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Abstract

Consider the class of read-O(log n) Exclusive-Or of terms formulae (ENF).
That is, formulae which are Exclusive-Or of, not necessarily monotone, terms
where each variable appears in the formula at most O(log n) times. We show
that this class is learnable in polynomial time from membership and equiva-
lence queries with an output hypothesis that is a polynomial size Exclusive-
Or of terms.

This, in particular, solves the problem of learning read-O(log n) disjoint
DNF from membership and equivalence queries with output hypothesis that
is a depth 2 formula.

1 Introduction

Schapire and Sellie [SS93] show that the class of multivariate polynomial over GF [2]
is learnable from membership and equivalence queries with output hypothesis that
is multivariate polynomial. Such polynomials can be thought of as the Exclusive-or
of monotone terms. They pose the question of whether the class of Exclusive-or of
not necessarily monotone terms is also learnable from membership and equivalence
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queries.1 Proving the learnability of this class implies the learnability of disjoint
DNF (these are DNF formula where each assignment can satisfy at most one
term). Aizenstein and Pitt [AP92] show that when restricting the formulae to
read-k disjoint DNF (i.e., each variable appears at most k times in the formula), for
constant k, the class becomes learnable with output hypothesis that is polynomial
size DNF. This was improved by Blum et al. [BK+94] that showed the learnability
of read-k disjoint DNF, for k = O(log n/ log log n).2 Blum et al. also asked whether
this result can be extended to read-O(log n) disjoint DNF. It is also important to
note that Blum et al. proved that there are read-2 disjoint DNF formulae which do
not have a small CNF representation. Hence, this class is not learnable using the
monotone theory of [B93]. The class of disjoint DNF was very recently shown to
be learnable from membership and equivalence queries in [BCV96] in polynomial
time with output hypothesis that is a polynomial size circuit.

In this paper we show that the class of read-O(log n) Exclusive-or of terms (read-
O(log n)-ENF) is learnable from membership and equivalence queries with output
hypothesis that is Exclusive-or of terms. This, in particular, gives an exact learning
algorithm for the class of read-O(log n) disjoint DNF with output hypothesis that
is depth 2 circuit.

Our approach is a randomized version of the divide and conquer technique devel-
oped in [B95a] combined with the multivariate interpolation technique developed
in [B95b, BM95]. We can informally describe our approach as follows: We run an
algorithm that can learn formulae consisting of a single term. If this algorithm
fails then a variable will be found that shows that the formula is not a single term
(a “troublemaker”). We then randomly and uniformly choose one of three ways
(based on the abovementioned techniques) to eliminate this troublemaker (where
two out of these three ways are guaranteed to make progress). Our analysis shows
that this simple algorithm runs in polynomial time for the above classes.

Our paper is organized as follows. In Section 2 we give the learning model. In
Section 3 we give some definitions and preliminary results and in Section 4 we
present the algorithm and prove its correctness and efficiency.

1The PAC-learnability of such functions, in the case where the number of terms is some
constant k was considered in [BS90, FS90].

2In fact both the results of [AP92] and [BK+94] deal with more general formulae which are
“almost disjoint”.
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2 The Learning Model

In what follows we define the exact learning model, using membership queries and
equivalence queries, as defined by Angluin [A88]. In this model, there is a function
f called the target function, which is a member of a class of function C defined
over the variable set {x1, . . . , xn}. The learning algorithm can ask two types of
queries about the target function:

• membership query in which the learning algorithm supplies an assignment
a to the variables in {x1, · · · , xn} as an input to a membership oracle, and
receives in return the value of f(a). (We denote such a query by MQ(a).)

• equivalence query in which the learning algorithm supplies a function h as
an input to an equivalence oracle, and the reply of the oracle is either “yes”,
meaning that h is equivalent to f , or a counterexample, which is an assign-
ment b such that h(b) 6= f(b). (We denote such a query by EQ(h).)

The goal of the learning algorithm is to halt after polynomial time in the number
of variables, n, and the size of the target formula and output a function h that is
logically equivalent to f .

3 Preliminaries

In this section we give some notations that are used in the paper. Then, we recall
Angluin’s algorithm for learning monotone DNF.

Let B = {0, 1} with the order 0 < 1. For a vector a ∈ Bn, let a[i] denote the ith
entry of a. The order on B induces a partial order on Bn: for a, b ∈ Bn define a ≤ b
if a[i] ≤ b[i] for all i. We say that a and b are incomparable if a 6< b and b 6< a. For
a vector (assignment) a ∈ B we write bac for the set of the largest vectors that are
less than a. That is, b ∈ bac if there exists i where b[i] = 0, a[i] = 1 and for every
j 6= i, a[j] = b[j]. For two assignments a and b the vector c = a + b is defined by
c[i] = a[i]⊕ b[i] where ⊕ denotes the exclusive-or of bits. The assignment (vector)
1 satisfies 1[i] = 1 for all i. For an assignment a we define ā = a + 1, that is, the
assignment such that (ā)[i] = a[i]⊕ 1 for all i.

