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Abstract

In digital data storage systems, such as magnetic and optical storage devices,
the remrded data has to saisfy cetain constraints that are imposed by the
physical structure of the media. One of the most frequently investigated type
of constraints are the (d,k) run-length limited (RLL) constraints. A binary
sajuence sais es a one-dimensional (d; k) constraint if every run of zeroes
has length at least d and at most k.

Recent developmentsin optical storage, espedally in holographic memory,
regard the recrded data as two-dimensional. A one-dimensional constraint
has to be sais ed in each of the array diredions. Similarly to the one-
dimensional case the apacity of a two-dimensional constraint isden ed
as:

log, N(n;mj )

C( )= n;!rw:{] nm :

where N(n;m j ) is the number of arrays of sizen m that saisfy
Few connedivity models have been proposel in the literature to handle two-
dimensional data: the diamond mode, the square model, the hexagmal
model, and the triangular model. The mnstraints may be asymmetric, i.e.
vary among the di erent diredions.

In this work, we derive sane new methods for determining zero and pos-
itive @pacity. We generalize a tednique for proving zero capacity, which is
basad on sanning a -constrained array whose labels are partially known,
and counting the number of possble waysto label the rest of the array. This
method provides an upper bound for the number of constrained arrays of
sizen m, which is small enough to determine that C( ) = 0.

For proving positive apacity of same mnstraints, we de n e shapes which
can tile the plane. Given such a shape, we nd two di erent valid ways to
labd it. We then show that tiling the plane with copies of the shape, where
each copy can have d@ther one of the two labels, resultsin a -constrained
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array. This provides a lower bound for the number of constrained arrays of
sizen m, which islarge enough to determine that C( ) > 0.

We apply the above methodstothedi erent connedivity modelsin order
to characterizetheir zero/ positive apacity regions. We consider asymmetric
constraints in the diamond model, and provide an almost complete darac-
terization of the positive capacity region.

In the triangular model, we show that C(d;d+ 3) = O for every d 3.
Ford 1(mod 4),d 5, we show a tight characterization: C(d;k) > O if
and only if k d+ 4. Together with the former result, it implies that for
other values of d, the gaps between the known zero and positive capacity
regions are relatively small.

Finally, in the square model we show that C(d;d+ 3) = Ofor everyd 1.



Abbreviations and Notations

N(nj )
N(n;mj

C()

(d; k)-RLL

(dl, kl, dz, kz)-RLL

C (d; k)
C (d;k)
C7(d; k)
Cs4 (d; k)

[n

m; k

)

1] tile

number of -constrained seguences of length n
number of -constrained arrays of sizen m
capacity of the mnstraint

constraint in which the number of zeroes between every
pair of consecutive ones is at least d and at most k

two-dimensional constraint where (dj; k;) is the hori-
zontal constraint and (d; k) isthe vertical constraint

capacity of the (d; k) constraint in the diamond model
capacity of the (d; k) constraint in the square model

capacity of the (d; k) constraint in the hexaganal model
capacity of the (d; k) constraint in thetriangular model

n m array from which ak | array wasremoved from
the upper right corner



Chapter 1

Introduction

Constraint coding is widely used in digital storage applications, particularly
magnetic and optical storage devices [10, 11]. In such systems, the physical
structure of the storage device imposes constraints on the recorded data.
This chapter introduces the eld of constrained coding, and desaibes our
main lines of research.

1.1 Physical Constraints in Digital Storage
Systems

Magnetic storage devices consist of tracks of magnets. When the data is
recorded, a bit one is represented by a reversd of the magnetic polarity
along the data tr ack, and no reversd of the polarity represents a zero. While
reading the data, the head which reads responds to a polarity change by an
induced voltage. When no change ocaurs, no voltage is produced. A su -
ciently high voltageis considered as a one, and otherwisethe bit is considered
to be a zero. On one hand, if successive ones are too close the voltage lev-
els read by them might interfere with each other. Hence there is a lower
bound on the number of zeroes between successive ones that are allowed in
the recrded data. On the other hand, the dock of the device is adjusted
when high voltages are read and a one is deteded. To avoid clock drifting,
that might causeerroneous reavery of data, thereis an upper bound on the
number of zeroes between successive ones that are allowed in the recrded
data.

When recording data on an optical device such as a CD, the bit one is
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represented as a peak on the surface In order toread the data, alase beam
isprojeded. Thelight isre eded from the surface and when reading a peak,
a destructive interference ocaurs. Therefore the detedor sess darkness and
interpretsit asthe bit one, and otherwisethe bit is a zero. On one hand, in
order for the detedor not t o missthe peak, the peak hasto be wide enough,
which implies alower bound on the number of zeroes between successive ones
that are allowed in the recmrded data. On the other hand, reading peaks
allows the detedor to adjust the speead of rotation of the CD according to
the distance of the track from the center. Hence thereis an upper bound on
the number of zeroes between successive onesthat areallowed in the recorded
data.

1.2 (d;k)-RLL constraints

The oonstraints that are implied from the disausson above are alled (d; k)-
RLL constraints. Formally, a binary seguence sais es a (d;k)-RLL con-
straint (or a (d; k) constraint), if every run of zeroes between successive ones
haslength at least d and at most k. At t he beginning and end of the sequence
the runs are only required to be of length at most k.

Example 1 The sequence 0010001000001i& (2; 5)-constrained.

Indedd, there are many standard storage devices that use(d; k)-RLL con-
straints.

Example 2
Floppy-disks are (1;7) or (2;7)-constrained.

DVDs are (2; 10)-constrained.

1.3 Encoding

The use of a storage system may wish to recmrd any binary data on the
device and therefore it hasto be canged in order to comply with the @n-
straints. This is called encoding. An encoder (see Fig. 1.1) is required to
transform any binary sequence of length p into a constrained seguence of
length n (a codeword). Usually n p, sincenot all seguences are valid. The
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encoding procedure has to be reversible in order to later read the recorded
data corredly, hence a demder is required, which converts the mnstrained
saquences of length n back into the original sequences of length p.

Encoder

Figure 1.1: An encoder with rate E.

Theratio £ isthe rate of the encoder. A higher rate implies that fewer
bits are written per one input bit, which deaeases the amount of space
needed to record the data. Given a constraint , we areinterested in nd ing
the maximal rate possble for an encoder. The capecity of a one-dimensional
constraint isden ed as:

1
n'l

C( )= lim —'ngNr(]”j ).

whereN (nj ) isthenumber of codewords of length n that saisfy . Given
N(nj ) output wordsof length n, the maximum length p of input sequences
can be at most log, N(nj ). Hence the apacity C( ) upper bounds the
rate of any encoder for the constraint . Therefore given a constraint , we
areinterested in nd ing the apacity C( ).

1.4 One-Dimensional Constrained Coding

Given a one-dimensional (d; k) constraint we construct t he following graph
(se= Fig. 1.2):

ForO i Kk 1, thereisan edgefrom nodei tonodei + 1, that is
labelled by O.



0 1 d d+1 k
6 b1 b1 b1
& 04 % %

Figure 1.2: A graph for the (d; k)-RLL constraint.

Ford i Kk, thereisan edge from nodei to node O, that is labelled
by 1.

The graph desaibesthe one-dimensional (d; k) constraint in the following
sense any walk in the graph produces a (d; k) codeword by the sequence of
labels on the alges of the walk, and any (d; k) codeword has a corresponding
walk.

The apacity of a (d; k) constraint is known to be equal to log, , where

is the Perron eigenvalue of the adjacency matrix of the graph.

1.5 Two-Dimensional Constrained Coding

Recent developmentsin optical storage{ espedally in the area of holographic
memory { increaserewrding density by exploiting the fact t hat t he recording
device is a surface In this new model, the recrded data is regarded as
two-dimensional, as opposel to the tr ack-oriented one-dimensional recrding
paradigm. This new approach, however, necessiates the intr oduction of new
types of constraints which are two-dimensional rather than one-dimensional.
While the one-dimensional casehas been widely explored, resutsin the two-
dimensional case have been slower to arrive. Thisis mainly due to the fact
that imposing constraintsin a few diredions makes the ading problem much
moredi cult. Nevertheless,in the last decade there has been a considerable
progressin the study of two-dimensional constraints.

Similarly to the one-dimensional den ition, a two-dimensional surfaceis
sad to saisfy a (d; k) constraint, if each diredion den ed by its connedivity
model sais es a one-dimensional (d; k) constraint. The @apacity of a two-
dimensional constraint isden ed by:

7



c( )= lim log, N(n;m j );
n;m!1l nm

where N(n;m j ) isthe number of n  m arrays saisfying the constraint
. An array which sais esthe mnstraint iscalled -constrained or a
array.

In general, the algebraic tods useal to compute the apacity of one-
dimensional constraints, cannot be similarly used in the two-dimensional
case This work focuses on the reduced task of characterizing the region of
parameters d; k for which C(d; k) > 0. Wedesaibethedi erent connedivity
models in the following section.

1.5.1 Connectivity Mo dels

Data should be organized on a two-dimensional surfacein same order. This
order will be den ed by the way in which the data is read. For this purpose
four connedivity modelsareden ed. The diamond mode, the square mode,
and the hexagmal model are frequently considered in the literature, e.g., for
constrained codes they were considered rst by Weeks and Blahut [12]. The
triangular mode was considered by [19] for constrained codes and for other
applicationsin [6]. Some other paperswhich consider capacities of constraints
in such moddls are [7, 13, 14, 18, 20].

The rst connedivity model isthe diamond model. In thismodel, a point
(i;j) 2 Z? has the following four neighbors:

fA+3j) G Lj)@)+ 1605 Dg:
When (i;]) isaboundary point, the neighbor sd isreduced to pointswithin
the array. In this model the data is organized in the two-dimensional red-
angular grid, and it isread horizontally and vertically.

