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Abstract

We prove some tradeoffs between the size and depth of algebraic formulae. In particular, we show that, for
any fixed € > 0, any algebraic formula of size S can be converted into an equivalent formula of depth O(log S)
and size O(S'*¢). This result is an improvement over previously-known results where, to obtain the same depth
bound, the formula-size is Q(S%), with a > 2.

1 Introduction

A classical result, due to Brent (1974), implies that for any algebraic formula there is an algebraic circuit of
“small” depth and “similar” size that computes the same function. More precisely, if the formula has size S then
the circuit has depth O(log S) and size O(S). This result holds for formulae over any field. We believe that a
natural question to consider is whether for any algebraic formula there is an equivalent formula of small depth
and similar size.

Since any circuit of depth O(logS) can be transformed into a formula of the same depth and with size poly-
nomial in S, it follows immediately from Brent’s result that there is also a formula of depth O(logS) and size
SO that computes the same function as the original formula of size S. Applying this to the specific circuits
that result from Brent’s construction yields formulae with size as large as Q(S%), with a > 2. Simple changes
in Brent’s construction may improve the exponent, but straightforward modifications do not appear to result in
exponents arbitrarily close to one.

A widely-investigated problem that is related to Brent’s result, as well as our work, is the “formula evaluation
problem,” where the goal is to construct a “universal formula evaluator” algorithm. Such an algorithm takes as
input a description of a formula, with all of its inputs specified, and produces as output the value of the formula.
Parallel algorithms for this problem have been proposed by Cook and Gupta (1985); Miller and Reif (1985);
Buss (1987); Buss, Cook, Gupta, and Ramachandran (1989); and Kosaraju and Delcher (1990). These yield
NC algorithms for the problem that also produce, for any given formula of size S, a circuit of depth O(log S).
When these circuits are expressed as formulae, the sizes are Q(S?%), for various a > 2. In the case of division-free
formulae, the exponents are smaller, but nevertheless bounded above one. As an example, in Section 5, we exhibit
division-free formulae for which Miller and Reif’s method produces formulae with such a polynomial size blowup.

In this paper, we show that, over any field F, for any fixed € > 0, for any formula of size S with operations
from {+,—, x,+}UF, there are equivalent formulae with:

e Depth O(log S) and size O(S1t¢).

e Depth O(log'** S) and size §1+0(rgtegs)

*A preliminary version of this paper was presented at the 32nd Annual ACM Symposium on Foundations of Computer Science,
San Juan, Puerto Rico (1991). This research was supported in part by NSERC of Canada.



e Depth O(S¢) and size O(S)

In the latter result, the method we use will add new variables to the formula when the field size is less than S.

Also, for Boolean formulae with operations from {A,V, -}, we obtain similar conditions as above.

The techniques that we use include a multi-level extension of Brent’s tree-decomposition method, as well as
other restructuring methods.

The organization of the remainder of this paper is as follows. Section 2 contains basic definitions and notation.
Section 3 contains the main result (expressed in Theorem 6, and interpreted in Corollary 7). Section 4 concerns
additional results that apply for special classes of formulae, such as division-free, Boolean, and “simple” formulae.
Section 5 describes some specific formulae that appear to exhibit increases in size when their depth is reduced,
and some known lower bounds on the size-depth tradeoff due to Commentz-Walter (1979) and Commentz-Walter
and Sattler (1980).

2 Definitions and Notation

Algebraic Formulae: For a field F, a formula over (F,+,—, x, <) of depth d is defined as follows. A depth
0 formula is either ¢, for some ¢ € F (a constant) or z,, for some v € {1,2,...} (an input). For d > 0, a
depth d formula is (F x G), where * € {+,—, x,+}, F and G are formulae of depth dr and dg respectively
and d = max(dr,dg) + 1. The size of a formula F, denoted as |F|, is, informally, the number of occurrences of
inputs and constants in the formula. More formally, a depth 0 formula has size one, and |(F * G)| = |F| + |G|
(* € {+7 Rl X,%}).

A formula over (F, +, —, X, +) corresponds to a rational function in F(z1, ..., ;) (for some n) in a natural way,
provided that it does not involve a division by a formula equivalent to zero. For formulae F' and G, F = G denotes
that they correspond to the same rational function. Hence, = denotes equivalence in the function semantics sense.

