, v1, e2l 1, V21 1, b1 2} and 
{e2, V2, e112, vl12, b2l1. Note that the parameters ft, W for the joint space are 
instrumental for decomposing the needed mapping into a composition of two 
mappings. 

ASSUMPTION 3 (Likelihood modularity). For every two DAG models mI 
and m2 for X such that Xi has the same parents in ml and m2, the local 
distributions for xi in both models are the same, namely, p(xi Ipa7, Oi, m) = 

p(xiIpaimOi, mh)forallXi EX. 

ASSUMPTION 4 (Prior modularity). For every two DAG models mI and m2 
for X such that Xi has the same parents in m 1 and m2, P(Oi In") = p(OI a2h) 

ASSUMPTION 5 (Global parameter independence). For every DAG model m 
for X, p(Om Imh) = In1I_ P(Oi Imh). 

The likelihood and prior modularity assumptions have been used implicitly 
in the work of, for example, Cooper and Herskovits (1992), Spiegelhalter, 
Dawid, Lauritzen and Cowell (1993) and Buntine (1994). Heckerman, Geiger 
and Chickering (1995) made Assumption 4 explicit in the context of discrete 
variables under the name parameter modularity. Spiegelhalter and Lauritzen 
(1990) introduced Assumption 5 in the context of DAG models under the name 
"global independence." 

Note that the first three assumptions concern the distribution of X whereas the 
last two assumptions concern the distribution of the parameters. Obviously, when 
the parameters 01, .. ., On are not variation independent for every complete DAG 
model for X, the assumption of global parameter independence is inconsistent with 
the model and cannot be true. Hence, Assumption 5 excludes, for example, the 
possibility that two local distributions share a common parameter. On the other 
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hand, even when the parameters are variation independent, it is possible to specify 
a prior distribution for 0 that violates global parameter independence. Cowell, 
Dawid, Lauritzen and Spiegelhalter [(1999), pages 191 and 192] highlight this 
point. 

The assumptions we have made lead to the following significant consequence: 
When we specify a parameter prior p (Omc Imh) for one complete DAG model mc, 
we also implicitly specify a prior p (Om Imh) for any DAG model m among the super 
exponentially many possible DAG models. Consequently, we have a framework in 
which a manageable number of direct assessments leads to all the priors needed to 
search the model space. In the rest of this section, we explicate how all parameter 
priors are determined by the one elicited prior. In Section 4, we show how to elicit 
the one needed prior p(Omc Imh) under specific distributional assumptions. 

Due to the complete model equivalence and regularity assumptions, we can 
compute p(Omc Imh) for one complete model for X from the prior of another com- 
plete model for X. In so doing, we are merely performing coordinate transforma- 
tions between parameters for different variable orderings in the factorization of 
the joint likelihood (3). Thus by specifying the parameter prior for one complete 
model, we have implicitly specified a prior for every complete model. 

It remains to examine how the prior p(0Om Imh) is computed for an incomplete 
DAG model m for X from the prior p( mchmp) for some complete model mc. 
Due to global parameter independence we have p(Om Imh) = H> Ip(Oj I mh) and 
therefore it suffices to examine each of the n terms separately. To compute 
P(O1 Imh), we identify a complete DAG model mc(i) such that Pa7 = Pamc(i). As 
we have shown, the prior p (Omc(i) Imh(i)) is obtained from p (Omc Imh) for every pair 
of complete DAG models. Due to global parameter independence P(Ormc(i) Imh(0)) 
is a product one term of which is p(Oi Imh(()). Finally, due to prior modularity 

P(0A Imh) is equal to p(O1i I'f(i) ). 
This methodology of constructing priors is described by Heckerman, Geiger and 

Chickering (1995) for discrete DAG models and in Section 4 for Gaussian DAG 
models. Our method is equivalent to the method of compatible priors devised for 
decomposable graphical models [Dawid and Lauritzen (1993)]. Our arguments, via 
a set of assumptions, can be regarded as an axiomatic justification for compatible 
priors, and as an extension of this method to general DAG models and to any 
probability distributions that satisfy Assumptions 1-5. We are currently unaware, 
however, of additional probability distributions that satisfy these five assumptions. 

The following theorem summarizes the general construction which was formu- 
lated to cover both cases: the discrete and the Gaussian. 

THEOREM 1. Given Assumptions 1-5, the parameter prior P(OmImh) for 
every DAG model m is determined by a specified parameter prior p(OmcImch) 
for an arbitrary complete DAG model mc. 
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Theorem 1 shows that once we specify the parameter prior for one complete 
DAG model all other priors can be generated automatically and need not be 
specified manually. Consequently, together with (2) and because likelihoods can be 
generated automatically in a similar fashion, we have a manageable methodology 
to automate the computation of p(dlmh) for any DAG model of X which is being 
considered by a search algorithm as a candidate model. Next we show how this 
computation can be done efficiently. 

3. Computation of the marginal likelihood for complete data. For a 
given X, consider a DAG model m and a complete random sample d. Assuming 
global parameter independence, the parameters remain independent given com- 
plete data. That is, 

n 

(6) p(Om Id, mh) = p p(Oi Id, mh). 
i=1 

In addition, assuming global parameter independence, likelihood modularity 
and prior modularity, the parameters remain modular given complete data. In 
particular, if Xi has the same parents in sI and S2, then 

(7) p(Oi Id, m'h) = p(Oi Id, mh). 

Also, for any Y C X, define dy to be the random sample d restricted to 
observations of Y. For example, if X = {X1, X2, X3 }, Y = {X1, X2} and d = {x1 = 
{X1 1, X21, X31 }, X2 = {x12, x22, x32}}, then we have dy = {{x 1, x21 }, {x12, x22}}. 
Let Y be a subset of X, and s, be a complete structure for any ordering where 
the variables in Y come first. Then, assuming global parameter independence and 
likelihood modularity, it is not difficult to show that 

(8) p(yld, mh) = p(yIdY, mth). 

Given these observations, we can compute the marginal likelihood as follows, 
yielding an important component for searching DAG models via a Bayesian 
methodology. 

