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Abstract

We prove that strict width two branching programs
or ����� (which are width two branching programs
with exactly two sinks, as defined in [BDFP86])
are properly PAC learnable under any distribu-
tion. We also observe that PAC learning monotone
width two branching programs (which are width
two branching programs with exactly one rejecting
sink) is as hard as learning DNF formulae.
This work refines both the positive and negative
results in [ERR95] and answers one of the open
questions in that paper.

1 Introduction

Many interesting results have been found due to the study
of branching programs most notably by Barrington [B89]
who demonstrated that a very restricted form (width five)
can accept all languages contained in �	��
 .
A branching program is an acyclic digraph where each node
is labelled by a Boolean variable from ��
���� 
���������� �����
or the values 0 or 1. There is one designated starting node
and an arbitrary number of sinks labelled with either 0 or 1.
Boolean functions are computed on a particular assignment
to the variables in � by returning the label of the sink that
is found when these assignment values are used to trace a
route through the graph. One form of branching program,
mentioned above, are those that are restricted to having a
maximum number of nodes on any given level of the digraph
(bounded width). Intuitively, the level of a node is its distance
from the starting node. These ideas will be made precise later.

Learning unrestricted branching programs in polynomial time
appears to be extremely difficult. Angluin and Kharitonov
[AK91] have shown that, under certain cryptographic ass-
sumptions, general Boolean formulae are not learnable using
random examples even when membership queries are avail-

able. Since any Boolean formula can be transformed into a
branching program of at most the same size, the same hard-
ness result applies to branching programs. Even learning
width five branching programs appears to be difficult. Com-
bining the results of [B89] and [KV89] implies that learning
width five branching programs is hard, again under crypto-
graphic assumptions.

Obviously, given the above, any study of the learnability of
branching programs should focus on restricted versions. One
type of restriction, that we do not address, imposes a bound
on the number of times a variable may be used to label a
node in the program. Read once branching programs allow
each variable to occur only once and these types of programs
were shown to be learnable in Angluin’s exact model [A88]
by Raghavan and Wilkins [RW93]. Our focus falls to those
branching programs having a bounded width. The following
will show that it is necessary to continue the restriction down
to a width of two.

Borodin et al. [BDFP86] call width two branching programs
monotone if they contain only one sink that is labelled 0.
Clearly, a polynomial-sized DNF formula can be computed
by a monotone width two branching program with a poly-
nomial number of nodes. Learning these would imply the
learnability of DNF formulae which is a long standing open
question of the field. A strict width two branching program
contains exactly one sink labelled 0 and exactly one sink la-
belled 1 and without loss of generality these two nodes are
located in the last level of the program.

Recently, Ergün et al. [ERR95] have shown how to learn
strict width two branching programs where each level � con-
tains nodes labelled only by variable ��� . We call these branch-
ing programs ordered strict width two. Notice this condition
further restricts the branching program by limiting the num-
ber of times a variable may appear as well as where it may
occur. Their algorithm is distribution free but outputs a hy-
pothesis branching program whose width may be larger than
two. For the specific case of a uniform distribution on the
example space they give an algorithm that is proper.

We show that strict width two branching programs are prop-
erly PAC learnable under any distribution. This result is
based on a new characterization of strict width two branching
programs as a specific type of decision lists. We then employ
an algorithm similar to that of Rivest [R87] to gain our result.



These techniques can also be used to properly PAC learn or-
dered� strict width two branching programs which solves an
open question put forth in [ERR95].

We summarizeour results in relation to the results of [ERR95]
in Figure 1 which depicts a hierarchy of width two branching
programs. Our diagram includes one class that we have not
defined yet. These are levelled strict width two branching
programs which require nodes on the same level to be labelled
by the same variable. We show how to learn these types
of branching programs and then provide a transformation
that implies the learnability of strict width two branching
programs.
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Figure 1: A Hierarchy of Width Two Branching Programs

The remainder of the paper is organized as follows. Section
2 contains preliminary definitions including a more detailed
definition of branching programs and a review of the PAC
learning model. Section 3 presents a new characterization
of strict width two branching programs in terms of decision
lists and, finally, section 4 shows exactly how our learning
algorithm works.