Division-Free Formulae: A division-free formula is one that has no divisions. Clearly, division-free formulae
correspond to polynomials.

Simple Formulae: A simple formula is one that is division-free, and for which at least one argument of each
multiplication operation is either an input or a constant. Thus, a depth 0 simple formula is either a constant or an
input, and for depth d > 0 a depth d simple formula is (F'xG) where F' and G are simple formulae, * € {+, —, x},
and if * = x then either F' or G has depth 0.

Extended Formulae: In order to denote decompositions of a formula, we define an extended formula, which is
allowed to take auziliary inputs, which are input symbols that are not from {z1,2,...}. For clarity, in extended
formulae, we write all auxiliary inputs as “arguments” to the formula. For example, the extended formula F(y)
has auxiliary input symbol y. If G is a formula, then F(G) denotes the formula F(y) modified by substituting G
for the symbol y.

The size of an extended formula is defined recursively as above, except that auxiliary inputs are not counted
(that is, an auxiliary input has size 0). Also, we use special terminology to denote the number of occurrences of
auxiliary variables in extended formulae. For A C {y1,...,¥m}, |G (Y1, ---»Ym)| 4 denotes precisely the total number
of occurrences of inputs from A in G(yi,...,ym)- In particular, an extended formula G(yi, ..., ym) is read-once
with respect to an auxiliary input y; if and only if |G(y1, ..., ¥m)|1y;3 = 1. Note that, for formulae Fi, ..., Fyy,,

i=1

Binary Strings: As usual, for k£ > 0, {0, 1}* denotes all binary strings of length k. Furthermore, £ denotes the
empty string, and {0,1}=* denotes all binary strings of length less than or equal to k.



3 Main Result

Our main result is Theorem 6 (Corollary 7 presents some consequences of this result).
Brent’s result is partially based on the following lemma, which concerns ways of partitioning trees into pieces
of various sizes.

Lemma 1 (Brent, 1974): For any formula F and any m such that 1 < m < |F| there exists an extended
formula G(y) that is read-once with respect to y, formulae U and V', and an operation x such that:

o« F=G(U V).
e |G(y)| <|F|—=m and |U|, |V|< m.

For a formula F, Brent applies Lemma 1, with m = [$|F|], thereby “decomposing” F into three pieces G(y),
U, and V, each of size at most [$|F|]. Then, using a recursive technique, he:

o translates G(y) into a circuit of size O(|G(y)|) and depth O(log |G(y)|) that computes A, B, C, and D such

that
(Axy)+ B

Gy) = m,

e translates U into an equivalent circuit U of size O(|U|) and depth O(log|U|), and similarly translates V'
into V.

Finally, Brent expresses F' as the required circuit by the identity

(Ax (U*V))+B

(Cx(UxV))+D

Lemma 2 (below) is a multi-level version of the decomposition that Brent uses. Informally, it states that every
formula F can be partitioned into 4k — 3 or fewer pieces, each of size at most [1|F|].

Lemma 2: For any formula F', and any positive integer k such that 2 < k < |F|, there exist finite sets of indices
Interior, Border C {0,1}*, extended formulae G, (y) and operations %, for all o € Interior, and formulae Gg for
all 8 € Border, such that these form a well defined decomposition of F':

(a) € € Interior;

(b) Interior N Border = {;

(c) For all a € Interior, both a0 and al are in Interior U Border;

(d) For all 8 € Border, neither 0 nor 1 is in Interior U Border;

(e) For all a € Interior, |Go(y)| < [|F|| and, for all B € Border, |Gg| < [|F|1;

(f) If formula U, is defined recursively for all v € Interior U Border by the rule

U. — G(Uyo %y Uy1) if v € Interior
T Gy if v € Border
then F = U..
In addition, these form a small decomposition of F':

(g) Interior C {0,1}<F=2 and |Interior| < 2k — 2;

(h) Border C {0,1}<*¥"! and |Border| < 2k — 1.