THEOREM 2. Given any complete DAG model mc for X, any DAG model m 
for X, and any complete random sample d, Assumptions 1-5 imply 

n= p(dpili t ah) (9) ~~p(d lmh)H p(dPai Imh)C 

PROOF. From the rules of probability, we have 

(10) p(dlmh)= H p(xlI0m9mh)p(0mkdhm h) dOm, 
1=1 



1420 D. GEIGER AND D. HECKERMAN 

where dl = lxi, .1. , xi I}. Using (1) and (6) to rewrite the first and second terms 
in the integral, respectively, we obtain 

mn n 
p(dlmh) = H J p(xil |pail, Oi,nmh) P(Oi Idl, mh) dOm 

1=1 i=l 

where xil is the value of Xi in the lth data point. 
Using likelihood modularity and (7), we get 

mn n 
(11) p(dlMh) = Hf H p(xil paOi, mi) In p(O Idimi)) dOm 

/=1 ___ 

where sc(i) is a complete structure with variable ordering Pai, Xi followed by 
the remaining variables. Decomposing the integral over Om into integrals over the 
individual parameter sets Oi, and performing the integrations, we have 

m n 

p(dlmh) = 17 17 p(xil I pai, dl, mch)) 
1=1 i=1 

Using (8), we obtain 

)n n p(xil=PailHHdlmh )) 
p~d 

j~h 

1= 1 i-i 
- 

mn n PaiU{X) h 
(12) = HH p(xil, pail I d1 mC()) 

n p(dPaiu{Xi}Imh(,)) 

i p(dPai Imh c) 

By the likelihood modularity, complete model equivalence and regularity assump- 
tions, we have that p(dImh(j)) = p(dlmh), i = 1 ... , n. Consequently, for any 
subset Y of X, we obtain p(dyImh(j)) = p(dYjMh) by summing over the vari- 
ables in X \ Y. Consequently, using (12), we get (9). D 

An equivalent approach for computing the marginal likelihood (9) for decom- 
posable discrete and Gaussian DAG models has been developed by Dawid and 
Lauritzen (1993) using compatible priors. 

An important feature of (9), which we now demonstrate, is that two DAG 
models that represent the same assertions of conditional independence have the 
same marginal likelihood. We say that two structures for X are independence 
equivalent if they represent the same assertions of conditional independence. 
Independence equivalence is an equivalence relation and induces a set of 
equivalence classes over the possible structures for X. 
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Verma and Pearl (1990) provide a simple characterization of independence 
equivalent structures using the concept of a v-structure. Given a structure s, 
a v-structure in s is an ordered node triple (Xi, Xj, Xk) where s contains the arcs 
Xi-* Xj and Xj 4- Xk, and there is no arc between Xi and Xk in either direction. 
Verma and Pearl show that two structures for X are independence equivalent if and 
only if they have identical edges and identical v-structures. This characterization 
makes it easy to identify independence equivalent structures. 

An alternative characterization developed by Chickering (1995) and indepen- 
dently by Andersson, Madigan and Perlman [(1997), Lemma 3.2] is useful for 
proving our claim that independence equivalent structures have the same marginal 
likelihood. An arc reversal is a transformation from one structure to another, in 
which a single arc between two nodes is reversed. An arc between two nodes is 
said to be covered if those two nodes would have the same parents if the arc were 
removed. 

THEOREM 3 [Chickering (1995), Andersson, Madigan and Perlman (1997)]. 
Two structures for X are independence equivalent if and only if there exists a set 

of covered arc reversals that transform one structure into the other. 

A proof of this theorem can also be found in Heckerman, Geiger and Chickering 
(1995). 

Theorem 3 implies that if every pair of DAGs that differ by a single covered arc 
represents the same set of distributions, then every two independence equivalent 
DAGs represent the same set of distributions. Furthermore, a consequence 
of the next theorem is that Assumptions 1-5 imply that indeed every two 
independence equivalent DAGs represent the same set of distributions. Without 
these assumptions, two independence equivalent DAGs can represent different sets 
of distributions. 

THEOREM 4. Given Assumptions 1-5, every two independence equivalent 
DAG models have the same marginal likelihood. 

PROOF. Theorem 3 implies that we can restrict the proof to two DAG models 
that differ by a single covered arc. Say the arc is between Xi and Xj and that 
the joint parents of Xi and Xj are denoted by w. For these two models, (9) 
differs only in terms i and j. For both models the product of these terms is 
p(du{Xi Xj I 

IImh )l/p(do IlmMh). D 

The conclusions of Theorem 2 and, consequently, of Theorem 4 are not justified 
when our assumptions are violated. In the example of the logit distributions, 
discussed in the previous subsection, which violates Assumption 1, the structures 
sI and S2 differ by the reversal of a covered arc between X2 and X3, but, given that 
all local distribution families are logit, there are certain joint distributions that can 



1422 D. GEIGER AND D. HECKERMAN 

be represented by one structure, but not the other, and so their marginal likelihoods 
will be different. 

The implication of Theorem 4 is quite strong: all models in the same 
independence equivalence class are scored equivalently. This severely constrains 
possible parameter priors as shown in the next two sections. One possible approach 
to bypass our assumptions is to select one representative DAG model from 
each class of independence equivalent DAG models, assume global parameter 
independence only for these representatives, and evaluate the marginal likelihood 
only for these representatives. The search can then be conducted in the space 
of representative models as suggested in Spirtes and Meek (1995), Chickering 
(1996), and Madigan, Andersson, Perlman and Volinsky (1996). The difficulty 
with this approach is that when projecting a prior from a complete DAG model to a 
DAG model with missing edges, one needs to perform additional high-dimensional 
integrations before using the parameter modularity property (see Section 2). 
Another approach is to modify the definition of mh to allow independence 
equivalent DAG models to have different parameter priors. This alternative is 
needed when arcs have a causal interpretation. However, when choosing this 
alternative, the parameter prior for each model examined by a search procedure 
must be provided by a user as the search is being conducted, or a new mechanism 
to produce acceptable priors on-the-fly must be devised. 

4. Gaussian directed acyclic graphical models. We now apply the method- 
ology of previous sections to Gaussian DAG models. A Gaussian DAG model is a 
DAG model as defined by (1), where each variable Xi E X is continuous, and each 
local likelihood is the linear regression model 

(13) p (xi Ipam ,i, mh) = NxiImi + Ebjixj, l/vi) 
Xj Epai 

where N(xi Ig, T) is a normal distribution with mean , and precision r > 0. 
Given this form, a missing arc from Xj to Xi is equivalent to bji = 0 in the 
DAG model. The local parameters are given by Oi = (mi, bi, vi), where bi is the 
column vector (b1I, .i. , bi-Ii) of regression coefficients. Furthermore, mi is the 
conditional mean of Xi and vi is the conditional variance of Xi. 

For Gaussian DAG models, the joint likelihood p(xIOm, mh) obtained from (1) 
and (13) is an n-dimensional multivariate normal distribution with a mean vector , 
and a symmetric positive definite precision matrix W, 

n 
p(xIOm, mh) p(xi pamOi,m m) = N(xlj, W). 

i=l 

For a complete model m, with ordering (X1, ..., Xn) there is a one-to-one 
mapping between 0mc = Un1 Oi where Oi = (mi, bi, vi) and {I,u W} which has 
a nowhere singular Jacobian matrix. Consequently, assigning a prior for the 
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parameters of one complete model induces a parameter prior, via the change of 
variables formula, for {,t, W} and in turn, induces a parameter prior for every 
complete model. Any such induced parameter prior must satisfy, according to our 
assumptions, global parameter independence. Not many prior distributions satisfy 
such a requirement. In fact, in the next section we show that the parameter prior 
p(It, WImh) must be a normal-Wishart distribution. 