The second model is called the square model, in which each point (i;]) 2
Z? has eight neighbors:

fA+Lj)60 Lj)36i+1,6 1
(i+Lj+2,G0 Lj+0;+1j] ;0 1Lj Do

In this model the data is organized in the two-dimensional red¢angular grid
and it isread horizontally, vertically, and in the two diaganal diredions.
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Thethird modéd is called the hexagonal model. Instead of the redangular
grid we have usal up to now, we den e the following graph. We start by
tiling the plane R? with regular hexagans. The vertices of the graph are the
center points of the hexagas. Thesepoints den e the hexagmal lattice [5].
We mnned two verticesif and only if their respedive hexagms are adjacent.
In this way, each vertex has exactly six neighboring vertices.

We will usean isanorphic representation of the model. This representa-
tion includes Z? asthe se of vertices. Each point (i;j) 2 Z2? hasthefollowing
neighboring vertices:

Fa+ L) L)@+ DG D0 L) D+ Lj + Do

It can be shown that t he two models are isamorphic [21]. From now on, by
abuseof notation, we will alsocall the last modd { the hexagaal modedl. In
this isamorphic model the data is organized in the two-dimensional redan-
gular grid and it is read horizontally, vertically, and in one of the diagmals
diredion called right diagonal.

The neighbor sds of the threedi erent models are summarized in Fig.
1.3. A square with adot isthe point (i;j). In all models, rows and columns
of the arrays will be indexed in aseending order, bott om to top and left to
right.

(i+ 15)

i D JCis i+ 1)

(i 1)

(a (b) (¢

Figure 1.3: Neighbors of position (i;j) in the: (a) diamond mode, (b) square
model, (¢) hexaganal model.

The fourth model is called thetriangular model. Again, we start by tiling
the plane R? with regular hexagms. The vertices of the graph are now the
vertices of the hexagms, rather than their centers. The alges between the
vertices are the sides of the hexagas. Hence each vertex has exactly three

9



neighboring vertices. If we mnned t he centers of the hexagas with lines we
will obtain a tiling of the R? with equilateral triangles. The vertices of the
graph are the center points of the equilateral triangles. The sd of vertices
is alsoa union of two translates of the hexagmal lattice Clearly, a point in
this model can be represented by atriple (i;j;s) 2 Z? f0;1g. Each point
(i;j;0) 2 Z?2 f0Og has the following neighboring vertices:

fE50:0 L0307 LDg
Each point (i;j;1) 2 Z? f1g has the following neighboring vertices:
f(i;5:0);(+ Lj;0); (50 + L,0)g:

The neighbor sdsin this model areillustrated in Fig. 1.4.

(i+1,j,0)

(i,.0)  (i,j+1,0)

(a) (b)

Figure 1.4: Neighborsof positions(i;j;0) and (i;j; 1) in thetriangular model.

As the vertices are two translates of the hexagmal lattice one can con-
sider the model as having six diredions. We will consider it slightly di er-
ently. Instead of data stored in the centers of the triangles, the data will
ocaupy thewhole area dof the triangle. Therefore, in thisinterpretation there
are threediredions in this model. Finally, we note that in the triangular
model an n  m array has 2nm points. Therefore the denition of the a-
pacity in this model is accordingly adjusted to be:

_ o OGN(MImMj )
ct)= jm 2nm '

10



1.5.2 Previous Work

Let C (d;k) denote the apacity of the (d; k) two-dimensional constraint in
the diamond model. The value of C (1;1 ) has been investigated in many
works. Calkin and Wilf [3] showed that

0:587890: C (1;1) 0:588339:
Weeks and Blahut improved theseresults in [12], showing that
0:58789116177527 C (1;1) 0:58789149494390

Then they used a numerical convergence-spealing tecdnique alled Richard-
san Extrapolation to estimatethat C (1;1 ) 0:587891161775ral that t his
approximation is corred up to 12digits.

For d 1, Sieged and Wolf [22], and Halevy, Chen, Roth, Siegel and
Wolf [9], bounded C (d;1 ) by studying bit-stu ng encoders. Kato and
Zeger [13] also showed bounds for these capacities.

For k 1, the value of C (0; k) was investigated by Talyansky [23], and
by Kato and Zeger [13].

For other values of d the @pacity of C (d; k) is generally unknown. Kato
and Zeger [13] characterized the positive apacity region of (d; k) constraints
in the diamond model, by proving that C (d;k) > Oifandonly ifk d+ 2.

We are interested in asymmetric constraintsin this model, in which there
can be di erent constraints for rows and for columns. C (dj; ky; dy; ky) de-
notesthe apacity of the asymmetric (d;; ky; dy; kz) constraint in the diamond
model, i.e., horizontally the constraint is (d;; k;) and vertically the constraint
is (dp; ko). Theseconstraints were handled in [14].

C (d;k), C7(d;k), and C4 (d; k) dencte the apacity of the (d;k) con-
straint in the square model, hexagaal model, and triangular model, respec
tively. In the hexagma model, the exact value of C7(1;1 ) was given by
Baxter [1]. The positive apacity region of hexagmal constraints has been
studied by Kukorely and Zeger in [16, 15].

Finally, the apacity of the hard-triangle mnstraint (isdated ones) was
shown in [19] to be bounded by 0:628831217 C,4(1;1) 0:634775895

11



1.5.3 Description of the Work

Therest of the dhaptersare organized asfollows. In Chapter 2 we present t he
known basic tedhniquesto prove zeo or positive apacity. We generalizethese
tedhniques, sothat they could be applied to more complicated cases which
we will have in succeealing chapters. In Chapter 3 we examine asymmetric
constraints in the diamond model and provide an almost complete sdution
for the zeo/positive apacity region problem. In Chapters 4, and 5 we
examine apacities of constraints in the square model and the triangular
model, respedively. Disaussbon and open problems are in Chapter 6.

12



Chapter 2

Basic Techniques

In this chapter we will survey the known tedniques, except for ad-hoc meth-
ods, usal to prove zeo capacity, and those usal to prove positive apacity.
We will generalizethesetedniquesin away that will enable them to handle
more complicated scenarios. The rst lemma which appeared in [14] is an
immediate conseguence of the den ition of the (d; k) constraint.

Lemma 1l Let bea constraint with minimum runlength d and maximum
runlength k in direcion . Let =~ bea constraint with minimum runlength
d dand maximum runlength Kk in diredion , and the same @n-
straintsasin  in the other diredions. Then C( ) C(7).

2.1 Positive Capacity

An[n m;k ] skeeton tileisatilewhich consistsof ann m array from
which ak  array was removed from the upper right corner. If ~ = 1 we
simply havean [n m; k] skeleton tile. An exampleof a[7 123 5] skeleton
tileis given in Fig. 2.1.

Figure2.1: A[7 123 5] skdeton tile.
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For two points z; = (X1;y1) and z, = (X2;Y2), Z1;2» 2 Z2, let L(z1;2) =
f(ixy+ jXg;iyr + jy2) : i;] 2 Zg be the set of points ganned by z;; z;.
Thisisthe latticeden ed by z; and z, (see [5, 8]). Note, that by abuse of
notation, the rst coordinate is for the row index and the second is for the
column index. The following lemma can be easily veri ed.

Lemma 2 Let A bean[n m;k ] skdeton tile. If we place the ottom
leftmost point of A on the paintsof L((n  k;m 7);(n; 7)), then atiling
of Z2 with copies of A is obtained.

The tiling dbtained by Lemma 2 will be alled the standard tiling. If A
isann m array (a skdeton array) then the standard tiling is obtained by
substitutingk = 0 and *~ = 0in the skeleton tile of lemma 2 Clearly, we can
alsousea parallelogram instead of a redangle. A standard tiling can usea
few tiles with the same shape and di erent labds. In this case each one of
thetiles can have any one of the labels. The next lemma is a straightforward
generalization of similar lemmas for skeleton arrays, given in [7, 14].

Lemma 3 Let A and B be two identical tiles with di e rent labds, and

a two-dimensional constraint. If any standard tiling with A and B yields a
two-dimensional array which is -constrained, then C( ) > 0. Moreover, if
we @n uset identical tiles with di erent labds A1;  ;A¢, and the numbe
of paintsin A isN, then C( )  Tlogt.

2.2 Zero Capacity - The Scanning M ethod

Themost e edive method to prove zeo capacity was given by Blackburn [2]
for sped c oonstraints. However, this method can be formulated to handle
general two-dimensional constraints.
Assumewe want t o show that t he c@pacity of atwo-dimensional constraint
iszeo. We mnsider an (n+ ry+rp) (m+ ty + ty) aray A which is
-constrained, where ty, t,, ry, and r, are mnstants which might depend on
the runlength constraints, but do not depend on n and m. Assume furt her
that t he labels at positions of the rst r; rows, the last r, rows, the rst
t; columns, and the last t, columns, are known. We now san the other
positions of A. We san the other n rows from bott om to top, and the m
positionsin arow are sanned from left t oright. We assunethat all positions
in the array are saanned, i.e. we omit arrays in which not all positions can

14



be labelled. If each position is determined by the known labels and the
positions which are already scanned, then the @pacity of the constraint

is zero. We will not give a proodf to the daim, since we will prove a much
stronger resut. This tednique will be alled scanning. The strength of
sanning is demonstrated by providing a very short proof to the following
theorem by Kato and Zeger [13)].

Theorem 1 C (d;d+ 1) = Ofor eveyd 1.

Proof. Consider ann m array A which is (d;d + 1)-constrained. We will
show that the labels of A are determined by the labels at positions (i;]),

whereO i doO0 j d loj=m 1
A AlX Y

d PA B

4 ||A|B

?A B

CcC D

Figure 2.2: Scanning of a (d;d+ 1) array.