Proof: Let F be an arbitrary formula and let k be an integer such that 2 < k < |F|. We shall first give a
construction for the sets Interior and Border, the extended formulae G4 (y) and operations *, for a € Interior,
and formulae Gg for 3 € Border, and demonstrate that these give a well defined decomposition of F'. We shall
then argue that this decomposition is small.

To begin, initialize Interior and Border to be empty, and set U. = F, so that |U.| = |F| = |F| — [e| - [£|F|].
Since k > 2, |U| > [$|F|].

To continue, let v € {0,1}* such that U, has been defined with |U,| < |F| — || - [£|F]|], and such that  has
not been added (yet) to either Interior or Border — ending the construction if no such string v exists.

If [U,] < [#|F|] then add v to Border and set G, to be U,. Otherwise, add v to Interior and apply
Lemma 1 (Brent) to U, with m = |U,| — |#|F|], to define an extended formula G, (y) that is read-once with
respect to y, an operation *,, and formulae U, U,1 such that

o Uy =Gy (Uyo %y Un);
o |G, < |Uy| —m = [{|F|);
o [Usol; |Uqy1| < m.

Note that it follows that |[Uyo| < |F| — [40]- [£|F|] and [Uy1] < |F| = |71 - [£|F].

It is clear that properties (a) — (f) are established if this construction terminates. To see that it does, consider
v € {0,1}* such that U, is defined during the construction. Clearly, 0 < |U,| < |F| — || - [£|F|], so |v] < k.
Therefore the construction does eventually halt, defining sets Border C {0,1}<*~1 and Interior C {0,1}<¥=2 and
extended formulae, operations and formulae such that properties (a) — (f) hold.

For vy € Interior define Interior, C Interior as

Interior, = InteriorN {0 € {0,1}* : v is a prefix of 6}.

Then it is easily established by structural induction that

2. -k
|Interior, | < ’V%-‘ -2

for all v € Interior: If y € Interior and both of 40,1 are in Border, then

2. .
|Interior,| =1 < [%-‘ -2,

since |U,| > |kﬂ If v € Interior and exactly one (say, ¥0) of 70 and ~1 is in Interior, then

2. . 2. .
|Interior, | = |Interior.o| + 1 < [%-‘ -1< [%-‘ -2,

since |U,| — |Uyo| > |kﬂ Finally, if all of 4, 40, and 71 are in Interior, then, since |U,| > |Uyo| + |Uy1],
|Interior,| = |Interior,o|+ |Interior,i|+ 1
'2-|U0|-k" [2-|U1|-k"
S ol + Y -3
|F| |F|
2-|\Uyo| - k 2-|U1|-k"
S Y + Y + 1 _3
([ |F| |F|
[2-1U,] - k
< ﬂ-‘ -2, as desired.
|F|

Therefore, since F' = U, and Interior = Interior., |Interior| < [2\;:"'“ -| — 2 =2k — 2, which is sufficient to

establish property (g). Property (h) also follows because elements of the sets Interior and Border correspond
respectively to the internal nodes and leaves of a binary tree, so |Border| = |Interior| + 1. O



In order to control the formula size, we use a different approach than Brent for restructuring extended formulae
of the form G(y). Lemma 3 (below) achieves the restructuring; however, it introduces new auxiliary inputs. In
Lemmas 4 and 5, we show how to eliminate the auxiliary inputs (roughly, by substituting constants for them—or
small polynomials, if the field is too small—with special care to avoid introducing divisions by a zero formula).

Lemma 3: For any extended formula G(y) that is read-once with respect to y there exists an extended formula
H(y, 91, 92,93, 21, %2, 23) such that:

e G(y) = H(y,G(21),G(22),G(23), 21, 22, 23)-
e H(y,g1,92,93,21,%2,23) is read-once with respect to y.

° |H(y,91,92,gg,21,22,23)| =0.

|H(y7 91,92, 93,21, 22, z3)|{g1,92,gs} < 44.

|H(y, 91,92, 93, 21, 22, 23)| {21, 20,2} < 42.

depth(H(y, 91, 92, 93, 21, 22, 23)) < 9.

Proof: Since G(y) is read-once with respect to y, there exist formulae P, @), and R such that either

(Pxy)+Q

Gy) = VR

or
Gy) = (P xy)+Q.