For now we proceed by simply choosing p(gt, WImh) to be a normal-Wishart 
distribution. In particular, p (it I W mh) is a multivariate-normal distribution with 
mean v and precision matrix al. W (a,1 > 0) and p (W I mh) is a Wishart distribution 
given by 

p(WImh) = c(n, aw)ITIaw/2IWI(aw-n-1)/2e-1/2tr{TW} 

_ Wishart(W law, T) 

with aw degrees of freedom (aw > n - 1) and a positive definite parametric 
matrix T and where c(n, cw) is a normalization constant given by 

(15) c(n, aw) = [2awn/2nh(n-l)/ r(aw I ) ] 

[DeGroot (1970), page 57]. We provide interpretations for a11, aw, v and T later in 
this section. Note that in some expositions of the Wishart distribution, the inverse 
of T is used for the parameterization; T-1 is called the scale matrix [e.g., Press 
(1972), page 101]. 

This choice of a prior satisfies global parameter independence due to the 
following well-known theorem. 

Define a block partitioning {WI1, W412, W12, W22} of an n by n matrix W to 
be compatible with a partitioning WA, A2 of an n-dimensional vector gt, if the 
indices of the rows that correspond to block W 1I are the same as the indices of 
the terms that constitute g 1 and similarly for W22 and AL2. Also define WI1 .2 = 

WI- WI2Wj2_3 WI2 and recall that ((W1)11)1 - 

THEOREM 5. If f (lg, W) is an n-dimensional normal-Wishart distribution, 
n > 2, with parameters v, a/1, aw and T, then t1uI, W11 - W12Wj2I W12} is 
independent of {gu2 + W2' W'2gI, I WI2, W22} for every partitioning A 1, g42 of gw 
where W11,W12, W'2, W22 is a block partitioning of W compatible with the 
partitioning uIt, L2. Furthermore, the pdf of {1I, WI1.2} is normal-Wishart with 
parameters vI, a11, Ti 1, and aw-n + l where T1 1, T12, T1, T22 is a compatible 
block partitioning of T, VI, V2 is a compatible partitioning of v and 1 is the size of 
the vector vi. 

The proof of Theorem 5 requires a change of variables from (g,, W) to (g 1, A2 + 
W23 W12g1 ) and (W1 1-W12W2 Wj12, W1I2, W22). Press [(1972), pages 117-119] 
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carries out these computations for the Wishart distribution. Standard changes are 
needed to obtain the claim for the normal-Wishart distribution. A consequence of 
Theorem 5 is the following. 

COROLLARY 6. Let W be a n x n positive definite matrix of random variables. 
Let a, b, and c be three sets of indices of W. If f (Wab.c) = Wishart(Wab.cla1, TI) 
and f (Wbc.a) = Wishart(Wbc.a 10a2, T2), then oil - lab = 02 - lbc where lab is the 
number of indices in the block a, b and lbc is the number of indices in the block 
b, c. 

PROOF. The pdf for Wb.ac = (Wab.c)b.a = (Wcb.a)b., is a Wishart distribution, 
and from the two alternative ways by which this pdf can be formed, using 
Theorem 5, it follows that aI - lab = X2 -lbc, D 

To see why the independence conditions in Theorem 5 imply global parameter 
independence, consider the partitioning in which the first block contains the first 
n - I coordinates which correspond to X1, . . ., Xn-1 while the second block 
contains the last coordinate which corresponds to Xn. For this partitioning, bn - 
-W2 W122 =W23 andm=g2 +W23 W2g1.Furthermore, ((W-) )- = 

WI1 - W12W2I W12 = WI 1.2 is the precision matrix associated with XI, ..., Xn1. 
Consequently, {mn, bn, Vn } is independent of {Lt 1, WI 1.2 }. We now recursively 
repeat this argument with {gI, WI 1.21 instead of {g,, WI, to obtain global parameter 
independence. The converse, namely that global parameter independence implies 
the independence conditions in Theorem 5, is established similarly. 

Our choice of prior implies that the posterior p([t, WI d, mh) is also a normal- 
Wishart distribution [DeGroot (1970), page 178]. In particular, p(,I W, d, mh), 
where d is a sample of N complete cases, is multivariate normal with mean 
vector v' given by 

(16) V+ XN 
as, + N 

and precision matrix (a,, + N)W, where -N is the sample mean of d, and 
p(WId, mh) is a Wishart distribution with a, + N degrees of freedom and 
parametric matrix R given by 

UAN (17) R = T + SN + ? (V-XN)(V-XNY, 
a,,& + N 

where SN = L[~ (Xi - XN)(Xi - XN). From these equations, we see that a/, and 
a, can be thought of as effective sample sizes for ,u and W, respectively. 

In order to calculate the marginal likelihood of a Gaussian DAG model, we can 
work in the parametric space (gt, W). According to Theorem 5, if p(It, WImh) 
is a normal-Wishart distribution with the parameters given by the theorem, then 
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p(,uy, ((W -)yy)- IMh) is also a normal-Wishart distribution with parameters 
vy, aUt, Ty = ((T-1)yy)-< and a/ = aw- n + 1, where Y is a subset of 
1 coordinates. Thus, applying standard formulas pertaining to t-distributions [e.g., 
DeGroot (1970), pages 179-180], we obtain the terms in (9), 

(18) p(dYI ) = (27r)- 
______ 

_)N (, c ) ITY I Ryl W 

where Ry = ((R-4)yy)-1 is the posterior parametric matrix restricted to the 
Y coordinates. Equations (9) and (18) together provide a way to compute the 
marginal likelihood for Gaussian DAG models given the direct assessment of a 
parameter prior p(gt, W Imh) for one complete model. 

The task of assessing a parameter prior for one complete Gaussian DAG 
model is equivalent, in general, to assessing priors for the parameters of a set 
of n linear regression models [due to (13)]. However, to satisfy global parameter 
independence, the prior for the linear regression model for X,, given X1, . . ., Xn-I 
determines the priors for the linear coefficients and variances in all the linear 
regression models that define a complete Gaussian model. In particular, 1/v, 
has a one-dimensional Wishart pdf Wishart(l /v, I aw + n - 1, T22 - T{2T1 T12) 
(i.e., a gamma distribution), and b, has a multivariate normal pdf N(b,1 I T17 IT1 2, 
T22/ v,,). Consequently, the degrees of freedom aw and the parametric matrix T, 
which completely specify the Wishart prior distribution, are determined by the 
normal-gamma prior for the parameters of one regression model. Kadane, Dickey, 
Winkler, Smith and Peters (1980) address in detail the assessment of such a 
normal-gamma prior for a linear regression model and their method applies herein 
with no needed changes. The relationships between this elicited prior and the priors 
for the other n - 1 linear regression models can be used to check consistency 
of the elicited prior if these other priors have been elicited separately rather 
than computed. Finally, a normal prior for the means of X1, ..., Xn is assessed 
separately and it requires only the assessment of a vector of means along with an 
effective sample size ac. 