Weshow that foreveryd+1 i; d j m 2, thelabe of the position
marked by X (see Fig. 2.2) is determined by the labels to the left of it and
the labels below it. Assume the cntrary that X can be a zero and can be
aone. It implies that all the positions marked by A are zeroes and ether
X orY isaone SinceY can be a one, it follows that all positions marked
by B are zeroes. Since X can be a zero it follows by the vertical constraint
that C isaone. Smilarly, sinceY can be a zero, it follows that D is a one,
a contradiction to the horizontal constraint. Hence C (d;d+ 1) = 0. m

We strengthen the tecnique as follows:
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Theorem 2 Asaume the scanning method is apgied to a two-dimensional
constraint . If for the labd in each scanned pasition (i;j), one of the fol-
lowing three states holds:

(s1) The labd in position (i;j) is completely determined;

(s2) The labd can be éther zero or one, but with one of these labds the
su x of the row is completely determined;

(s3) The labd can be ether zero or one, but the pre x of the row beore
position (i;j) is a given sequence P(i;j);
then C( )= 0.

Proof. Assume positions, numbered by 0;1;:::; 1, are s@nned in a
row, as depicted in Fig. 2.3.

Figure 2.3: Scanning of positionsin a row.

Let T beadireded treewith + 1levelsden ed asfollows. Theroat of
T (level 0) represents position 0. For ~ < , the verticesin level ~ represent
position . The verticesin level represent all the valid labels of all the
positions in the row. A vertex v which is not a leaf has out-degree one or
two depending whether the label of the crresponding position is completely
determined or not, respedively. The elge which conneds a vertex v in leve
" tovertex uin level © + 1islabelled with one of the possble labels of the
position represented by v. If the out-degree of v is two then one elge is
labelled by a zero and one adgeislabelled by a one. Each vertex v islabelled
with the ordered labels of the path from the roat to v. Hence each leaf
corresponds to avalid sequence of labels for the positions. We now bound
the number of leaves in the tree which gives an upper bound to the number
of possble rows in the sanning.
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An example of atreeT that represents the sanning of  positions with
no constraints is illustrated in Fig. 2.4. When no constraints are imposed

level 0
0 % 1
@
@
level 1 0
0 @@ 1
@
@
0
level 1 0"
0 % 1
@
level 0 01 1

Figure 2.4: ThetreeT when no constraints are imposed.

every row isvalid, therefore the treeis a complete binary tree The number
of leaves equals the number of all rows of length , which is2 .

We now bound the number of leavesin any treeT. First, we note that
the label on a vertex v, which represents position (i;]j ), represents the labels
of the positions before position (i;j). A vertex representing a position in
which state (s1) holds has exactly one san. A vertex representing a position
in which state (s2 holds has two sas, but one of them is a chain of vertices
representing positions in state (s1). Hence the number of leaves of a subtree
whoserod isin level °, and does not have vertices which represent positions
in state (s3, is at most T+ 1.

If state (s3 holdsin position (i;j) represented by v, then the label on v
must be P(i;j). Therefore, in each level there is at most one vertex which
represents a position in which state (s3 holds.

Now, we mnstruct a tree T® from T by swapping subtrees of T, with
roats on the same level. Clearly, the number of leavesin T is equal to the
number of leavesin T. T °will be cnstructed in away that all vertices which
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(+1
>

correspond to positions in which state (s3 holds, are on the same path (see
Fig. 2F5). Thetotal number of leaves of T which are not on this path, is at
most _,( “+1)=

@
(s3

B

@@ B
@ B

B

B
B

g
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B

Figure 2.5: The treeT® Every subtreewhich does not include vertices on
the leftmost path, does not have vertices that r epresent positionsthat arein
state (s3.

The number of leavesin T is equal to the number of di erent labels for
arowinthe(n+rq+ry)
= m).

(m+ t; + t,) array which is

which impliesthat C( )= 0. =

-constrained (for
We now have that the total number of possble di erent labels for an
(n+r1+1,) (M+ti+t,) aray whichis -constrained isat most (™0™ + 1)n,
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Chapter 3

Asymmetric Run-length
Constrained Channels

The positive @pacity region of (d; k) constraints in the diamond model has
been determined by Kato and Zeger in [13]: for every d
and only if k

In this chapter we investigate asymmetric constraints in the diamond
model. The zeo/positive region of asymmetric constraints, denoted by
C (dyi;kq;dz; ko), has been studied by Kato and Zeger in [14]. They have

d+ 2

1,C (d:k) > 0if

summarized their results in which seven cases remained unsdved:
d1 = 1,

(u1)
(u2)
(u3)
(u4)
(uS)
(u6)

(u7)

2

2

di,
di,
dq,
dq,
di,

di,

ki =3,

ky=d; + 1,
d+2 ki
d+2 k;
d+2 kg
2d; < ky,

2d; < ky,

d, = 2,

d, = di,
2d;, djy = dy,
2d;, dp<d;<k;

Zdl, d2 = kl 11

d; < dy < kg

In this chapter we sdve most of these cases.
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k, = 3.

ko, 2d,.
ko = do + 1.
ko = dy+ 1.
ko, 2d,.
ko =d,+ 1.
ko, 2d;



3.1 Constructions for Proving Positive Ca-
pacity

Lemma4 C (d;2d+ 1;2d;2d+ 1) > O for evayd 1

Proof. Let T, bethe following (2n 2) (2n) array. T(L;2n 2) = 1

and T,(O;n  2) = 1;if To(i;)) = Lthen To(i + 2;j) 1) = 1 provided that

i+2 2n 3. All other positions of T,, are zeroes. T, is illustrated in
Fig. 3.1

1

1

Figure 3.1: The array T,.

Consider the[(4d+ 4) (2d+ 3);2d + 3] skeleton tile shown in Fig. 3.2.
Let A and B bethetwo [(4d+ 4) (2d+ 3);2d + 3] tiles obtained from

6

2d Td+1

3Z 0 E 0 5
1] q

6

l|?l 0 _ \_1| 0

L1
1 d 1 d 1
Figure 3.2: The skeleton tile for the (d; 2d + 1;2d; 2d + 1) constraint.
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this skeleton tile by substituting the two skew tetr ominoes shown in Fig. 3.3
instead of the four asterisks. We daim that any standard tiling with the

[0]
1] 1/0
0]

ol~|

Figure 3.3: Two skew tetr ominoes for substitution in the skeleton tile.

arrays A and B yidds a (d;2d + 1;2d;2d + 1)-constrained array. One @an
easily verify that it issu cientto provethatthe[(4d+ 4) (2d+ 3);2d+ 3]
skeleton tile is a (d;2d + 1;2d;2d + 1) tile, and that the constraint is not
violated on rows and columns crossing two di erent skeleton tiles, on the
positions marked in bold in Fig. 3.4.

Figure 3.4: Tiling the plane with skeleton tiles.

Now, consider the portions of the rows that crosstwo skeleton tiles. The
s@nario is depicted in Fig. 3.5. First note that in Figures 3.2 and 3.5 dl
the gaps between ones, in which at least one of the ones is not in Ty, ; are
calculated and writt en. T herefore, we only haveto calculatethe gaps between
ones in the redangles depicted in Fig. 3.6. In each one of the two gures
Fig. 3.6(a),(b), let betheleftmost copy of Tq:+1, and the rightmost copy.
In each one of thetwo guresFig. 3.6(c),(d), let bethe upper copy of Tg+1,
and the lower copy.
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H

Ta+1 Tae1
10|1]0[1T Ot:IOIL
T Tara
T 0 i _0 [T

Figure 3.5: Areas crossing two tiles for the (d; 2d + 1;2d;2d + 1) constraint.
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1. We start with the ones of Fig. 3.6(a). We alculate the gaps between
onesof and . and aresearated by one mlumn, and sincethe
width of Ty,; is2d+ 2, and is shifted down by two rows, the gaps
between ones are 2d + 1.

2. In Fig. 3.6(b), the gaps between onesof and arealso2d+ 1, since
the width of Tg4+q1 is2d+ 2.

3. InFig. 3.6(c), and aresearated by threerows, and sincethe height
of Tg+1 is2d, and isshifted to theright by one wlumn, the vertical
gaps between ones are 2d.

4. In Fig. 3.6(d), the vertical gaps between ones are also 2d, since the
height of Tq.; is2d, and and are separated by one row.

JENTY ) TN
B

(a (b) (c) (d)

Figure 3.6: Relative locations of T4, ; arrays.

Hence any standard tiling with A and B isa (d; 2d+ 1, 2d; 2d+ 1) array
Therefore, by Lemma 3wehave C (d; 2d+ 1; 2d; 2d+ 1)

(4d+ 4)(2d+ 3) (20+3)

1
82+ 18d+9° W

Lemmab5 C (d;2d+ 2;2d+ 1;2d+ 2) > Ofor evey d 1
Proof. Consider the (4d+ 5) (2d+ 3) skeleton array of Fig. 3.7. Let A and
B bethetwo (4d+ 5) (2d+ 3) arrays, obtained from the skeleton array by

substituting a one instead of one of the asterisks and a zero instead of the
other.
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d+ 1 Id+_’]_ 0 0

?
6

d+ 1 O Eld-{.l
?)
6 L

d+ 1 Id+1 0
A 0
6

d+ 1 0 0 |d+]_
?

1 0 1 0

d+11 d+1

Figure 3.7: A skeleton array for the (d;2d + 2;2d + 1;2d + 2) constraint.

Consider any standard tiling of the plane with A and B. Every row that
does not contain an asterisk, has the patt ern (10°%*2) | which is (d; 2d + 2)-
constrained. The rows that contain asterisks have the pattern (091 091)?
or (18 0™ 1)1, which will be valid in any substitution of zeros and ones
instead of the asterisks.