The existence of P, ), and R can be shown by considering the functions computed along the path in G(y) from
¥ to its root: each such function is the quotient of two affine linear functions of y. Although this establishes the
existence of P, ), and R, this does not lead to an efficient way to construct these formulae: in the general case
(with divisions), the resulting formula size may be exponential in |G(y)|. Instead, we use the method below.
First, we consider the case where
(Pxy)+@Q

y+R

Substituting three distinct new auxiliary variables 21, 22, and 23 for y in this equation for G(y) results in the
system of equations

Gy) =

z1 1 —G(x) P G(z1) X 21
22 1 =G(z2) | X | Q| = | G(22) X 22
z3 1 —G(Z?,) R G(23) X z3
Since 21, z2, and z3 are new auxiliary variables and G(y) is not of the form (P x y) + @,
1 1 —G(Zl)
zo 1 —G(Zz) ¢ 0,
z3 1 —G(Z3)

which implies that there are unique rational functions for P, @), and R that satisfy the linear system. In particular,

(23 X G(Z3)) - (22 X G(Zz)) G(Zz) - G(Z3)
(22 X G(Zz)) - (21 X G(Zl)) G(Zl) - G(Zz)

3 — 29 G(Zz) - G(Z3) ’
o — 21 G(Zl) - G(Zg)

P=




By examining the expressions for the above determinants, we deduce that!

where P(§, %) and D(§, %) are as follows.

Formula D(g, 2)

4, depth(D(7,2)) = 3, |P(7,2)| = 0, |P(7, D5y = 8, |P(7, D)z =4, |D(F,7)]| =0,

Clearly, depth(P(F, %)) =
|D(d,2)|17y = 4, and |D(g, Z)|1z; = 4. Similarly,

_QG@E).z

©= D(G(7),7)

and o
po REE).Z)

D(G(7),%)

where Q(7, Z) and R(§, Z) are as shown below.

1Here (G(Z),Z) denotes (G(z1),G(22), G(23), 21, 22, 23) and (§, Z) denotes (g1, g2, g3, 21, 22, 23).




Formula R(§, %)

It is easily checked that depth(Q(g, 7)) = depth(R(7,2)) = 4, Q7 2)| = 0, |Q(#, D¢z} = 8, 1Q(7 Dz = 6,
IR(G,2)| = 0, |G D7) = 4, and |R(, 2| = 5. S

Clearly, the desired H(y,§,Z) can be expressed in terms of P(d,7), Q(§,%), R(g,Z), and D(g,?2); however,
prior to completing the construction, we restructure the expression ((P x y) + Q) + (y + R) so that it is read-once
with respect to y. This accomplished by performing a “polynomial division” of y + R into (P x y) + @, resulting
in the identity (P x y) + Q) = (y + R) = H(y, P,Q, R, D), for the formula H(y, p,q,r,d) given below.

Formula H (y,p,q,r,d)

Set H(y,§,?) = H(y, P(§,2),Q(3,2), R, 2),D(J,2); then it is easily checked that depth(H(y,§,2)) = 9,

7



|H(y7§a2?)| =0, |H(y7§a2?)|{’y} =1, |H(y7§72)|{§'} = 44, and |H(y7§12‘)|{2} = 42, as claimed. Furthermore, it
follows by the construction of these formulae that

Gly) = H(y,G(2),7)

which completes the proof for the case where G(y) = (P x y) + Q) + (v + R).
The simpler case where G(y) = (P X y) + @ is handled similarly. O

The formulae introduced in Lemma 3 introduce new variables, 21, 22, and z3. The next lemmas establish that
these can be replaced by elements of the ground field F, provided F is sufficiently large.

Lemma 4:

(i) Suppose G(z) = GL(z)*GRr(z) for * € {+, —, x,+} and that no proper subformula of G(z) is identically zero.
Let dj, (respectively, dg) be an upper bound on the degree in z of the numerator and denominator of the
rational function G (z) (respectively, Gr(z)). If x € {4, —} then there are at most di, + dr elements ( € F
such that G({) is identically zero but none of Gr(¢), Ggr((), or any of their subformulae are identically
zero. If x € {x, =} then there are no elements { € F such that G(() is identically zero but none of G((),
GRr(¢), or any of their proper subformulae are identically zero.