An alternative approach uses the observation that when p(g, WImh) is normal- 
Wishart as we have described (with acw > n + 1), then p(xlmh) is a multivariate 
t-distribution with y degrees of freedom, location vector v' and precision T', 
where 

(19) y = aw -n + 1, v' = v, T'= att'Y TI 
an1 + 1 

[e.g., DeGroot (1970), page 180]. Thus, a person can assess the needed quantities 
by assessing a/,, aw, and a multivariate t-distribution for X. Furthermore, rather 
than assess a multivariate t-distribution, which can be a difficult task, a person 
can-as an approximation-specify a multivariate-normal distribution having the 
same mean and covariance as the multivariate t-distribution. Note that the mean 
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and covariance of a multivariate t-distribution with y degrees of freedom, location 
vector v', and precision matrix T' is 

(20) E(x) = v', Cov(x)= Y T' 
y - 2 

[e.g., DeGroot (1970), pages 60, 61]. Finally, rather than assess a multivariate 
normal distribution directly, a person can assess a Gaussian DAG structure along 
with a value for each parameter. This method for constructing parameter priors for 
many DAG models has recently been applied to analysis of data in the domain 
of image compression [Thiesson, Meek, Chickering and Heckerman (1998)]. This 
method also provides a suitable Bayesian alternative for many of the examples 
discussed in Spirtes, Glymour and Scheines (2001). 

5. Characterization of several probability distributions. We now charac- 
terize the Wishart distribution as the only pdf that satisfies global parameter inde- 
pendence for an unknown precision matrix W with n > 3 coordinates (Theorem 7). 
This theorem is phrased and proved in a terminology that relates to known facts 
about the Wishart distribution. We proceed with similar characterizations of the 
normal and normal-Wishart distributions (Theorems 9 and 10). 

We will use tr{A + B} to denote the sum of traces tr{A} + tr{B} even when the 
dimensions of the square matrices A and B are different. 

THEOREM 7. Let W be an n x n, n > 3, positive definite symmetric matrix of 
random variables and f (W) be the pdf of W. Then, f(W) is a Wishart distribution 
if and only if W1 - WI 2 Wj2-I W12 is independent o f W1 2, W22 } for every block 
partitioning W11, W12, W/ 29 W22 of W. 

PROOF. That W11.2 = WII - W12W2- I W/2 is independent of IW12, W22} 
whenever f(W) is a Wishart distribution is a well-known fact [Press (1972), 
pages 117-119]. It is also expressed by Theorem 5. The other direction is proven 
by induction on n. The base case n = 3 is treated at the end. 

The pdf of W can be written in n! orderings. In particular, due to the assumed 
independence conditions and since the transformations from IWII, W12, W22} to 
{W1 1.2, W12, W22} and to { W22.1 , W1 1, W12} both have a Jacobian determinant of I, 
we obtain the following functional equation: 

(21) f (W) = fi (W11 - WI2Wj2_W'2)f2 1I (W22, W12) 

= f2(W22 -W12W1 IW12)f11I2(W 1, W12), 

where a subscripted f denotes a pdf. 
We divide the indices of W into two blocks, the first block (say, block 1) 

contains n - 1 indices and the second block (say, block 2) consists of one 
index. By the induction hypothesis, and since the independence conditions 
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on W also hold for WI11.2, we conclude that WI1 .2 is distributed according 
to Wishart(Wi1.21 ax, TI). Since this argument holds for every block of size 
n - 1 of W, and since if a matrix V is distributed Wishart so is V1 1.2 for any 
block of indices (Theorem 5), it follows that WI1.2 is distributed according to 
Wishart(WI 1.21 a,, T1) also for blocks of size smaller than n - 1. 

Thus, 

c1IWII - W12 Wj21'W2Ifle tr{Tl(w1'-wl2w221W12)}f2ll(W22 W12) 

(22) =c2I1W22 - w;2 We1 W12 If2etr{T2(W22-W1;2vWvI W2)}fi 1 2 (WI 1, W12) 

where cl and c2 are normalizing constants. 
We now argue that ,8j = fB2. Divide the indices of W into three nonempty sets 

a, b, c such that block 1 consists of the indices in a, b and block 2 consists of 
the indices in c. The matrices Wab.c and Wbc.a have a Wishart distribution, with, 
say, degrees of freedom a 1 and U2, respectively, and so according to Corollary 6, 
al - lab = a2- Ibc. Furthermore, Wc.ab = (Wbc.a)c.b has a Wishart distribution 

with a2 -Ibc + Ic degrees of freedom. Consequently, ,8j = (al - lab - 1)/2 is 
equal to ,82 = (U2 - Ibc + Ic -Ic - 1)/2. Let / j = = 82- 

Define 

(23) F211 1 (W22, W12) = CI f2 II1 (W22, W12)/I W22 Ifetr{T2W22+T1(W12W22 W12)} 

(24) F1112(W11, W12) = C2f1112(W1I, WI2)/IWiiII etr{T1 W1+T2(wi2wll wl2)1 

substitute into (22), and obtain, using IWII - Wi2W 2WI WI21 1 W221 = I W , that 
F2111(W22, W12) = F11I2(WI1, W12). Consequently, F2111 and F1112 are functions 
only of WI2 and thus, using (21), we obtain 

(25) f (W) = Il Wfetr{TI WII+T2W22}H(W) 

for some function H. 
To show that f (W) is Wishart we must find the form of H and show that it is 

proportional to e2tr{T12WI2} for some matrix T12. 
Considering the three possible pairs of blocks formed with the sets of indices a, 

b and c, (25) can be rewritten as follows: 

f (W) = 'WV FBI etr{Taa Waa+Tbb Wbb+Tcc WccIe2 tr{ Tab Wab+Ta c Wac+ Tbc Wbcl 

(26) 
x Hi(Wac, Wbc), 

f (1W) = lW l7I2etr{ Saa Waa +Sbb Wbb +Scc Wcc } e2 tr{ Sab Wab +Sac Wac +SbcWbc} 

(27) 
X H2(Wab, Wbc) 

f (1W) = I 14 103 etr{Raa Waa +Rbb Wbb+Rcc 1cc }e2 tr{R'b Wab+R'c Wac+R'c Wbc} 

(28) 
X H3(Wab, Wac) 
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By setting Wab = Wac = Wb, = 0, we get fBi = ,2 = 83 and Tii = Sij = Rii, for 
i = a, b, c. By comparing (26) and (27) we obtain 

e2 tr{ (Tac-Sac) Wa c} HI (Wac, Wbc) 
(29) 

= e 2 tr('s5b -Tab) Wab+(Sbc-T& T) Wbc} H2 (Wab, Wbc). 

Each side of this equation must be a function only of Wbc. We denote this function 
by H12. Hence, 

HI (Wac, Wbc) = HI2(Wbc)e2tr{(Sac-Tac)WacI 

and by symmetric arguments, comparing (26) and (28), 

HI (Wac, Wbc) = Hl3(Wac)e2tr{(Rbc Tbc)wbc. 