Similarly, every column that does not contain an asterisk, hasthe patt ern
(107421074 1) | which is (2d + 1;2d + 2)-constrained. The mlumns that
contain asterisks have the pattern (10?41 0?4 1)1  which will be valid in
any substitution of one zero and one oneinstead of each consecutive asterisks.

Hence any standard tiling of the plane with A and B yields a two-
dimensional (d; 2d+ 2; 2d+ 1; 2d+ 2)-constrained array Therefore, by Lemma 3
C (d;2d+ 2;2d+ 1;2d + 2) 1 = m

(4d+5)(2d+3) ~ 8d%+ 22d+ 15°

Lemma 6 If dl 1, k]_ > 2d1, d2 = k]_ 1 and kl k2 2d2 then
C (dl;kl;dz;kz) > 0.

Proof. Assumed; 1, ki=2d;+t,t>0,d,=k; 1, andk, = k;. We
distinguish between two cases:

Casel:t=2r+1,r O

By Lemma 4we have C (d; + r;2d; + 2r + 1;2d; + 2r;2d; + 2r + 1) > 0.
Therefore, by Lemma 1wehaveC (dq;2d,+ 2r+ 1;2d, + 2r;2d,+ 2r+ 1) > 0.
Case2:t=2r+2,r O

By Lemma 5wehaveC (d;+r;2d; + 2r + 2;2d; + 2r + 1;2d; + 2r + 2) > 0.
Therefore, Lemma 1impliesC (dy;2d;+ 2r+ 2;2d;+ 2r+ 1; 2d, + 2r + 2) > O.
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Hence C (dy;2d; + t;2d, +t  1;2d; + t) > 0 and thus by Lemma 1
we have that if dl 1, kl > 2d1, d2 = kl 1 and kl kz 2d2 then
C (di;kg;doky) > 0. m

Lemma7 I1fd 2andd 1 r 1, thenC (d;2d+ 1;d+r;d+r+1)> 0.

Proof. We begin by rearsively dening a(d+ r 1) darray, Hg,, as
follows. For 1 let,

0 1 0 1

0 10 0

H 1,2 1 00 0

Ho = 0G; Haw1=B O ;
0 00 : H 1
0 01 0
whereH ., = | . Hgg isillustrated in Fig. 3.8.

T
i
EEREEEEE

1

Figure 3.8: The array Hge.

Next, we denethe(d+r 1) d array Hg,, by rotation of Hy., by
180. Notethat Hy, = Hg’;, if and only if r isodd. Alsq in the\center" of
Hay (HQ,) thereistheidentity matrix Iq (1. Thispart of thearray will be
called center.

Consider the[(2d+ 2r + 4) (3d+ 2); 2d+ 2r + 1] skeleton tile of Fig. 3.9.
Let A and B bethetwo[(2d+ 2r + 4) (3d+ 2);2d+ 2r + 1] tiles obtained
from the skeleton tile by substituting the two skew tetr ominoes of Fig. 3.3
instead of the four asterisks.

As in the prodf of Lemma 4 we have to prove that any standard tiling
with A and B isa (d; 2d+ 1;d+ r;d+ r + 1)-constrained array. One cn easily
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1 1
2‘21 ‘61 e
6 O |ld+r 1
o || Hg | e
d+ 1 ir
' Hd;r +r b
6
? ? 4
2 .
2 L] 4
gy 1 5
2g 6 5
.6‘* Hd Hd;fr d+r 2
T :
d+r 2! Hayr d+r 1k
‘ 3
! 1 'j
el 1lk _ _
1 d 1 d d

Figure 3.9: The skeleton tile for (d;2d+ 1;d+ r;d+ r + 1) constraint.

verify that it issu cientto provethatthe[(2d+ 2r + 4) (3d+ 2);2d+ 2r + 1]
skeleton tilesare (d;2d+ 1;d+ r;d+ r + 1) tiles, and that t he nstraint is
not violated on rows and columns crossing two di erent skeleton tiles on the
positions marked in bold in Fig. 3.4. The senario is depicted in Fig. 3.10.
First notethat rotating the plane by 180, around any of the tetr ominoes
(while the tetrominoes are still | abelled with the asterisks) leaves the plane
with exactly the same labels. Note alsothat in Figures 3.9 and 3.10 dl the
gaps between ones, in which at least one of the ones is not in Hg, or H,
are alculated and written. Therefore, we only have to calculate the gaps
between onesin the redangles depicted in Fig. 3.11 In each one of the three
gures (Fig. 3.11(a),(b),(c)), let betheleftmost copy of Hy.,, the middle
copy, and the rightmost copy of Hg., .

1. We start with the ones of Fig. 3.11(a). We alculate the gaps between
ones, where one of theonesisin . If thesecond oneisin then both
ones belong to the center of Hy,., and hence the gap between them
isd. If the acorresponding row in  consists only of zeroes, then the
corresponding row in  contains a one as depicted in Fig. 3.11(a). The
gap between thesetwo ones is 2d. The gaps between ones of and
are the same as the gaps between the ones of and

2. The gaps between the ones of and in Fig. 3.11(b) are the same
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1
[1 1 Hg;r
1
1
0
H 0 Hd;l’
HO dyr
dir
1
1
1] an 1 Y Hay
dir
L Hd;r
Hay i
H g 1
H dr .
dir - T -
1 1
1 1
0
H 0 Hd;r
H 0 dir
dir
]
1] R 1
N H Hd;r
dir |
Hd;r
1
1
1

Figure 3.10: Areas crosshg two tiles for the (d;2d + 1;d+ r;d+ r + 1)
constraint.
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0 [
T 5 -

(a) (b) (c)

Figure 3.11: Relative locations of Hy,, arrays.

as the gaps between the ones of and in Fig. 3.11(a). The gaps
between the onesof and in Fig. 3.11(b), where the rresponding
row of has zeroes are greater by one than the gaps between the ones
of and in Fig. 3.11(a), and hence these gaps have length 2d + 1.
Similarly, the gaps between and ared+ 1.

3. The gaps between the ones of and in Fig. 3.11(c) are greater by
one than gaps between theonesof and in Fig. 3.11(a), and hence
thesegaps have length d+ 1. The gaps between theonesof and in
Fig. 3.11(c), where the corresponding row of has zeroes are the same
as the gaps between theonesof and in Fig. 3.11(a). Similarly, the
gaps between and ared+ 1

4. Sincethe height of Hy., isd+ r 1, it follows that the vertical gaps
between ones in Fig. 3.11(d) isd+ r if r isodd. If r iseven, then the
gap between two onesisd+ r if at least one of them isnot in the center
of its shape, and d+ r + 1 between the other ones.

5. The vertical gaps between ones in Fig. 3.11(e) isd+ r if r iseven. Ifr
is odd, then the gap between two onesisd+ r if at least one of them
isnot in the center of its shape, and d+ r + 1 between the other ones.

This completes the prodf that any standard tiling with A and B isa (d; 2d +

1,d+r;d+r+1)-constrained array. Therefore, by Lemma 3wehaveC (d; 2d+
1

| ]

. . 1 —
1’d+ r’d+ r+ 1) (2d+2r+4)(3d+2) (2d+2r+1) ~ 6d2+6dr+14d+2r+7"
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Lemma 8 If d; 2, k; > 2d;, d < dy < kg 1land k, = dy + 1, then
C (dl,kl,dz,kz) > 0.

Proof. Assumed; 2, k;> 2d;,di<d,<k; 1, andk, = do+ 1. We
distinguish between two cases:

Case 1. d]_ < d2 < 2d1

By Lemma 7 we have C (d;;2d; + 1;d,;d> + 1) > 0. Sincek; 2d; + 1, by
Lemma 1we have C (dy; ky;do;do + 1) > 0.

Case2: 2d; dry<k; 1.

Sinced; 2d; then by Lemma 6wehave C (d;;d,+ 1;d;;dx+ 1) > O. Inthis
casek; > d, + 1, and therefore Lemma 1impliesC (d;; ky;dy;d+ 1) > 0. m

3.2 Proving Zero Capacity

Proposition 1 Ifd; 2, k; 2d;,d; d» ky 1, and k, = d, + 1 then
C (dl,kl,dz,kz) = 0.

Proof. Consider an array A which is (dq; Ky; do; ky)-constrained. We will
show that t he label X at position (i;j) is determined by the d; labelsto the
left of it, and thelabelsof the (d,+ 1) (di+ 1) array below it (see Fig. 3.12).

Al AlxF F
4, BB E E

| B E| [E
BIE| |E

C D D

d
Figure 3.12 Labels of the arraylin Proposition 1.

Assumethe ntrary that X can belabelled by a zero and can be labelled
by a one. It impliesthat all the positions marked by A are zeroes. If any of
them was labelled with a one, it would imply that X is a zero, in order to
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avoid a patt ern which violates the horizontal constraint. The same argument
vertically implies that all the positions marked by B are zeroes.

If the position marked by C is a zero, then the positions marked by B or
C form arun of d, + 1 = k; zeroes, which impliesthat X isaone. Hence C
isaone and all the positions marked by D are zeroes, in order to saisfy the
horizontal constraint.

Consider the d, positions marked by E in one of the corresponding d;
columns. If all thesed, positions are zerces, then the position marked by F
in the same mlumn should be labelled with a one by the vertical constraint,
and X is a zero by the horizontal constraint. Therefore, in each column
with positions marked by E, one of these positions is a one which implies
that all the positions marked by F are labelled by zeroes. Sinceall positions
marked by A are also zeroes, it follows that X is a one, which contradicts
our assumption.

Thus, by Theorem 2 we have C (d;;K;;dz2; k) = 0. m

3.3 Summary of Resultsfor the Diamond M odel

The results in this chapter produce sdutions to most of the seven unsdved
cases of [14]:

(ul) issdved in Lemma 4,

(u2), (u3), and (u4) in Proposition 1,

(u6) in Lemma 8,

(u7) in Lemma 6,

and (u5) was sdved when k, = dz + 1, in Proposition 1.