2 Preliminaries

As mentioned above we are interested in Boolean functions
with a domain � 
!�"� 
 ��������� � � � . Possible assignments to
these variables come from the set of length # vectors over�"$ ��% � . Each variable is associated with two literals; one
being the variable itself, � � , and the other, its negation, &� � . A
concept c is a subset of �"$ ��% � � and is typically thought of as
a function ')(*��$ ��% � �,+ �"$ ��% � where c outputs 1 if the input
belongs to the concept and outputs 0 otherwise. A labelled
example of ' is an ordered pair consisting of a vector from-�. ��$ ��% � � accompanied with '"/ -*0 �
A branching program is defined as an acyclic digraph pos-
sessing the following properties. One node is designated the
start node or source. Each node of non-zero out-degree is
labelled with a Boolean variable from �1
 ��� 
 ��������� � � �
and all sinks are labelled with either 0 or 1. Each node has
out-degree at most two. Those nodes with out-degree two
have one edge labelled 0 and the other labelled 1. If only one
edge leaves a node it is not labelled.

A branching program 2 computes a function, given an as-
signment - 
3/ - 
���������� - � 04. �"$ ��% � � for the Boolean vari-

ables in � , as follows. The computation begins from the
source node. If at any point the computation has reached a
node labelled ��� then the computation continues as follows.
If only one edge leaves node ��� the computation follows it. If
two edges leave node � � then the computation will follow the
edge labelled 1 if - � 
 % and the edge labelled 0 if - � 
5$ .
The computation proceeds until a sink is reached with the
value of the function equalling its label. (Note that this ap-
plies to the deterministic case which is all we are concerned
with here.)

If the nodes of a digraph can be partitioned into levels687 � 6 
�������� such that for all � , any edge leaving a node in
level
6 � will enter some node in level

6 �:9 
 , then the digraph
is called levelled. The notion of width is associated with a
levelled digraph and is the maximum number of nodes con-
tained in any level. For any integer ;=<>$ a width ; branching
program is a branching program with a width of at most ; .
The definition of strict width two branching programs over� have been defined previously and are denoted by ���?� .
We briefly review the definition of the PAC learning model
that was introduced by Valiant [V84]. The learning algo-
rithm is given a set of labelled examples (the samples) of a
target function @ drawn according to an unknown but fixed
probability distribution A . On completion the learning algo-
rithm returns a hypothesis B for @ from a concept class C .
The error of B is the probability that BD/ -*0FE
G@H/ -I0 for any-�. �"$ ��% � � drawn according to A .

Letting J @KJ be the size of the smallest standard encoding for
the target @ . � we say that algorithm L PAC learns � by C
if for all targets @ . � , distributions A , and error parametersM and N , the following holds. There exist polynomials O andP

in parameters # � 
 Q � 
R and @ such that given a set of labelled
examples of size O , L runs in at most time

P
and outputs a

hypothesis B . C which with probability %TS N has error at
most M . An algorithm properly PAC learns when CG
U� .

The symbol V represents the exclusive-or operation (XOR).
The symbol WYX represents the class of formulas over �
containing at most ; literals using the basis �"VZ� . The classW puts no restriction on the number of literals allowed in the
formula.

A Decision list is a list
6

of pairs /[@ 
 �]\ 
 0 ��������� /^@�_ �]\ _ 0 where
each @�� is a Boolean function over � , each \ � is a value in�"$ ��% � and the last function @ _ is the constant 1 function. A
decision list

6
defines a Boolean function as follows. For an

assignment -`. �"$ ��% � � , 6 / -*0 is equal to \ � where � is the
least index such that @��a/ -*0 
 % . A decision list can easily be
illustrated as a degenerate tree whose internal nodes contain
the functions @ � and whose leaves contain the values of \ � .
The class of decision lists /[� 
 � �T� 0 -b�c are decision lists
whose internal nodes contain functions from class � 
 and
whose leaves contain functions from class � � . Both � 
 and� � are over the same variable set.

3 A Characterization of dfehg
In this section we present a new characterization of ��� � that
will help us prove that ��� � is properly PAC learnable in the



distribution-free model. We start by stating a lemma due to
Borodini et al. [BDFP86].

Lemma 1 [BDFP86] Strict width two branching programs
are the smallest class of Boolean functions containing the
constant functions 0 and 1 which has the following closure
properties: if - and j are literals or constants and @ . ���?�
then

1. @�kl/ - Vmj 0n. ��� � , and

2. @�V -�. �o� � .
Using the above we show that the class ����� is equivalent to
the class /^W � � W 0 - b,c which are decision lists whose nodes
are labelled with a parity of at most two literals and whose
leaves are labelled with unrestricted parities. This is proven
in the following lemma.