Consequently, HI2(Wbc) is proportional to e2tr{(RbC-TC)WbcI and so, substituting 
into (25), f (W) is found to be a Wishart distribution, as claimed. 

It remains to examine the case n = 3. We first assume n = 2 in which case f (W) 
is not necessarily a Wishart distribution. In the Appendix we show that given the 
independence conditions for two coordinates, f must have the form 

(30) f(W) = clWIletrlTw}H(Wl2), 

where H is an arbitrary function, and that the marginal distributions of WI 1.2 and 
W22.1 are one-dimensional Wishart distributions. 

VWe now treat the case n = 3 using these assertions about the case n = 2. 
Starting with (21), and proceeding with blocks a, b, c each containing exactly one 
coordinate, we get, due to the given independence conditions for two coordinates, 
that fi has the form given by (30), and that f2 is a one-dimensional Wishart 
distribution. Proceeding parallel to (22)-(24), we obtain 

(31) H(aI2-bib2/W22)F2111(W22, W12) = F 112(W1, W12), 

where (b1, b2) is the matrix W12, a12 is the off-diagonal element of W1 1, a 1- 

bIb2/W22 is the off-diagonal element of WI1 - WI2 W2 W21W2, and W22 is a I x I 
matrix. Note that the left-hand side depends on WII only through a12. Thus 
also the right-hand side depends on WI1 only through a 12. Let bI and b2 be 
fixed, y = b Ib2/ W22 and x = a12. Also let F(t) = F2 11 (b1b2/t, (b 1,b2)) and 
G(a12) = F11 2(WI 1, (b ,b2)). We can now rewrite (31) as H(x -y)F(y) = G(x). 
Now set z x - y, and obtain for every y and z, 

(32) H(z)F(y) = G(y + z), 

the only measurable solution of which for H is H(z) = cebz [e.g., Aczel (1966)]. 
Substituting this form of H into (30), we see that WI 1.2 has a two-dimensional 

Wishart distribution. Recall that W22.1 has a one-dimensional Wishart distribution. 
Consequently, we can apply the induction step starting from (22) and prove the 
theorem for n = 3. D 
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We now treat the situation when only the means are unknown, characterizing 
the normal distribution. The two-dimensional case turns out to be covered by the 
Skitovich-Darmois theorem [e.g., Kagan, Linnik and Rao (1973)]. 

THEOREM 8 (Skitovich-Darmois). Let zI, . . ., Zk be independent random 
variables and aji, i, 1 < i < k, be constant coefficients. If L1 = zaiZi is 
independent of L2 = zi ,Bzi, then each zi for which a,/ ,i : 0 is normal. 

The Skitovich-Darmois theorem is used in the proof of the base case of our 
next characterization. Several generalizations of the Skitovich-Darmois theorem 
are described by Kagan, Linnik and Rao (1973). 

THEOREM 9. Let W be an n x n, n > 2, positive definite symmetric matrix 
such that no entry in W is zero, A be an n-dimensional vector of random variables 
and f (A) be a pdf of g. Then, f(g) is an n-dimensional normal distribution 
N(Al r, y W) where y > 0 if and only if g I is independent of g2 + Wi2 Ifor 
every partitioning gA, g2 of A where W11,W12, W 12, W22 is a block partitioning 
of W compatible with the partitioning A i, g2. 

PROOF. The two independence conditions, Al independent of g2 + 
W: W212Au and g2 independent of Ai1 + W17j W12g2, are equivalent to the fol- 
lowing functional equation: 

(33) f (/) = fI (gI)f2lI (/22 + W j2 )=f2Qi2)f il + W1j' W12g2) 

where a subscripted f denotes a pdf. We show that the only solution for f that 
satisfies this equation is the normal distribution. Consequently both the if and only 
if portions of the theorem will be established. 

For n > 3, we can divide the indices of W into three nonempty sets a, b 
and c. We group a and b to form a block and b and c to form a block. For 
each of the two cases, let WII be the block consisting of the indices in {a, b} 
or {b, c}, respectively, and W22 be the block consisting of the indices of c or a, 
respectively. By the induction hypothesis applied to both cases and marginalization 
we can assume that f1 (A 1) is a normal distribution N (A I I il, y y((W- 1) I 1) - 1) 
and that f2(A2) = N(g2Ir12 y2((W-1)22)-1). Consequently, the pdf of the block 
corresponding to the indices in b is a normal distribution, and from the two 
alternative ways by which this pdf can be formed, it follows that Yi = Y2. 

Let y = yj, i = 1, 2, and define 

F21II(x) = f21II(x)/N(xl1i2 + W23 WI2rjYW22), 

F1II2(x) = f1II2(x)/N(x I)l + W-1 12?)2, yW11) 
By substituting these definitions into (33), substituting the normal form for fi (g 1) 
and f2(A2) and canceling on both sides of the equation the term N(glIrj, y W) 
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[which is formed by standard algebra pertaining to quadratic forms, e.g., DeGroot 
(1970), page 55], we obtain a new functional equation, 

F2 1 1(2 + W221 W121) = F1112(g1 + W1j W12g2). 

2 ~ ~ ~ ~ ~ 11/ By setting g2 =-W23' W1'2gu, we obtain F1112((I - (Wl WI2)(W72 W19)gi) = 

F2111(0) for every g, . Hence, the only solution to this functional equation is 
F1112 = F2111 constant. Consequently, f (A) = N(AIrj, yW). 

It remains to prove the theorem for n = 2. Let zI = p , Z2 = A2 + W22 W12g1, 
-1~~~~~~~~~~~~~~~2 

LI = gl + w11 W12/L2 and L2 = A2. By our assumptions, z1 and Z2 are 
independent and LI and L2 are independent. Furthermore, rewriting L1 and L2 
in terms of zI and Z2, we get LI = w1 Iw2 2 (w11w22 - w22)zI + w1 wI12Z2 and 

L2 = Z2 - W2-2 W2ZI. All linear coefficients in this transformation are nonzero 
because W is positive definite and W12 is not zero. Consequently, due to the 
Skitovich-Darmois theorem, z1 is normal and Z2 is normal. Furthermore, since 
z 1 and Z2 are independent, their joint pdf is normal as well. Finally, JAI, gU2} and 
{Z], Z21 are related through a nonsingular linear transformation and so [AI, g2} 
also has a joint normal distribution f (i) = N(glAI, A) where A = (aij) is a 2 x 2 
precision matrix. Substituting this solution into (33) and comparing the coefficients 
of A2, Iu2 and gIg2, we obtain al2/a1 I = W12/Wl l and a12/a22 = w12/W22. Thus 
A=yWwherey>0. D 

The proofs of Theorems 7 and 9 can be combined to form the following 
characterization of the normal-Wishart distribution. 