The only casewhich remainsunsdved iswhen 2 d;, d;+2 k; 2dy,
b=k 1, d+2 k, 2d.
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Chapter 4

The Square Mo del

In this mode the data is organized in the two-dimensional readangular grid,
and is read horizontally, vertically, and in the two diagmal diredions.

4.1 Proving Zero Capacity

Reall that t he hexagaal modd can berepresented asaredangular grid with
3 diredions. Therefore, any (d; k)-constrained array in the square model is
also a (d; k)-constrained array in the hexagaal model, which implies the
following lemma:

Lemma 9 For evey d;k, C (d;k) C7(d;K).

In particular, Lemma 9 implies that if C7(d;k) = 0then C (d;k) = 0.
We will usethisin proving zero capacity for same nstraints in the square
model.

Theorem 3 C (d;d+ 3)=Ofor eveyd 1

Proof. Webegin by proving for d = 1. Kukorelly and Zeger [16] showed that
C7(d;d+ 2) = Ofor every d 1. In particular, C7(2;4) = 0 and therefore
by Lemma 9we have C (2;4) = 0. Hence if C (1;4) > Othen there istsa
(1;4) array that has a run of exactly 1 zero (see Fig. 4.1). Each one implies
zeroes in each of its 8 neighbors, therefore all the positions marked by A are
zeros. This creates a run of 5 zeros horizontally, which is a contradiction.
Hence C (1;4) = 0.
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>
[N
o
N
>

Figure 4.1: Proving C (1;4) = O.

For d = 2, theprodfissimilar. Again wehaveby Lemma 9that C (3;5) =
0, henceif C (2;5) > 0 then there eists a (2;5) array that has a run of
exactly 2 zeroes (see Fig. 4.2). Each one implies zeroes in each of its 8

AlAAAA A
A/1|0 0|1 A
AlA|AAA A

Figure 4.2: Proving C (2;5) = O.

neighbors, therefore all the positions marked by A are zeros. This creates a
run of 6 zeros horizontally, which is a contradiction. Hence, C (2;5) = 0.

In [15], Kukorelly and Zeger prove that C7(d;d+ 3) = Ofor d = 3;4;5.
Therefore by Lemma 9, we havethat C (d;d+ 3) = 0 for d= 3;4;5.

The rest of the proof assunesd 6. Consider an array A which is
(d;d + 3)-constrained. We will show that the label X at position (i;)) is
determined by the labelsto the left of it and labels below it (see Figure 4.3).
Assumethe contrary, i.e. that X can belabelled by a zero and can belabelled

Figure 4.3: Scanning of a (d;d+ 3) array.

by a one. It impliesthat all the positions marked by A are zeroes and either
X or one of thethreepositionsto theright of X isa one. Therefore, at least
one of the following three @ses must be valid.
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Case 1. X can be a one and Y; can be a one (see Fig. 4.4). Clearly, all

B |B
A AlX Y.
B |B

B B
Ci D
C, D

Figure 4.4: Casel o Theorem 3.

positions marked by B are zeroes. X can be a zero, and therefore by the
vertical constraint either C; or C, isaone. Thisimpliesthat both positions
marked by D are zeroes, which will create a vertical run of d+ 4 zeroes when
Y1 will be a zero, which is a contr adiction.

Case 2: X can be a one and Y, can be a one (see Fig. 4.5). As in case

F2 F1
E Ci

Q)
N
W | m|m

B B B B

Figure 4.5: Case2 o Theorem 3.

1, the positions marked by B are zeroes. Alsg, if X will be a zero then the
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positions marked by C; and C, will be ones, and if Y, will be a zero then
the positions marked by D will be ones. Therefore, the positions marked by
E must be zeroes. Thisimplies, by the diagmals constraints, that if C, will
be a zero then both F; and F, will be ones, a contradiction to the horizontal
constraint sincethe gap between them is of length 5.

Case 3. X can be a one and Y; can be a one (see Fig. 4.6). Clearly, all

C, E | Dy

B B/G| G|B B

Figure 4.6: Case3 o Theorem 3.

positions marked by B are zeroes. If X will be a zero, then by the vertical
constraint either C; or C, will be a one, and by the right diagmal constraint
either D, or D, will be a one, which implies that C; and D, will be ones.
Similarly, if Ys will be a zero, then by the vertical constraint and the left
diaganal constraint, the positions marked by E will be ones. This implies
that D, and all positions marked by F must be zeroes. Hence similarly to
casel, in order to avoid a vertical run of d+ 4 zeroes, two of the four positions
marked by G must be ones, which is clearly impossble.

By Theorem 2, this completes the prod that C (d;d+ 3) = 0, for every
d 1 =
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4.2 Summary of Resultsfor the Square M odel
The following positive apacity results in the square model appear in [4]:

C (d;d+ 6) > 0, for every d 1;21(mod 30)

C (d;d+ 8) > 0, for every d 2;30(mod 42)

C (d;d+ 16) > 0O, for every d  2;46(mod 66)

C (d;d+ 18 > O, for every d  3;55mod 78)

Theorem 3 provesthat C (d;d+ 3) = O, for every d 1. Thus, thereis
still a ggp between the known zero and positive capacity regions.
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Chapter 5
The Triangular Mo del

In this chapter we investigate the positive @pacity region of the triangular
model.

Let A beann n triangular array. We say that A has n rows, n right
columns, and n left columns. A(i;j;s) belongsto row i, right column j, and
left column [i + j + s], (see Fig. 5.1).

left column / right column
N/
*
*
* *
* / \*
*
*
row * *
> * * * * *
* * * * *

Figure 5.1: A triangular array

5.1 A Construction for Proving Positive Ca-
pacity

An n n triangular array is called a doubly periodic non-attacking triangle
gueens array if each row, right column, and left column has exactly one one.
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Lemma 10 An n n doubly periodic non-attacking triangle cqueens array
exstsif and only if a (2n  1;2n 1) triangular array exsts.

Proof. Let A bean n n doubly periodic non-att acking triangle queens
array. Consider the following 2n  2n triangular array:

Clearly, each row (right column) of B has two ones searated by 2n 1
zeroes. Now, consider the bott om right and the upper left copies of A. Each
left column which hasa onein thesearrays hastwo ones on the corresponding
left column of B. They are separated by 2n 1 zeroes asthe other two copies
of A cannot have a one on the same left column of B.

Note that any run of 2n symbols in the tiling has a representation in B.
Therefore, ones in each row of the tiling are separated by 2n 1 zeroes, and
the same is true for right and left columns. =

Lemma 11 If A isann n (d;d) triangular array then any excanges of
copies of the patterns shown in Fig. 5.2 in digoint positions of A will result
ina(d 2;,d+ 2) array.

& A A

Figure 5.2 Three2 2 exchangeable triangular arrays.

Proof. The onesin all threetriangular arrays occupy the same rows, and
right and left columns. In each diredion, the di erence between the arrays,
is a change of at most 2 positions for the label one.

In a (d;d) array, any two adjacent copies of the patt erns above must be
identical. Therefore, by exchanges of copies of the above patt erns in disjoint
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positions of a (d; d) array, the length of any given run of zeroes may increase
or deaeaseby at most 2. Thisresutsina(d 2;d+ 2) array. =

We now make useof Lemmas 10 and 11, to construct tilesthat imply positive
capacity of sane mnstraints in the triangular model.

Lemma 12 Ifd 1 (mod 4) then C4 (d;d + 4) mlogﬁ.
Proof. For even n we mnstruct an n  n doubly periodic non-att acking

triangle queens array T,, where T, (i;i;s) = 1if s 6 i (mod 2), for every
O i n 1(Tgisillustrated in Fig. 5.3). By Lemma 10 the standard

INONONONINAN
INONININIS/N/
INONONANININ/
VAVAVATAVAYAYY
INANNININ/N/
XAVAVAVAVAV

Figure 5.3: The triangular array Te.

tiing with T, isa(2n  1;2n 1) array. By Lemma 11 any exchanges of
copies of the patt ern shown in Fig. 5.2 in disjoint positions of A will resuit in
a(2n 3;2n+ 1) array. Thetotal number of di erent (2n  3;2n+ 1) arrays
use in thetilingis3z. Hence by Lemma 3wehavethat C, (2n  3;2n+ 1)

%|0g23 |

The following lemma shows that when d 3 (mod 4), a similar construction
to the one above does not exist.

Lemma 13 If n is oddthen thereisnon n doubly periodic non-attacking
triangle queens array which contains an appearance of any of the patterns
shown in Fig. 5.2 .

Proof. Assumethat nisodd and an n n doubly periodic non-att acking

triangle queens array A exists. We write A as a sequence ap; a;;  ;an 1,
where & = (ji;si) if A(i;ji;si) = 1. Since A is a doubly periodic non-
att acking triangle queens array, it followsthat for every 0 r< "~ n 1,

we have j, 6 j- beausethere annot be 2 ones in the same right column,
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and j, +r+s 6 j-+  + s(mod n) becausethere annot be 2 ones in

the same left column. Therefore, jo;j1; Jn randjo+ O+ sl 2+ 1+
S iln 2+ (n 1D+ s, 1]n are permutations of 0; 1; ;n 1. For any
given permutation po;p1;  ;pn 10f0;1;, ;n 1wehave
X1 1
pi = (n )n O(mod n);
i=0
sincen isodd. Therefore,
X1 X1 X1 X1
ss=  (it+ti+s) i i O(mod n):
i=0 i=0 i=0 i=0
Hence either s = OforeachO i n l,ors=1foreachO i n 1,

implying that all the positionsthat are ones havethe same orientation. Thus,
there is no doubly periodic n  n non-att acking triangle queens array which
contains an appearanceof any 2 2 array shown in Fig. 5.2. =

5.2 Proving Zero Capacity

In this section we provethat C4 (d;d+ 3) = Ofor every d 5. For tednical
reasms, the prodf is divided into two parts, one proof for even values of d,
and another for odd ones.