Lemma 2 Let �p
G�"$ ��% � � . The class of strict width two
branching programs over � is equivalent to the class of/[W � � W 0 - b,c over � , i.e.,�o� � 
?/^W � � W 0 -b�c �
Proof First we show that ��� �Fq /^W � � W 0 -b�c . Assume
that @ . ��� � . The proof proceeds by structural induction
on @ using the cases in Lemma 1.

1. If @ is a constant function, it has an obvious representa-
tion from /[Wr� � W 0 - b,c , i.e., it is either / %s��% 0 or / %s� $ 0 .

2. Case @t
vuYkl/ - Vwj 0 , where u . ��� � :
By induction u . /[Wr� � W 0 - b,c , so by appending a node
labelled with - V & j to the front of the decision list for u
we get a decision list for @ , (see Figure 2).

a  b g

1

0

0_
+

Figure 2: Transformation Construction.

3. Case @t
vuYV - , where u . ����� :
By induction u . /^W � � W 0 -b�c , so the decision list for @
can be obtained from the decision list of u by XORing
each leaf with - .

Now we will show that /^WY� � W 0 -b�c q ���?� using double
induction on the number of nodes in the list, x 7 , and the
number of literals appearing in the first leaf, x 
 . We will
write x 7 /^@ 0 , x 
 /[@ 0 to denote the number of nodes and the
number of literals in the first leaf in the decision list for @ ,
respectively.

First we prove the case when x 7 
 % and x 
 is arbitrary. This
is simply a parity of literals which is clearly in ���?� (by
repeated application of rule (2) in Lemma 1). Now assume
that the claim is true for all functions in /^W � � W 0 -b�c withx 7ry ; . Let @ be a function in /^W � � W 0 -b�c with x 7 
?; . To

prove that @ . ��� � , we use induction on x 
 . For x 
 
>$ , this
is the case when the first leaf of @ is labelled by a constant' . ��$ ��% � . Let z be the label of the first node in the decision
list for @ . Let u be the function computed by the decision
list of @ excluding the first node and the first leaf. Note thatu . ��� � since x 7 /{u 0 y ; . If 'T
U$ then @t
�u)k|&z . ��� �
by Lemma 1 because u . ��� � and z is in W � . If 'o
 % then@t
vu)}Fz,
 /�&uYk|&z 0 
?/�&uYk|&z 0 V %s�
But then, again by Lemma 1, we haveu=
>uoV % . ���?�T~�&uok`&z . �����T~h/�&uTkl&z 0 V % . ���?� �
For x 
 <�$ , assume that any function in /[Wr� � W 0 - b,c withx 7 
U; and x 
 y ;*� is also in ���?� . Now let @ . /[Wr� � W 0 - b,c
satisfy x 7 
U; and x 
 
�;*� . Since x 
 <�$ there must be a literal- that appears in the first leaf of @ . Consider the function@���
?@,V - . By induction @�� . ��� � since x 
 /^@�� 0 y ;*� andx 7 /^@�� 0 
�; . But then, by Lemma 1, @�
U@���V -�. �o�?� .
We now state a corollary to the above lemma that we will
need in our proper PAC learning algorithm for ��� � (since
we will learn any @ . ���U� as a decision list in /^Wr� � W 0 - b,c ).

Corollary 3 There is a polynomial time algorithm that can
convert any function @ . /^WY� � W 0 -b,c into a function u .����� so that @F�vu , and vice versa.

Proof (Sketch) Follows from the above lemma.

4 Properly PAC Learning d�e�g
This section presents the details of the proper PAC learning
algorithm for �o� � . We first note that the class of linear
(parity) concepts is properly PAC learnable under any distri-
bution, (see [HSW92]).

Fact 4.1 The concept class W�
?� -�� ��VFj8J -�. �"$ ��% � � � j .�"$ ��% ��� is properly PAC learnable.