(ii) Suppose G(z) is read-once with respect to z and that no subformula of G(z) is identically zero. Then there
are at most 1 + depth(G(z)) < |G(2)| elements ¢ € F such that a subformula of G(¢) is identically zero.

Proof: The first claim is easily verified by expressing the numerator of G(z) as a function of the numerators
and denominators of Gr(z) and Ggr(z). If * € {4+, —} then this numerator is a nonzero polynomial with degree
at most dr, +dg in z. If x € {x, +} then the numerator is a product of numerators of subformulae of Gr,(z) and
GR(Z)

The second claim can be proved using induction on the depth of G(z) and the fact that, if G(z) is read-once
with respect to z, then every subformula of G(z) that includes z is the quotient of two affine linear functions of
z, while every other subformula of G(z) has degree zero in z. O

Lemma 5: Suppose the extended formula G(y) is read-once with respect to y, |F| > |G(y)| + 9, and let S be a
subset of F with at least |G(y)| + 9 distinct elements. Then there exists an extended formula H(y,a;,as,as) and
formulae Ay, As, and Az such that:

o G(y) = H(y, A1, As, A3).

H(y,a1,a2,a3)| < 42.
o |H(

y,a17a27a3)|{01,a2a‘13} < 44.

o H(y,a1,as,as) is read-once with respect to y.
depth(ﬁ(ya ai, az, a3)) S 9.

|4, [A2l, [4s] < |G(y)| + 1.

The only constants occurring as a subformula of H (y,a1,a2,a3), A1, Aa, or Az either occur as a subformula
of G(y) or belong to S.

Proof: As argued in the proof of lemma 3, since G(y) is read-once with respect to y, there exist formulae P,
@, and R such that either
(Pxy)+Q

Gy) = VT R



or
Gly) = (Pxy) +Q.

Suppose the second case holds, and let H(y, g1, 92,93, 21, 22, 23) be the formula that exists by applying Lemma 3
to G(y). If, as in the proof of Lemma 3,

%3 —22 g2 — 03

D(g1,92, 93,21, 22,23) = Zo— 21 g1 — go

then, for any (i, (2, (3 € F, the formula H(y, G((1),G(¢2),G((3), (1, (2, (3) is well-defined and equivalent to G(y)
provided that D(G(¢1),G(¢2),G((3), ¢, G2, (3) is well-defined and not equivalent to the zero function (again, see
the proof of Lemma 3 for details).

We next show that there exist (1, {2, (3 € F with the above properties. Lemma 4 (ii) implies that the set F
includes at most |G(y)| elements ¢ such that either G(¢) or one of its subformulae is identically zero. Applying this
and the fact that G(y) is read-once with respect to y (and, hence, the quotient of two affine linear functions) to
Lemma 4 (i) implies that there are at most |G (y)|+8 elements ¢; € F such that D(G((1), G(22), G(23), (1, 22, 23) Or
one of its subformulae is identically zero. Since |S| > |G(y)| + 8, such a (; can be found in S. The same argument
can be applied twice more to prove the existence of elements (a2, (3 of S such that D(G(¢1),G((2), G(23), (1, (2, 23)
and D(G((1),G((),G((3), (1, C2,(3) are both well-defined and nonzero, as desired.

Now, set

H(y7a17a25a3) = H(y7a17a27a37é_17§27€3)7
A =G(G), A=G(R), As=G(G)

Clearly, H(y, A1, As, A3) = H(y,G((1),G(G), G(G), G, G2, (3) = G(y), the size bounds stated above for Ay, A,

and Aj; follow immediately from the definitions of these formulae, and the size and depth bounds for H(ay, as, as)

and H(A;, Ay, A3) follow directly from those given for H(y, g1, 92,93, y1,Y2,Yys) in the statement of Lemma 3.
The simpler case where G(y) = (P X y) + @ is handled similarly. O

Theorem 6: For any formula F of size S < |F| — 9, any subset S of F with size at least S + 9, and any integer
k > 2, there exists a formula G that is equivalent to F' and has depth bounded by