The following lemma will be used in Lemma 15 when proving that
C4(d;d+ 3)>Oforevend 6.

Lemma 14 Letd 6 bean even intege, h = 98 andlet A bean inn ite
(d;d+ 3) array. If A containsan r h sub-array B whose rst two rows
form the pattern PEven (see Fig. 5.4), then the rst two and the last two
right columns of B are substrings of (107 1)1 .

d

1 AN/
/Y~ v

d+2

Figure 5.4: The patt ern PEven.
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Proof. Let Cbeanr (h+ 1) sub-array of A with the pattern PEven as
depicted in Fig. 5.5. Clearly the positions marked by A are zeroes. By the
left column constraint either B, or B, will be a one and hence all positions
marked by C are zeroes. Assume the position marked by D isa one. Then,

Figure 5.5: Labels implied by the patt ern PEven.

all positions marked by E will be zeroes which will create a run of d+ 7
zeaoes in the right column, a contradiction. Hence, D is a zero, F is a one,
B, isa zero, and B, isa one.

The four ones in the left columns of B, and F form the patt ern PEven
and hence by the same arguments the two positions marked by G are ones.
The positions marked by B,, F, and G form agan the pattern PEven. The
claim of the lemma is proved now by induction. =

Lemma 15 If d 6iseven then C;(d;d+ 3) = 0.
Proof. We usethe sanning tecdnique agan, and show that one of the three
states of Theorem 2 ocaursin each sanned position. Assunewe haveto label

the next sanned position marked by X . We have to distinguish between two
di erent types of orientations of the position as depicted in Fig. 5.6.

T e

Figure 5.6: The possble orientations of a sanned position.
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Case 1: Assumethat X, as depicted in Figure 5.7 (to simplify the picture,
the array is drawn in a di erent orientation), is not uniquely determined,
i.e., it can be labelled by a zero and it can be labelled by a one. It implies
that all the positions marked by A are zeroes, either X or one of the three
positions to theright of X isaone, and either B; or B, isa one. Therefore,
the positions marked by C are zeroes and at least one of the following three
cases must be valid.

NAVAVAVAVAVAVA
UNONENNNE
NVAVAV/SVAVAVAVAVAN

VAVAVAVAVAVAYAV

lBzcc

Figure 5.7: Casel of Lemma 15

Case la: X can be aone and Y; can be a one (see Fig. 5.8). Clearly, all
positions marked by D are zeroes. Y; can be a zero, therefore E isa one, and
hence B, is a zero and B; is a one. Therefore, the seven positions marked
by F are zeroes.

Figure 5.8 Casela d Lemma 15

Assume G is a one. Then the d positions below it (ending with the
d 5 positions marked by H) are zeroes, creating a run of d + 7 zeroes, a
contr adiction. Hence G is a zero.
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If X will be a zero then either 1, or 1, will be a one. Assume |; will be a
one. Then, all the positions marked by J are zeroes. If X will be a one then
1 and K will be zeroes, Y; will be a zero, either L, or L, will be a one and
the two positions marked by M will be labelled by zeroes. Therefore, there
isarun of d+ 4 zeoes is the right column of K, a contradiction. Hence, if
X will be a zero then |, will be a zero, |, and Y; will beones. E, By, |»
and Y, will form the patt ern Peven, and henceby Lemma 14thesu x of the
current row is completely determined, and we are in state (s2.

Case 1b: X can be a one and Y, can be a one (see Fig. 5.9). If Y, will be
a one then all positions marked by D are zeroes. If X will be a one then Y,
will be a zero, and hencethereisarun of d+ 5 zeroes in the left column of
Y,, a contradiction. Thus, Y, cannot be a one.

d

D
A/ N\ A D
AN/AN/ - /A

Y,
A
AN/AY/D
A /NA /\D

VAVAVAVA VAN
VAVAVAVAVAVAVAYAN
VVVVVVWV

Figure 5.9: Caselb of Lemma 15

Case 1c: X can be aone and Yz can be a one (see Fig. 5.10). Clearly, all

@A

AR \mm

VAYAVAY
AAAAAAAA
NAD/NNANN/
VAYAVAVAVAVAVAV

Figure 5.10. Case 1c of Lemma 15

positions marked by D are zeroes. If X will be a zero, then Yz will be a one
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and the position marked by E will be a one, and hence all positions marked
by F are zeroes. Therefore, thereis a run of length d + 4 in left column of
X, a contradiction. Thus, X cannot be a zero.

Case 2: Assumethat X, asdepicted in Fig. 5.11, isnot uniquely determined,
i.e., it can be labélled by a zero and it can be labelled by a one. It implies
that all the positions marked by A are zeroes, either X or one of the three
positions to the right of X is a one, and at least one of the following three
cases must be valid.

d

AVAVAT0AY,
TAVAY VAT
VAV NAVAVAY,
AVAVAVAAVA

Figure 5.11: Case?2 of Lemma 15

Case 2a: X can beaoneand Y; can beaone. Clearly, all positions marked
by B are zeroes (see Fig. 5.12). X can be a zero and hence aether C, or C,

AVAVAV VAN
S AVAVAVA ALY

J

Figure 5.12 Case2a d Lemma 15

isaone. Y; can be a zero and therefore ather D; or D, isaone. It implies
that C; and D, are ones. Hence all positions marked by E are zeroes. By
the horizontal constraint either F; or F, isa one. SinceY; can be a zero, it
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follows that either G; or G, is a one. Hence F; is aone and all positions
marked by H are zeroes.

Assume | will be a one. Then all positions marked by J will be zeroes,
creating arun of d+ 4 zeroesin their right column, a contr adiction. T herefore,
| islabelled by a zero.

Assumeall thed 5 positionsmarked by K arezeroes. Then L islabelled
by a one and Y; cannot be a one, a contr adiction. Hence, one of the positions
marked by K isaone, L, and L, are labdlled by zeroes.

Therefore, if X will beaonethen Y; will beazero and by itsright column
constraint M will beaone. M, X, C;, and D; will form the patt ern PEven,
and henceby Lemma 14 dl thepre x of therow before X isa given segquence
P(i;j), and we are in state (s3.

Case 2b: X can beaoneand Y, can beaone. Clearly, all positions marked
by B are zeroes (see Fig. 5.13). X can be a zero and hence eactly one of
the Ci'sis a one, and exactly one of the D;'sisa one. Y, can be a zero and
therefore exactly one of the E;'sis a one, and exactly one of the F;'sisa one.
Clearly, D3 and E3 cannot be ones.

B

d NV
AATATAVAAVAN

A B
NVAVAVAVAVAVAYAYAY

2 2 2 2
C, E,

Figure 5.13 Case?2b of Lemma 15

If E; isaonethen C;isaone. If X will beaonethen Y, will bea zero
and by its left column constraint G will be a one. E,, C;, X, and G
will form the patt ern PEven, and henceby Lemma 14 dl the pre x of
the row before X isa gven sequenceP (i;j), and we are in state (s3).

If D, isaonethen F1 isaone. If Y, will beaonethen X will bea zero
and by itsright column constraint H will bea one. D,, Fy, Y,, and H
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will form the patt ern PEven, and henceby Lemma 14the su x of the
current row is completely determined, and we are in state (s2).

If D,, D3, E,, and E; are zeroes then D, and E; are ones which is
impossble since the gap between them isd 1 and the horizontal
constraint will be violated.

Case 2c: X can beaoneand Y; can bea one. Clearly, all positions marked

Figure 5.14: Case2c of Lemma 15

by B are zeroes (se= Fig. 5.14). If X will be a one then Y; will be a zero
and by its left column constraint C will be a one. Hence all the positions
marked by D will be labelled by zeroes, creating arun of d+ 4 zeroes in the
right column of Yz, a contr adiction.

Thus, by Theorem 2, C, (d;d+ 3) = Ofor every evend 6. m

Similarly to Lemma 14 the following lemma will be used in Lemma 17, when
proving that C4 (d;d+ 3) > Ofor oddd 5.

Lemma 16 Let d 5 bean oddintege, h = %7 and let A bean inn ite
(d;d+ 3) array. If A containsan r h sub-array B whose rst two rows
form the pattern POdd (see Fig. 5.15), then the rst two and the last two
right columns of B are substrings of (107*2)! .

d+1

1 AV
TS i

d+3

Figure 5.15. The pattern POdd

45



Proof. Let Cbean (r + 2) h right sub-array of A with the pattern POdd
as depicted in Fig. 5.16. Clearly the positions marked by A are zeroes.
Assume the position marked by B isa one. Then thed 4 positions
marked by C will be zeroes, creating a run of d + 4 zeroes in their right
column, a contr adiction. Therefore, B isa zero and either D1 or D5 isa one.

Figure 5.16. Labels implied by the patt ern POdd.

Assume D; isaone. Then D, and all positions marked by E; or E, will
be zeroes. Hence by the right column constraint, F will be a one and the
two positions marked by G will be zeroes, and it will createarun of d+ 4
zeroes in their left column, a contradiction. Therefore, Dy isa zeroand D, is
aone. It impliesthat all positions marked by E; or G are zeroes, and hence
E, isaone

The four ones in the left columns of D, and E, form the patt ern POdd
and hence by the same arguments the two positions marked by H are ones.
The positions marked by D,, E,, and H form agan the pattern POdd. The
claim of the lemma is proved now by induction. =

Similarly to Lemma 15we have the following lemma.
Lemma 17 Ifd 5isoddthen C,(d;d+ 3) = 0.