Proof (Sketch) Suppose that the target concept is @D/[� 0 
-�� �=V|j . We can change each example z to /[z ��% 0 and learn
a vector ' of length #�V % that satisfies ' � /^� ��% 0 
 -�� �=Vmj .
Hence, from now on we will always assume that j�
�$ .
The standard algorithm for learning W is to collect enough
examples that are linearly independent over �=��/[� 0 � . If
the number of linearly independent instances are strictly less
than # then we can always complete them into a basis for�=��/^� 0 � . The classification of the target on these additional
instances can be chosen arbitrarily. Thus we may obtain a
unique solution - to the full-rank linear system of #m�w#
equations. This unique solution defines a parity equation-�� � that consistently classifies the sample set according to
the target concept.

To prove that /[W � � W 0 - b,c is properly PAC learnable it will
suffice to prove that /^W 
 � W 0 - b,c is properly PAC learnable
by a standard learning reduction. For completeness we prove
this reduction in the following lemma.

Lemma 4 If /[W 
�� W 0 -b,c is properly PAC learnable then so
is /^W � � W 0 -b,c .



Proof (Sketch) The idea is to substitute for each pair of
variables� � � W!��� , a new variable � �{� ��
�� � W!��� , and
to run the PAC learning algorithm for /[W 
 � W 0 - b,c on fil-
tered examples. More formally, map each labelled exam-
ple /^� 
���������� ��� � j 0 to /[� 
"��������� ��� � � 
 � 
���������� ��� � � � j 0 . The
learning algorithm for /[W 
�� W 0 -b,c will output a hypothesis
decision list B over � 
���������� ��� � � 
 � 
���������� ��� � � and then the
algorithm for /[Wr� � W 0 -b�c will simply replace any occur-
rences of � ��� � with � � W>��� to get a hypothesis decision list
over � 
���������� ��� .
Now we are ready to complete the picture by proving that/[W 
�� W 0 - b,c is properly PAC learnable.

Lemma 5 The class /[W 
"� W 0 -b�c is properly PAC learnable.

Proof (Sketch) We follow Rivest’s technique for learning
decision lists in the distribution-free PAC model [R87]. We
call a pair /^��� �^� 0 of variable ��� and bit � . �"$ ��% � “good” if
the examples of � that satisfy � � 
 � can be explained by
some parity equation -�� �=Vwj . Note that a good pair always
exists since the first node in the target concept induces a
good pair. Hence the algorithm will proceed by checking all
possible pairs /^� � �^� 0 to find a good one. Once a good pair/[� � �^� 0 is found, we can augment the decision list with a node��� and a leaf labelled with the parity equation -�� �,Vmj that
explains the instances consistent with ���8
 � . At this point,
we need only to explain the instances from the sample that
satisfy ����
 %�S�� . We can argue in the same manner as in
[R87] that this process can be continued.

Also note that the size of the class /[W 
"� W 0 - b,c is at most#K��/[� � 9 
 0 � 9 
 . By Occam’s razor [BEHW87] it is sufficient
to collect the following number of sample points:� 
 %M  �¡£¢�¤ J¥/[W 
 � W 0 -b,c¦J§V ¡¨¢s¤ %NH© 
ª   %M /[# � V ¡£¢�¤ %N 0 © �
The following theorem, which is our main result, is implied
by the preceding discussion of this section and Corollary 3.

Theorem 6 The concept class ���?� of strict width two branch-
ing programs is properly PAC learnable under any distribu-
tion with sample complexityª   %M /[# � V ¡£¢�¤ %N 0 © �
Proof Note that by using the straightforward reduction of
Lemma 4 we get a sample complexity of

ª�« 
 Q /[#�¬�V ¡£¢�¤ 
R 0^­ .
To get the claimed sample complexity, we note that the length
of any decision list in /[Wr� � W 0 - b,c is at most # . This is
because if the list is of the form/a/[@ 
�� j 
 0 ��������� /[@�® � j�® 0a0
where � <># , then there is an @ _ that is “affinely” dependent
on @�� , � . � %�� � �������a��¯ZS°% � , i.e., @�_±
h² ��³ _�´ � @ � V � ,
where ´ 
��������]� ´ _�µ 
��^� . �"$ ��% � . Since all assignments that
reach @ _ satisfy @ 
 
 ����� 
�@ _§µ 
 
�$ , the value of the

test @ _ is determined, so it can be removed. Using this, the
size of the class /^W � � W 0 -b,c can be bounded from above

by
« �*¶� ­ #K��/^� � 9 
 0 � 9 
 . Finally, note that the logarithm of this

size is still
ª /^# � 0 .

Dedication

We would like to dedicate this paper to the memory of Roman
Smolensky who passed away last year.
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