(lfgkk)log5+9k+3

and size bounded by
g%
645 ,
such that the only constants appearing as a subformula of G either appear as a subformula of F' or belong to S.
For any formula F' of size S > |F| — 9, and any integer k > 2, there exists a formula G that is equivalent to F'
and has depth bounded by

(13gkk +2)logS+9k +11
and size bounded by

6
I+ oe®

645 (Zlogs 1 g).

log | F|

Proof: Let F be an arbitrary formula of size S < |F| — 9, let S be a subset of F with at least S + 9 elements,
and let k be an arbitrary integer such that k& > 2. Since the formula F' has the depth and size stated in the lemma
if k> %, we will assume k < g Using Lemma, 2 and Lemma 5, we shall show that F' can be restructured in a
particular way and then iterate this restructuring process on a series of subformulae.

Let Interior C {0,1}<*~2, Border C {0,1}<F"1 G, (y) and %, (for all « € Interior), and G (for all 3 € Border)
be the result of applying Lemma 2 to F and k. Let Hy(y,a$,a$,a$) and A2, AS, AS (a € Interior) be the result

of applying Lemma 5 to Go(y) (o € Interior), respectively. Intuitively, the next step is to “reassemble” the



formula F substituting H,(y,a,a$,a$) in place of each Go(y). Prior to doing this, we simplify our subscript
notation as follows. Let
A = ({1,2,3} x Interior) U Border,

and, for each § € A, let

w {a? if § = (i,0) € {1,2,3} x Interior
5=

gs if § = B € Border

and
W — A¥ i § = (i,a) € {1,2,3} x Interior
8= Gy if 6 = B € Border.

Now, define E, (w; : sea) (for all v € Interior U Border) recursively as

B (wg : sen) = H, (B (w5 : 6ea) %, By (ws : 6ea),a],a],a]) if v € Interior
e E,(ws : seA) = gy if v € Border.

It follows from the above and the properties of Hy, (y,a%,ag,a3) (a € Interior) that:
o F'=E (W5 :sen).
o depth(E. (ws : 5ea)) <9- k.

|Ec(ws : sen)| < 42 |Interior].

For all a € Interior,
|E5(UJ5 : 6€A)|{w(1,a)vw(Z,a)aw(S,a)} <44

and
|W(1,a)|7 |W(2,a)|7 |W(3,a)| < |Ga(y)| +1< I_%|F|J +1.

For all 8 € Border, |E.(ws : §€A)|{w,} = 1 and |Ws| = |Gg| < [$|F|].

Yo 1Ga@l+ Y |Gsl =IFl.

a€clInterior BeBorder

As well, |Interior| < 2k. Therefore,

o |E(Ws :sea)| < 42|Interior| +44 Y~ (IGa()|+ 1)+ DY |Gp| < 44|F|+ 172k < 64|F,
since k < |9ﬂ ‘ a€Interior BeBorder

o depth(E.(ws : sea)) < 9-k.

e Foralld € A, [W;| < [Z|F|]] +1< +S+1.

Now, by iterating this entire restructuring process on all the formulae Wy (6 € A) 4 times, we obtain extended
formulae Ef(wy : §ea’) and formulae W (for all § € A?) such that:

o F = E{(Wy:5ea?).

|Ei(Ws : fea’)| < 641S.

depth(Ei(w; : §ea’)) < 9-k-i.

For all § € A%, [Wy| < (1)iS + 2.

10



Therefore, after i = [ll—zg—f] iterations, |Wy| < 3 (for all 5 e A)so
depth(F}(Wy : 5ea’)) < 9k[1Es| +3

(fogz)log S +9k +3

IA

and i log S 1 6
|Bi(Wy : feat)] < 64716715 < 645" e

as required.

Suppose now that F is finite and that F' is a formula with size S > |F| —9. Let £ = F(z1), and consider F as
a formula of size S over the infinite field &£; the only “constants” arising as subformulae of F' are 1 and elements
of the small field 7. Let S C € include all elements of F[z1] whose degree in z is at most log, #/(S + 9); clearly,
|S| > S+ 9, and (by the claim for formulae over large fields) there exists a formula G equivalent to F' that has
depth bounded by

(rog5)log S +9k+3

and size bounded by
I rgw
645 ,
such that the only constants appearing as a subformula of G either appear as a subformula of F' (hence are z1 or
belong to F) or belong to S. Now, each element of S is equivalent to a formula (with constants in F and variable
z1) with size at most 2logz (S +9) +1 < 2log 7 S + 9, and depth at most 2logz (S +9) < 2log S + 8.