THEOREM 1 0. Let W be an n x n, n > 3, positive definite symmetric 
matrix of real random variables such that no entry in W is zero, A be an 
n-dimensional vector of random variables and f (g, W) be the joint pdf of {A, W}. 
Then, f (g, W) is an n-dimensional normal-Wishart distribution if and only if 

-1 I -I~~~~~ /'A I2,W 2 o IAI, W11 - W12W~2 W212 is independent of {g2 + Wi3 W12g1, W12, W22} for 
every partitioning Al, g2 of A where W11 , W12, W12, W22 is a block partitioning 
of W compatible to the partitioning AI, g2. 

PROOF SKETCH. The two independence conditions, {gI, W11 -Wl2Ww2j W12} 

independent of {g2 + Wj2-1W2AI, W12, W22} and {g2, W22 - W12W W12} in- 
dependent of {[I + W j WI2g2, W52 WI1 }, are equivalent to the following func- 
tional equation: 

f(g, W) = fi(ti, W11 - Wi2W2j3 W19f2)1l(g2 ?+W- WI121, W22, W12) 
(34) 

= f2Qt2, W22 - W'2Wl W12)f11J2(g1 + Wj W122, WII, W12), 
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where a subscripted f denotes a pdf. We show that the only solution for f that 
satisfies this functional equation is the normal-Wishart distribution. Setting W to a 
fixed value yields (33) the solution of which is 

f (M, W) cx N(iltI(W), y(W)W) 

(35) = N (g212 (W), Y (W) LW22 -W12 WI 1 W12W ) 

x N(it111(W) + 172(W)Wj WI2 - Wj W12g2, y(W) WII), 

where both y and rq = (ri I '12) potentially can be functions of W. To see that 
these quantities in fact do not depend on W, first note that the normal distributions 
for g2 and AI in (35) must be proportional to the functions f2 and fiII2 in (34), 
respectively. Comparing the form of f2 with the normal distribution for g2, we see 
that y(W) and 12(W) can only depend on W22 - W'2W_1jW12. Comparing the 
form of fiII2 with the normal distribution for AI'i we see that y (W) and 172(W) can 
only depend on I WII, W12}. Consequently, y (W) and 12 (W) must be constant. 
Similarly, Ij(W) must be a constant. Substituting these solutions into (34) and 
dividing by the common terms which are equal to f (AI W) yields (21), the solution 
of which for f is a Wishart pdf. D 

Note that the conditions set on W in Theorem 10, namely, a positive definite 
symmetric matrix of real random variables such that no entry in W is zero, are 
necessary and sufficient in order for W to be a precision matrix of a complete 
Gaussian DAG model. 

6. Local versus global parameter independence. We have shown that the 
only pdf for {g, W} which satisfies global parameter independence, when the 
number of coordinates is greater than two, is the normal-Wishart distribution. 
We now discuss additional independence assertions implied by the assumption 
of global parameter independence. 

Consider the parameter prior for {m,, b , vn} when the prior for IA, W} is a 
normal-Wishart as specified by (14) and (15). By a change of variables, we get 

fn (m,9bn 9V,) 

-Wishart(1/vVn a +n -1, IT22 -T2T1T12) 

x N(bn I T1_ T12, T22/vn)N(mn I Vn U,/vn) 

where the first block (T1I) corresponds to XI, ... , Xn1 and the second one- 
dimensional block (T22) corresponds to Xn . We note that the only indepen- 
dence assumption expressed by this product is that mn and bn are independent 
given Vn. However, by standardizing mn and bn, namely defining, m* = (mn- 

Vn)/(a/l/vn)1/2 and b* = (T22/vn)'12(bn - T1N T12), which is well defined be- 
cause T22 is positive definite and Vn > 0, we obtain a set of parameters (m *, b*, Vn) 
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which are mutually independent. Furthermore, this mutual independence property 
holds for every local family and for every Gaussian DAG model over XI, . . ., Xn . 
We call this property the standard local independence for Gaussian DAG models. 

This observation leads to the following corollary of our characterization 
theorems. 

COROLLARY 1 1. If global parameter independence holds for every complete 
Gaussian DAG model over X1, . . ., Xn (n > 3), then standard local parameter in- 
dependence also holds for every complete Gaussian DAG model over XI, . . ., Xn . 

This corollary follows from the fact that global parameter independence implies 
that, due to Theorem 10, the parameter prior is a normal-Wishart, and for this prior, 
we have shown that standard local parameter independence must hold. 

It is interesting to note that when n = 2, there are distributions that satisfy global 
parameter independence but do not satisfy standard local parameter independence. 
In particular, a prior for a 2 x 2 positive definite matrix W which has the 
form Wishart(Wla, T)H(w12), where H is some real function and w12 is the 
off-diagonal element of W, satisfies global parameter independence (as shown 
in the Appendix) but need not satisfy standard local parameter independence. 
Furthermore, if standard local parameter independence is assumed, then H(w12) 
must be proportional to eawI2, which means that, for n = 2, the only pdf for W that 
satisfies global and standard local parameter independence is the bivariate Wishart 
distribution. In contrast, for n > 2, global parameter independence alone implies a 
Wishart prior. 

7. Discussion. The formula for the marginal likelihood applies whenever 
Assumptions 1-5 are satisfied, not only for Gaussian DAG models. Another 
important special case is when all variables in X are discrete and all local 
distributions are multinomial. This case has been treated in Heckerman and Geiger 
(1995) and Geiger and Heckerman (1997) under the additional assumption of local 
parameter independence which was introduced by Spiegelhalter and Lauritzen 
(1990). Our generalized derivation herein dispenses with this assumption and 
unifies the derivation in the discrete case with the derivation needed for Gaussian 
DAG models. 

Our characterization means that the assumption of global parameter indepen- 
dence when combined with the definition of mh, the assumption of complete model 
equivalence and the regularity assumption, may be too restrictive. One common 
remedy for this problem is to use a hierarchical prior p(O I q)p (q) with hyperpara- 
meters a. When such a prior is used for Gaussian DAG models, our results show 
that for every value of q for which global parameter independence holds, p(O Iq) 
must be a normal-Wishart distribution. The difficulty with this approach is that the 
marginal likelihood no longer has closed form and therefore approximate methods 
such as MCMC are usually employed to compute the marginal likelihood. Also 
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the elicitation of hierarchical priors is often difficult. Other alternative approaches 
have been discussed at the end of Section 3. 

We conclude with a technical comment. Equation (21), which encodes global 
parameter independence for an unknown covariance matrix, is an interesting 
example of a matrix functional equation. The domain of each unknown function is 
a nonsingular matrix and the range is R. A well-known functional equation of this 
sort is the equation 

(36) f (XY) = f (X)f (Y), 

where X and Y are nonsingular matrices. The general solution of this equation 
is f (X) = IXIa or f (X) = IXIa sgn(IXI) [e.g., Aczel (1966)]. When the domain 
of f is the set of positive definite matrices, the solution is simply f (X) = I XI'. 