Proof. We will usethe s@anning tecdnique agan. Assume we have to labe
the next position marked by X . We haveto distinguish between two di erent
types of positions as depicted in Figure 5.6.
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Case 1: Assume that X, as depicted in Figure 5.17, is not uniquely de-
termined, i.e, it can be labelled by a zero and it can be labelled by a one.
It implies that all the positions marked by A are zeroes, either X or one
of the three positions to the right of X is a one, and either B; or B, is a
one. Therefore, the positions marked by C are zeroes and at least one of the
following three @ses must be valid.

Figure 5.17. Casel of Lemma 17

Case la: X can be a one and Y; can be a one (see Fig. 5.18). Clearly, all
positions marked by D are zeroes, E isaone, and henceB; isa zero and B,
isaone. If X will be azerothen Y; and F will beones. E, B,, Y; and F
will form the patt ern Podd, and henceby Lemma 16thesu x of the arrent
row is completely determined, and we are in state (s2).

NAVAY:
AT A

Figure 5.18 Casela d Lemma 17.

Case 1b: X can be a one and Y, can be a one (see Fig. 5.19). If Y, will be
a one then all positions marked by D are zeroes, and hence E will be a one.
Therefore, the positions marked by F are zeroes, and sincealso X will be a
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zero, it follows that t hereisarun of d + 4 zeoes in the left column of X, a
contr adiction.

Figure 5.19: Case1b of Lemma 17

Case 1c: X can be a one and Y3 can be a one (see Fig. 5.20). Clearly, all

Figure 5.20: Case 1c of Lemma 17.

positions marked by D are zeroes. If X will be a zero, then Y; will be a one
and the position marked by E will be a one, and hence all positions marked
by F are zeroes. If X will be a one, then Y3z will be a zero and E will be a
zero, and to avoid a run of length d + 4 in the left columns we must have
ones in the positions marked by G, which is impossble.

Case 2: Assumethat X, asdepicted in Fig. 5.21, isnot uniquely determined,
i.e., it can be labelled by a zero and it can be labelled by a one. It implies
that all the positions marked by A are zeroes, either X or one of the three
positions to the right of X is a one, and at least one of the following three
cases must be valid.
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d

AGATAY AN
NVAVAVAVAVAV
RVAVAVAVAVA VAN

A A

Figure 5.21: Case2 of Lemma 17

Case 2a: X can be a one and Y; can be a one (see Fig. 5.22). Clearly, all
positions marked by B are zeroes. If Y; will be a one then X will be a zero,
and therefore ather D, or D, isaone. If X will be a one then Y; will be
a zero, and therefore ather E; or E, isa one. Hence D, and E, are ones.
If X will be aonethen F will be aone. Dy, E5, X and F will form the
patt ern Podd, and henceby Lemma 14 dl the pre x of the row before X is
completely determined, and we are in state (s3.

Figure 5.22 Case2a d Lemma 17.

Case 2b: X can be a one and Y, can be a one (see Fig. 5.23). Clearly, all
positions marked by B are zeroes. X can be a zero and hence actly one of
the Ci'sis a one, and exactly one of the Di'sisa one. Y can be a zero and
hence actly one of the Ej's is a one, and exactly one of the F;'s is a one.
Clearly, C; and F; cannot be ones.

If C, isaonethen Ez isaone. If X will be aone, then by the left
column constraint G will be a one. C,, E3, X and G will form the
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patt ern Podd, and henceby Lemma 16 dl the pre x of the row before
X is completely determined, and we are in state (s3).

If F, isaonethen D3 isaone. If Y, will be a one then by the right
column constraint H will be a one. F,, D3, Y, and H will form the
patt ern Podd, and hence by Lemma 16 the su x the aurrent row is
completely determined, and we are in state (s2).

If C, and F, are zeroes then C3 and F3 are ones which is impossble
sincethe gap between them isd + 4 and the horizontal constraint will
be violated.

Figure 5.23 Case2b of Lemma 17.

Case 2c: X can be a one and Y3 can be a one (see Fig. 5.24). Clearly, all

Figure 5.24: Case2c of Lemma 17.

positions marked by B are zeroes. If X will be a one then C will be a one
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by the left column constraint, and hence all the positions marked by D are
zeroes; Y3 will be a zero and hence one of the positions marked by E isa one
and the positions marked by F are zeroes. If Y; will be a one then C will be
a zero and hence by the right columns constraint both positions marked by
G should be ones which is impossble by the horizontal constraint.

Thus, by Theorem 2, C4 (d;d+ 3) = Ofor every oddd 5. =

Corollary 1 C4(d;d+ 3) = 0ford 5.

5.3 The Capacity for Small Values of d

For small values of d the zeo/positive apacity region is slightly di erent,
and is desaibed in this section.

Lemma 18 C4 (1;k) > Oif and only if k 3.

Proof. We rst show that C,4 (1;2) = 0. Thisis done by a simple sanning
argument. Assume we haveto label the next sanned position marked by X .
We have to distinguish between the two di erent types of orientations of the
position as depicted in Fig. 5.6.

Case 1: Assumethat X, as depicted in Figure 5.25, is not uniquely deter-
mined, i.e., it can be labelled by a zero and it can be labelled by a one. It
implies that t he positions marked by A are zeroes. If X will be a zero, there
will be a run of 3 zeroes in the left column, a contr adiction.

AV
VA
Figure 5.25. Casel of Lemma 18

Case 2: Assumethat X, as depicted in Figure 5.26, is not uniquely deter-
mined, i.e., it can be labelled by a zero and it can be labelled by a one. It
implies that t he position marked by A isa zero. If X will be a zero, Y will
be a one by the horizontal constraint, and therefore B is a zero. Moreover,
if X will be a zero there will be 2 zeroes in the right column, henceC is a
one. Similarly, Y can be a zero, which impliesthat D isaone. C and D are
adjacent ones, a contr adiction.
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AV
a7

Figure 5.26. Case2 of Lemma 18

This completes the prodf that C,4 (1;2) = 0. This prodf can be trivially
generalized to show that C4 (d;d+ 1) = O for every odd d, but our results
for the triangle model are stronger, and hencethe generalization is omitt ed.

We now show that C4 (1;3) > 0. Consider the (1;1) array of sizen n, where
(i;7;0) = 1 (see Fig. 5.27). Clearly, any change of nonconsecutive ones into

N/
ANANANANAN/
AN
Figure 5.27: The array for the prod that C4 (1;3) > 0.

zeroes, resuitsin a (1; 3) array. Any tiling o the plane with the lattice points
f(x;y) @ x=1i;y=1i+3; i;j 2 Zg, using the two triangular tiles of
Fig. 5.28, corresponds to same array constructed in the above manner. By

1\/1 1
1 1

Figure 5.28 Two triangular tilesto prove that C4 (1;3) > O.

Lemma 3, thistiling impliesthat C, (1;3) ¢.

In this prodf, we make use of the fact that any change of nonconsecu-
tive ones into zeroes in the (1;1) array, resutsin a (1;3) array. But the
lower bound on the apacity that is achieved by the corresponding tiling,
can be much improved by noticing the following. Theonesin the (1; 1) array
form a hexagmal lattice where two consecutive ones correspond to adja-

cent hexagmns. Any sd of nonconsecutive ones is an independent sd in the
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hexagmal lattice The exact number of independent sds in the hexagmal
model, alsoknown as the number of arraysin the hard hexaganal model, has
been given by Baxter in [1]. Sincethe hexagmal latticeinduced by the ones
isa hexagmal n  m array, we have the following bound on the @apacity:

oy~ i 0B N(N;mMj (1;3))
Ca(13) = n;!rlﬂq] 2nm

1 1
> C7(L,1) > 0:480767:: 0:240383::;

which is bett er than the bound of % given by thetiling. m
Lemma 19 C4(2,k) > Oif and only if kK 4.

Proof. We rst show that C4(2;3) = 0. Clearly C4(3;3) = 0, hence if
C4(2;3) > 0, then there eists a (2; 3) array that has a run of zeroes whose
length is exactly 2. We analyze such an array, and show that a run of zeroes
whoselength is4 must exists. Let A beann n array with arun of zeroes of
length 2 as depicted in Fig. 5.29. The leftmost one implies that t he position

AV

1\/0

Figure 5.29: A forced run of 4 zeroes in a (2; k) triangular array.

marked by A is a zero, and the rightmost one implies that the positions
marked by B are zeroes, which creates a run of 4 zeroes horizontally. Hence
Cs(223)=0.

We now show that C4 (2;4) > 0. Any tiling o the plane with the lattice

pointsf(x;y) : x=3i; y=3i+9; i;J 2 Zg, using the two triangular
arrays of Fig. 5.30is a valid (2;4) array. By Lemma 3, this tiling implies

VA TAVA YAVA TAVAV\VAVERYA TAVA TAVA TAVAVAV
INANINANINANISININ INANINANINANIN/N/N/
AVAVAYAVAVAVAVAVAVARY \VAVAYAVATAVAV VAV

Figure 5.30: Two triangular arraysto prove that C, (2;4) > 0.

that C, (2,4) 4. =

53



Lemma 20 C4 (3;k) > 0if and only if k 7.

Proof. First, weusethesanningtedniqueagan toprovethat C, (3;6) = 0.
Assume we have to label the next sanned position marked by X. We have
to distinguish between the two di erent types of orientations of the position
as depicted in Fig. 5.6.

Case 1: Assumethat X, as depicted in Figure 5.31, is not uniquely deter-
mined, i.e., it can be labelled by a zero and it can be labelled by a one. It
implies that all the positions marked by A are zeroes, either X or one of
the three positions to the right of X is a one, therefore at least one of the
following three @ses must be valid.