Therefore, the formula G can be used to obtain an equivalent formula G with constants in F and variables
T1,Z2,... such that |G| < |G|(2log S +9) and depth(G) < depth(G) + 2log|z S + 8, as is required to prove
the claim for the case that F is small. O

Corollary 7: Over any field F, for any fixed € > 0, for any formula of size S with operations from {+, —, x, +}UF,
there are equivalent formulae with:

e Depth O(log S) and size O(S1T¢).

e Depth O(log't¢ S) and size §1+0(giegs)

o(S if | F| > S
® Depth O(S¢) and size { OES)logS ) ;ij:, <S
log [F] ’

Proof: Apply Theorem 4 setting k = 2¢ (in the first case), k = log® S (in the second case), and k = S% (in the
third case). O

4 Additional Results

Division-Free Formulae: It should be noted that several parts of the proofs in Section 3 are significantly
simpler in the case of division-free formulae. In particular, the process of introducing new variables to a formula
and then eliminating these variables so as to avoid division by a zero formula (in Lemmas 3, 4, and 5) is
unnecessary. Lemmas 3, 4, and 5 may be replaced by the following.

Lemma 8: For a division-free extended formula G(y) that is read-once with respect to y, there exists an extended
formula H(y, a1, a2), and formulae A; and A, such that:

° G(y) = H(y,Al,Az)

e |H(y,a1,a2)| =0
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|H(yaa1aa2)|{a1,a2} =3

e H(y,a1,as) is read-once with respect to y

depth(H (y,a1,az)) =3
|A1l], |A2] < |G(y)| + 1.

Proof: Clearly, since G(y) is read-once with respect to y, there exist formulae P and @ such that

Gy) = (Pxy)+Q.

By substituting y = 0 and y = 1 in the above equivalence, we obtain Q = G(0) and P = G(1) — G(0). Thus, by
setting
H(y,a1,a1) = ((a2 — a1) X y) + a1,

and A; = G(0) and Ay = G(1), the required properties are satisfied. O

Following this, all references to Lemma 5 in Theorem 6 may be replaced by references to Lemma 8.

Although some constants are smaller for the division-free case, the ultimate tradeoffs (expressed in Corollary
7) are the same, except that, in the third case of Corollary 7, the formula size can be linear, regardless of the size
of the field.

Boolean Formulae: It is straightforward to adapt our techniques to Boolean formulae over the basis {A, V, =},
since any such formula of size S is equivalent to a Boolean formula of size O(S) over the basis {A,®,1}: Each v
in a formula can be replaced by a A and three —’s, by De Morgan’s law,

FvG=-(-FAN-Q)

then, each — can be replaced by a @ and a 1:

Now, since Boolean formulae over the basis {A, ®, 1} can be regarded as division-free formula over the field GF(2),
the above comments for division-free formula apply.

Simple Formulae: Kosaraju (1986) showed that any simple formula F is equivalent to a division free formula F
of depth at most log |F| + 2+/log|F| + d, for some constant d; clearly such a formula F' can have size at most
2

1+ . .
c|F| " ViesIFI € O(]F|**¢) for some constant ¢ and for arbitrary ¢ > 0. We show how Brent’s construction can
be modified to improve the bound on formula size implied by Kosaraju (1986) for the restructuring of simple
formulae.

Theorem 9: For any simple formula F there exists an equivalent division-free formula G (not generally simple)
with depth at most 3log |F| such that |G| < |F| + £|F|log|F|.

Proof: We prove the result by induction on the size of F. The result is trivial if |F| < 2, since it is sufficient to
set G = F.