We note that the solution of (36) is obtained for matrices over arbitrary fields. 
Only algebraic manipulations are used in its proof. It seems reasonable to believe 
and interesting to investigate whether a solution to (21) can be obtained via purely 
algebraic manipulations. The proof technique that we have employed, however, 
especially for the base case of the induction, uses the fact that the matrices are 
over the real numbers. 

APPENDIX 

We now characterize the pdfs of an unknown 2 x 2 precision matrix that 
satisfy global parameter independence. This result has been obtained in Geiger 
and Heckerman (1998) under additional regularity conditions. 

THEOREM 12. Let W be a 2 x 2 positive definite symmetric matrix with 
random entries wI1, W12 and W22 and let f (W) be the pdf of W. Then, f (W) 
IWlIetr{TW}H(wu2) where H is a realfunction if and only if wI I- w12/W22 is 
independent of {w12, W22} and w22 - w22/w1I is independent of {W12, W11}. 

PROOF. That wl - wl22/w22 is independent of {w12, w22} whenever f(W) 
is a Wishart distribution [e.g., when H(x) = constant] is a well-known fact [Press 
(1972), pages 117-119]. Consequently, this claim holds for any real function H. 
We prove the other direction by solving the functional equation, which is implied 
by the given independence assumptions, 

f (W) = fi (w1 - w12/w22)f2 1I (W22, W12) 

= f2(W22 - W12/W11)fi1j2(W1l, W12), 

where a subscripted f denotes a pdf. To solve this functional equation, namely to 
find all pdfs that satisfy it, we use techniques described in Aczel (1966) and results 
from Jairai (1986, 1998). 
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Let W1 2 be a value such that the integral of f2II 1 (x, w 12) over the domain 
of x is not identically zero. Such a value for w12 exists because f2I1I(x, W12) 
integrates to 1 over its domain. Without loss of generality, suppose this value of 
WI 2 is 1, lest we can modify the scale using the transformations w 1 W 12W 11 

and W22 ( W12W22. We rewrite (37) as 

(38) fI (WII - 1/W22) f211i (W22, 1) = f2(W22 - 1/WIl)f 112(WI, 1). 

We claim that all density functions satisfying (38) must be positive everywhere 
and smooth. This is shown in Lemmas 14 and 16 at the end of the proof. Con- 
sequently, we can take the logarithm of (38) and then take derivatives. First, we 
take the logarithm and rename the functions. We get 

(39) g1 (WI1 - I/W22) + g2111 (W22) = g2(W22- I/W11) + g9112(WI ), 

where gI (x) = ln f' (x), g2 II (x) = ln f2I 1i (x, 1), and where g2 and g I112 are defined 
analogously. 

We take a mixed second derivative with respect to wi t and W22 of (39). We get 

(40) g"(WII - 1/W22)/W 2 =g"(W22-1/W11)/W 2 

By substituting wIt = W22 we obtain g' = g"'. We denote this function by h and 
so, 

(41) Wl2h(Wt -1/W22) = W2h(W22 - 1/Wit). 

It is easy to show, using this functional equation for h, that if h is zero at some 
point then h must be identically zero; if h is positive at one point then h is positive 
everywhere, and if h is negative at one point then h is negative everywhere. We 
now take a derivative wrt wi t and a derivative with respect to W22, 

2with(wi - I/W22) + W2 h'(wlt - I/W22) = {W22/WIl}2h'(W22 - l/W11), 

2W22h(W22 - i/Wit) + W22h'(W22 - I/WIt) = {Wl/W22}2h'(w1 - l/W22). 

From these equations, and using (41) we get 

2(W22 + /llwi )h(W22 - I/WI 1) = -(W22 - I/W ll)h'(W22 - I/WI ). 

Consequently, 

h'(x)/h(x) = -2/x, 

where x = W22 - l/w1j. This equation holds for every x E R+. Assuming h 
is positive everywhere, we have (lnh(x))' = -2/x and so lnh(x) = Inx-2 + c' 
where c' is a constant. If h is negative everywhere, we have (ln -h (x))' = -2/x 
and so ln(-h(x)) = Inx-2 + c'. Consequently, whether h is positive everywhere, 
negative everywhere, or identically zero, it has the form h(x) = c/x2 where c 
is a constant. Recall that h = (In fl)". Hence, fi (x) = cIx-cec2x and similarly 
f2(x) = cjx-cec'x (i.e., one-dimensional Wishart distributions with the same 
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degrees of freedom). We conclude the proof by substituting fi and f2 into (37) 
and proceeding as in (22)-(25). El 

The next lemma shows that every positive everywhere pdf that satisfies (38) 
must be smooth. Our lemma is an immediate consequence of Jarai's theorem which 
we now state. 

THEOREM 13 [Jarai (1986, 1998)]. Let Xi be an open subset of Rni (i = 
1, 2, ... ., n), T be an open subset of Rs, Y be an open subset of Rk, Zi be an open 
subset of Rmi (i = 1, 2, ...,n), D be an open subset of T x Y and let Z be a 
Euclidean space. Consider the functions f: T - Z, gi: D - Xi, fi: Xi -Zi, 
hi: D x Zi - Z (i = 1, 2, ..,n). Suppose that O < p < oc and: 

(i) for each (t,y) E D, 
n 

f(t) = Lhi (t, y, fi (gi (t, y))); 
i=1 

(ii) hi is p + 1 times continuously differentiable (1 < i < n); 
(iii) gi is p + 2 times continuously differentiable andfor each t E T there exists 

a y E Y such that (t, y) E D and ag (t, y) has rank ri (1 < i < n). 

Then: 

(iv) if fi (i = 1, 2, ... , n) is Lebesgue measurable and (ii), (iii) are satisfied 
with p = 0 then f is continuous on T; 

(v) if fi (i = 1, 2, ..., n) is continuous and (ii), (iii) are satisfied with p = 0 
then f is continuously differentiable on T; 

(vi) if fi (i = 1, 2, .. ., n) is p times continuously differentiable and (ii), (iii) 
are satisfied then f is p + 1 times continuously differentiable on T. 

This theorem is stated in Jalrai (1998) and its proof is based on Theorems 3.3, 
5.2 and 7.2 of Jairai (1986). A simple corollary of Jairai 's theorem is the following. 

LEMMA 14. All Lebesgue measurable real functions 11, 12,11112 and 12111 
defined on R+ which satisfy 

(42) 1l (y - 1/t) + 12111(t) = 12(t - 1/y) + 11 2(Y) 

for every y, t > 0 such that yt > 1, are p times continuously differentiable where 
p is arbitrarily large. 

PROOF. The proof follows closely the lines of reasoning that Jairai (1998) 
applied to another functional equation. 