A Aw 4N

AAA

A A

Figure 5.31: Casel of Lemma 20

Case la: X can be a one and Y; can be a one (see Fig. 5.32). Clearly, all
positions marked by B are zeroes. X can be a zero, therefore @ther C; or C,
isaone, and D isa zero. Y; can be a zero, therefore E isaone, C; is a zero,
C, isa one, and the positions marked by F are zeroes. Hence, by the right
column constraint G is a one, which implies that H is a zero. Thisimplies
that either I, or I, isa one, and the positions marked by J are zeoes, which
createsarun of 8 zeroesin theleft column when X isa zero, a contr adiction.

VAVAVAVA
NVAVAVAV
Figure 5.32 Casela d Lemma 20

Case 1b: X can be a one and Y, can be a one (see Fig. 5.33). Clearly, all
positions marked by B are zeroes. X can be a zero, therefore C is a one,
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and similarly Y, can be a zero, therefore D is a one. This implies that all
positions marked by E are zeroes. By the horizontal constraint F is a one,
and therefore G is a zero, which creates a run of 7 zeroes in the left column
when X is a zero, a contradiction.

Figure 5.33 Caselb of Lemma 2Q

Case 1c: X can be a one and Y3 can be a one (ses Fig. 5.34). Clearly,
all positions marked by B are zeroes, therefore C is a one, and all positions
marked by D are zeroes, which creates a run of 7 zeroes in the left column
when X is a zero, a contr adiction.

EVAVATAYAN
RVAVAZSTEN
VAVAVAVA

Figure 5.34: Caselc of Lemma 20

Case 2: Assumnethat X, as depicted in Figure 5.35, is not uniquely deter-
mined, i.e., it can be labelled by a zero and it can be labelled by a one. It
implies that all the positions marked by A are zeroes, either X or one of
the threepositions to the right of X is a one, therefore at least one of the
following three @ses must be valid.

A X

A A
A A

Figure 5.35. Case?2 of Lemma 2Q
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Case 2a: X can be a one and Y; can be a one (see Fig. 5.36). Clearly, all
positions marked by B are zeroes. X can be a zero, therefore @ther C; or C,
isaone. Y; can be a zero, therefore @ather D, or D, isa one. Thisimplies
that C, and D, are ones, and the positions marked by E are zeroes. By the
horizontal constraint F is a one, and the positions marked by G are zeroes.
By the left column constraint H is a one, and the positions marked by | are
zeroes. X can by a zero, therefore by the horizontal constraint J is a one,
and K isazero. If X will be aone, Y; will be a zero, henceL will be a one
and the positions marked by M will be zero, which will create a horizontal
run of 7 zeroes, a contr adiction.

M
AVAVA

IlGH B M

Figure 5.36. Case2a d Lemma 20

Case 2b: X can be a one and Y, can be a one (see Fig. 5.37). Clearly, all

positions marked by B are zeroes, which creates a horizontal run of 7 zeroes,
a contradiction.

Figure 5.37: Case?2b of Lemma 2Q

Case 2c: X can be a one and Y3 can be a one (see Fig. 5.38). Clearly,
all positions marked by B are zeroes, therefore C is a one, and all positions
marked by D are zeroes. Ys; can be a zero, therefore by the right column
constraint, E is a one, and all positions marked by F are zeroes. X can
be a zero, therefore by the right column constraint G is a one, all positions
marked by H are zeroes, and either I, or 1, isaone. Thisimpliesthat J is
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a zero, which creates arun of 7 zeroes in the right column when X is a zero,
a contradiction. This completes the prod that C, (3;6) = 0.

e/
RAATA
WNB

D
FF ED

UJ)>

B
B

Figure 5.38 Case2c of Lemma 20

We now show that C4 (3;7) > 0. Consider the (3;3) array of sizen n, where
(2i;2;)=1and (20 + 1,2 + 1,0) = 1 (se= Fig. 5.39). Clearly, any change

Figure 5.39: The array for the prod that C4 (3;7) > 0.

of nonconsecutive ones into zeroes, resultsin a (3;7) array. Any tiling of the
plane with the lattice pointsf(x;y) : x=2i; y= 2+ 6j; i;j 2 Zg, using
the four triangular tiles of Fig. 5.40, corresponds to same array constructed
in the above manner. By Lemma 3, thistiling impliesthat C4 (3;7) &

W we W @

Figure 5.40: Four triangular tilesto prove that C4 (3;7) > 0.
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As in Lemma 20 the lower bound on the apacity that is achieved by
the arresponding tiling, can be much improved by noticing that t he ones
in the (3;3) array form two hexagmal latt ices, where two consecutive ones
correspond to adjacent hexagas. Since e&ch hexagmal lattice induced by
the ones is a hexagmnal § 7 array, we have the following bound on the
capacity:

log, N(n;m j (3;7))
2nm

c@n = lip

1 1 1
- = 1Y+ o : -
> 4C7(1,1 ) 4C7 (1)

Ml

C7(L;1) 211 0:480767:: 0:120191:;
which is bett er than the bound of % given by thetiling. =
Lemma 21 C4(4k) > 0if and only if k 9.

Proof. By Lemma 17 we have that C4 (5;8) = 0. Henceif C4(4;8) > 0,
then there existsa (4; 8) array that hasarun of zeroes whoselength is exactly
4. We analyze such an array, and show that a run of zeroes whoselength is
9 must exists. Let A beann n array with a run of zeroes of length 4 as
depicted in Fig. 5.41 Clearly the positions marked by A are zeroes. Assume

Figure 5.41 Proving C4 (4;8) = 0.

the position marked by B is a zero. Then, by the horizontal constraint C is
a one, and by the left and right columns, D and E are zeroes, which creates
a run of 9 zeroes horizontally. Hence B is a one, all the positions marked

58



by F are zeroes, C and E are zeroes, and D isa one. Thisimpliesthat G
must be a one by the right column constraint, and all the positions marked
by H are zeroes. | is a one by the left column constraint, and hence all the
positions marked by J are zeroes. Therefore, K isa one by theright column
constraint, and L isa zero, which createsarun of 9 zeroesin that left column.
Hence C4 (4;8) = 0.

By usingd = 5in Lemma 12 we have that C4 (5;9) > 0. Therefore
Lemma 1limpliesthat C,4 (4;9) > 0, which completes the prodf. =

5.4 Summary of Results for the Triangular
M odel

This chapter showsatight characterization for C4 (d; k) whend 1 (mod 4),
given by Lemmas 12 and 17

Corollary 2 Foreveyd 1(mod4),d 5wehave C,(d;k)> 0if and
only if k 4.

For other values of d, by Lemmas 12 and 1, we have:
Corollary 3
Cs(d;d+ 5 >0ifd 0(mod4)
Cy(d;d+6)>0ifd 3 (mod 4)
Cs(did+7)>0ifd 2(mod 4)

By Corollary 1 we have that C,(d;d+ 3) = Ofor all d 5, hence the
remaining geps are relatively small.
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Chapter 6

Discussion and Open Problems

In this work we mnsidered the positive aapacity region of two-dimensional
run-length constrained channelsin a few connedivity models { the diamond,
square, and triangular models. We have managed to nd same regions where
the apacity is positive and same in which the apacity is zero, by using
generalizations and modi cations of known tedniques.

6.1 The Scanning Method

The main contribution regarding tecniques for proving zero capacity, isthe
generalization of the sanning method of [2] in Theorem 2. Previous tech-
niques for proving zero capacity, strongly depended on the sped ¢ constraint
they were applied to. The prodfs were much longer and required the wn-
sideration of many di erent cases. The alternative prodf in chapter 2 for
the result of Kato and Zeger that C (d;d+ 1) = 0, shows the e ciency of
the sanning method. Perhaps more important, is that t he generalization
of sanning method allows to determine zeo capacity for constraints  that
have larger valuesof N(n;mj ). An interesting path for further research is
generalizing the sanning method to handle mnstraints in which the number
of constrained arrays is much larger.

6.2 Bounding the Capacity

When proving positive apacity, we nd tileswith di erent labels, and show
that tiling the plane with them induces valid arrays. This implies a bound
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on the apacity as desaibed in Lemma 3. The prods of Lemmas 18 and
20 show that t he bound induced by the tiling could be far from the actual
capacity.

How goad are thesebounds for other constraints? For example, can the
bound of Lemma 12 C,(d;d+ 4)  zg5log3 for d 1 (mod 4), be
improved?

6.3 The Connectivity M odels
6.3.1 The Diamond Mo del

We mnsidered asymmetric constraints in the diamond model in Chapter 3.
We sdved most of the open cases of [14], using the tecniques presented in
Chpater 2, and showed a characterization of the zeo/ positive capacity region
in which only one aseremains unsdved. We would like to see the @pacity
of the last casedetermined:

for 2 dy, dy + 2 kq 2d;, d» = kg 1, do + 2 Ko 2d,, is
C (di;ky;da;kp) = 0 o C (dyp; ky; da; ko) > 0?

6.3.2 The Square Mo del

The gaps between the known zero and positive apacity regionsin the square
model are relatively large. In Chapter 4 we proved that C (d;d+ 3) = O for
every d 1, but t he known positive capacities are much farther.

Further research should attempt to nd aninnitesd S of positive inte-
gers, and an integer r, such that C (d;d+r)=0andC (d;d+r+ 1) >0
for eachd2 S.

6.3.3 The Triangular Mo del

We ansidered the triangular model in Chapter 5 and showed a tight char-
acterization of the positive apacity region for many values of d. We showed
that C4 (d;k) > Oifand only if k  d+ 4, for every d 1(mod 4). Together
with the prod that C4 (d;d+ 3) = Ofor every d 3, it impliesthat t he gaps
between the zeo and positive @pacity regions in this modd are relatively
small. A full characterization in thetriangular model isyet t o be determined.
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