Suppose |F| > 2 and set m = [1|F|]. By Lemma 1 there exists an extended formula G(y) that is read-once
with respect to y, formulae U and V, and an operation * such that F = G(U x V), |G(y)| < |F| —m = |}|F|],
and |U|,|V| <m —1< |}|F||. Since F is simple, G(y), U and V are simple as well. Furthermore, there exist
formulae A and B such that |A|,|B| < |G(y)|, A and B are both simple, and such that G(y) = (A x y) + B;
Brent’s construction ensures that |U| + |V| + |B| < |F|. Since G(y) is simple the only operation used in A will
be X; consequently, since at least one argument of every gate in A has depth 0, A is equivalent to a balanced
formula A such that |A| = |A| and such that the depth of A is at most [log|A|| < (log|F]) — 1. Now

F=F =(Ax{UxV))+B.
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By the inductive hypothesis U is equivalent to a formula [2' such the depth of U is at most 3log |U| and U<
|U| + 1|U|log|U|. Similarly, V is equivalent to a formula V whose depth is at most 3log|V| and whose size is

at most |V| + 2|V|log|V|, and B is equivalent to a formula B with depth at most 3log|B| and size at most
|B| + 3|B|log |B|. Set

G=(Ax(U=xV))+B.
Then G = F, and the depth of G is the maximum of 1+ depth(B), 2+depth(A), 3+ depth(U), and 3+ depth(V').
Since the depths of U, V, and B are at most 3log|(|F|/2)] and the depth of A is at most (log |F|)—1 < 3log|F|—2,
the depth of G is at most 3log |F|. Also,

G| Al +101+ V| +|B]
L51F1] + (U1 + VI +1BI) + 31Ul + [V| + | B]) log| 5| F]
L31F1] + |F| + 3|F|((log | F|) — 1)

|F| + 3|F|log |,

IAIN N INA

as desired. O

5 Specific Formulae and Known Lower Bounds

As mentioned in Section 1, parallel algorithms for the formula evaluation problem can be modified to transform
formulae into small-depth circuits, which can in turn be transformed into formulae of the same depth. We conclude
with an example illustrating that polynomial size blow-up can arise from this approach, even if one is restricted
to division-free formulae. In particular, we shall exhibit a formula of size n such that when the formula evaluation
algorithm of Miller and Reif (1985) is applied to it, the resulting formula is of size Q(n'*?), for a fixed § > 0.

For each n, define the formula F,(z1, 22, ..., Tant+1) as

Fn(.’L‘l,.’IJQ, ---;-732n+1) =( .. (((.’L’l X .CL'Q) =+ .733) X .’L'4) + - X .CEQn) + Zon41-

Clearly, depth(F,, (21, ..., Z2nt1)) = 21 and |Fp (21, ...y Tant1)| = 2n + 1.

Commentz-Walter (1979) shows that, over the Boolean semi-ring ({0, 1}, A, V) (where negations are disallowed),
there are formulae equivalent to Fj,(z1,...,Zan+1) with depth O(logn), but that all such formulae have size
Q(nlogn). Furthermore, Commentz-Walter and Sattler (1980) show that, even if negations can be introduced, any
formula of depth O(logn) that computes F, (21, ..., Z2,+1) must have size Q(ﬁgﬁ)—‘ﬁ:ﬂ). (This nonmonotonic
lower bound does not apply if @ operations can be introduced.)

Now consider the formula G(nk), where
G%l)(.rl, Ce 7$2n+1) = Fn(.'L'l, Ce ,.’L‘2n+1),

for F,(z1,2,...,Ta,41) as above, and

GP (@1, zaninr) = FGED @F ), ., aFD @l ))

'3

for k > 1, where :lfgk_l) = (I(i_l)(2n+1)k—1+1, ey Ii(2n+1)k—1), 1= 1, ey 2n + 1.
For n = 3 the method of Miller and Reif balances Ggl)(ml, ..o, 27) to (z122 + 23)26 + 24 + Tx5 + 27 Which
induces one more occurrence of the variable zg. When we try to balance ng) using Miller and Reif’s method we

induce two copies of each Ggi) (:c((f)) in each level of the formula G:(gk). This implies that if the balanced formula
is of size S(N), for N = 7%, then
S(N) =8S(N/7)

log 8
which implies that Miller and Reif’s method gives a formula of size nis? = n!-0686,
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