Using statement (iv) of Theorem 13 we show that 12111 is continuous. To 
match Jarai's theorem notation we define f = 12111, fl = -l1, f2 = 12, f3 = 11112, 
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hi (t, y, w) = w for i = 1, 2, 3, gi (t, y) = (y - 1/t), g2(t, y) = (t - l/y) and 
g3 (t, y) = y. The only nonobvious condition to check is that for each t E R+ there 
exists a y E R+ such that ty > l and agi (t, y) has rank ri, 1 < i < n. But here the 

rank is l and so we just need to observe that there exists a y such that ag (t, y) is 
not zero. 

To show that 1i is continuous, rewrite (42) as 

(43) ll(t) +12111(y) =12 (ty +) l11112(t + 1Y), 

where t, y > 0. Now define f = 1l, ft -12111, f2 = 12, f3 = 1112, hi(t, y, w) = w 

for i = 1,2,3, gi(t,y) = y, g2(t, Y) tY+I and g3(t,y) = t + l/y. Observe 
that the conditions of Jarai's theorem hold and so f = 11 is continuous. By the 
symmetry of the equation, 12 and 11112 are also continuous on R+. 

Now we can apply statement (v) of Jarai's theorem. We obtain, in the same way 
as above, that all four functions are continuously differentiable. Finally, applying 
statement (vi) of Jarai's theorem in the same way, we get that all four functions 
are twice continuously differentiable. Repeating this process shows that all four 
functions are p times continuously differentiable for every p > 0. D 

The next theorem and lemma show that every pdf that satisfies (38) must be 
positive everywhere and so taking the logarithm of this equation, as we have done, 
is legitimate. We denote by )CS the s-dimensional Lebesgue measure and by X the 
one-dimensional Lebesgue measure. 

THEOREM 15 [Jalrai (1995, 1998)]. Let Xt, ..., X,1 be orthogonal subspaces 
of Rr of dimensions rl, ... , r, respectively. Suppose that ri > 1 (1 < i < n) and 

ri = r. Let U be an open subset of Rr and F: U -- Rm be a continuously 
differentiable function. For each x E U, let Nx denote the nullspace of F'(x). Let 
pi denote the orthogonal projection of X onto Xi. Suppose that dim Nx = r - m 
and pi(Nx) = Xi (i = 1, ..., n) for all x E U. Let Ai be a subset of Xi (i = 
, ..., n). If Al x A2 X ...A * A X U and Ai is )ri measurable with )ri (Ai) > 0 

(1 < i < n), then F(At x A2 x ... x A,) contains a nonempty open set. 

Recall that if XI, ..., X, are the standard orthogonal axes of R , then 
pi(X .., Xn) = Xi, and Pi(Nx) = {xl(XI,..., Xi-I, x, Xi+, ., Xn) E Nx}. 

LEMMA 16. Let f, g, h, k be nonnegative real functions that are Lebesgue 
integrable with integral c > 0. If these functions satisfy 

(44) f(s - l/t)g(t) = h(t - l/s)k(s) 

for every s, t > 0 such that st > 1, then they are everywhere positive. 
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PROOF. The proof follows closely the lines of reasoning that Jalrai (1998) 
applied to another functional equation. 

Let {f = O} denote the set of points in the domain of f for which f is zero and 
let {f =A O} denote the complementary set of all points in the domain for which 
f is not zero, namely, the set of points for which f is positive. Similar notation 
is used for the functions g, h and k. The idea of the proof is to show that the set 
{f = 0) and the set {f :A 0} are both open and therefore, since the domain of f 
is connected, one of these sets must be empty. The set {f 7& 0} cannot be empty 
because f is nonnegative and integrates to a positive constant and so {f = 0} must 
be empty as claimed by the theorem. Similar arguments show that g, h and k are 
also positive everywhere. 

The proof proceeds in three steps. First, we use Theorem 15 to establish that the 
set {g + 0) contains a nonempty open set (i.e., it contains an inner point). Then we 
show that every point in tf = 0} is an inner point and so If = 0) is open. Finally, 
we show that every point in If = 0} is an inner point and so If = 0) is open as 
well. Similar arguments work for g, h and k. 

We start by rewriting (44) in two symmetric ways. First as 

(45) f(y)g(z) = h(x(y, z))k(w(y, z)) 

for ally >0 and z >0, where x(y,z) =yz2/(yz + 1) and w(y,z)= y +l/z; 
second as 

(46) f (y(x, w))g(z(x, w)) = h(x)k(w) 

for all x > 0, and w > 0 where y(x, w) = xw2/(xw + 1) and z(x, w)= x + 1/w. 
Step 1. We show that {g :A 0} contains an inner point. Since both h and k 

integrate to a positive constant, there must exist two A-measurable sets Ah in 
{h 7& 0) and Ak in tk 7& 0) such that X(Ah) > 0 and X(Ak) > 0. The image of these 
sets under z(x, w) = x + 1/w contains an inner point z according to Theorem 15. 
This theorem is applicable because the nullspace of z' is {a(1/w2, 1))la > 0) and 
its projection on either of the two coordinates is R+. Due to (46), and because the 
right-hand side is not zero for any x E Ah and w E Ak, each term on the left-hand 
side is also not zero. Consequently, their image under z(x, w), which includes an 
inner point, belongs to {g 7& 0). 

Step 2. Let y be an arbitrary point in {f 7& 0). We now show that y is an inner 
point and so {f 7& 0) is open. Let z be an inner point in {g 7& 0). It follows that the 
image of a sufficiently small open set containing z under x(y, z) = yz2/(yz + 1) 
and the image under w(y, z) = y + I/z are open sets. These images belong to 
{h :A 01 and {k =A 0), respectively, because the left-hand side of (45) is positive. 
Now we fix x in the image and vary w in a small open neighborhood. Then y is 
varied in a small open neighborhood. Since the right-hand side of (45) is positive, 
the neighborhood of y belongs to {f 7& 0) and so y is an inner point. Similar 
arguments show that Ig 7& 0) is open as well. By the symmetry of (44) the same 
claim holds for h and k. 
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Step 3. Let y be an arbitrary point in {If = 0}. We now show that y is an inner 
point and so {f = O} is open. Let z be an inner point in {g : O}. It follows that the 
image of a sufficiently small open set containing z under x(y, z) = yz2/(yz + 1) 
and the image under w(y, z) = y + l/z are open sets. Since the left-hand side 
of (45) is zero, at least one term in the right-hand side must be zero. If x is 
in {h = O}, then fix x. As we vary w in a small open neighborhood in the image, 
g remains positive due to continuity. Also y is varied in a small open neighbor- 
hood. Since the right-hand side of (45) is zero, the neighborhood of y belongs to 
{f = O} and so y is an inner point. The other case occurs when w is in {k = O}, in 
which case we fix w and vary x in a small neighborhood. Similar arguments show 
that {g = 0) is open as well. By the symmetry of (44), the same claim holds for 
hand k. D 

Note that Lemmas 14 and 16 together imply that every pdf that solves (44) must 
be positive everywhere and smooth. 
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