A boolean function is a function f : Bn → B. We represent boolean functions
by formulae that use the variables x1, . . . , xn with the operations ∨ (disjunction),
∧ (conjunction), and + (exclusive-or). A literal is either xi or x̄i = xi + 1. A term
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is a conjunction of literals. A monotone term is a conjunction of variables. For an
assignment b ∈ Bn we define Tb the conjunction of all xi where b[i] = 1. That is

Tb =
∧

b[i]=1

xi.

If b = 0, the zero assignment, then Tb = 1. Notice that Tb(a) = 1 if and only
if a ≥ b. In many cases we will say “a is above b” to mean a ≥ b. A DNF is
a disjunction of terms. A monotone DNF is a disjunction of monotone terms.
Every monotone DNF has a unique representation Tb1 ∨ · · · ∨ Tbr where bi and
bj are incomparable for every 1 ≤ i < j ≤ r. The integer r is called the size
of the monotone DNF. The vectors bi are called the minterms of f . The DNF
size of a boolean function is the minimum of the number of terms over all the
DNFs (monotone and non-monotone) that are equivalent to f . A disjoint DNF is
a DNF where the conjunction of any two terms is 0. An ENF is an exclusive-or
of terms. The ENF size of a boolean function f , denoted |f |, is the minimum
number of terms over all the ENFs that are equivalent to f . An ENF is read-k if
each variable appears in at most k terms.

For a boolean function f : Bn → B, and σ ∈ B, we define f |xi←σ to be the projec-
tion of the function f by assigning σ to xi. That is, f |xi←σ is a function of n−1 vari-
ables defined by f |xi←σ(x1, . . . , xi−1, xi+1, . . . , xn) = f(x1, . . . , xi−1, σ, xi+1, . . . , xn).
For two boolean functions f1 and f2 we write f1 ⇒ f2 if f1(a) ≤ f2(a) for all a ∈ Bn.

Angluin [A88] gives an algorithm for learning monotone DNF. The algorithm
learns the minterms of the DNF. At any stage of the algorithm, if {b1, . . . , bi}
are the minterms learned so far, the algorithm proceeds by asking the equivalence
query EQ(Tb1 ∨ · · · ∨ Tbi

). If the answer of the equivalence query is “YES” then
the algorithm outputs Tb1 ∨ · · · ∨ Tbi

. Otherwise, the equivalence query returns
a counterexample a. Since at each stage of the algorithm Tb1 ∨ · · · ∨ Tbi

⇒ f
the counterexample returned by the equivalence oracle satisfies f(a) = 1 and
Tb1(a) ∨ · · · ∨ Tbi

(a) = 0. Hence Tb1(a) = · · · = Tbi
(a) = 0 and therefore a is

not above any of the bi. But since f(a) = 1, a must be above some other (new)
minterm of f . The algorithm then “walks” down in the lattice Bn (by flipping
ones to zeros in a) as long as MQ(a) = 1. When no element b ∈ bac satisfies
f(b) = 1 then Ta is a new minterm for f . We add Ta to our collection of minterms
and repeat the above procedure again.
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4 The Learning Algorithm

In this section we give the learning algorithm, prove its correctness and then ana-
lyze its running time.

4.1 Algorithm

We first show how to learn a function f which is a single term, i.e. f = T . The
algorithm for learning one term asks EQ(0). If the answer to this equivalence
query is “YES” then the term is 0. Otherwise, the equivalence oracle returns
an assignment a such that f(a) = 1. Since f(a) = 1 the function g, defined by
g(x) = f(x + ā), is monotone. To learn the single monotone term of g, we use
Angluin’s algorithm. That is, we start from b = 1, for which g(b) = f(a) = 1
and flip bits which are ones in b until no more bits can be flipped (note that
membership queries about g can be easily simulated by membership queries about
f , since g(b) = f(b+ ā)). Therefore, b is a minterm, g(x) = Tb and f(x) = g(x+ ā).

Next we show how to extend the above algorithm to functions with more than
one term. The algorithm starts by assuming that the target function f consists of a
single term. The algorithm asks for a positive example a for f (that is, f(a) = 1) by
asking EQ(0). As in the previous algorithm we find some term g(x) = Tb. Now we
ask another equivalence query EQ(Tb(x+ ā)). If f is a single term then the answer
of the equivalence oracle will be “YES”. Otherwise, we get a counterexample, c′,
that distinguishes between Tb(x+ ā) and f . Then c = c′+ ā distinguishes between
Tb and g. Take the assignment c and flip the ones in c as long as it still satisfies
g(c) 6= Tb(c). The resulting assignment c satisfies g(c) 6= Tb(c) and, in addition,
for every d ∈ bcc we have g(d) = Tb(d). For every function g and every i, g can be
expressed as

g = g0x̄i + g1xi + g2,

where g0, g1 and g2 are functions of n− 1 variables and |g| = |g0|+ |g1|+ |g2|. We
now show how to use the assignment c to find an index i such that at most one of
g0, g1 and g2 is 0. First, since g(1) = 1 we cannot have g = g0x̄i, for any xi. There
are two cases:

Case I. g(c) = 0 and Tb(c) = 1.
Since Tb(c) = 1 we have c ≥ b. Also, c 6= b because g(b) = 1 and g(c) = 0. Let xi

be a variable such that c[i] = 1 and b[i] = 0. The function g depends on xi because
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flipping c[i] will change the value of g from 0 to 1 (i.e., at least one of g0, g1 is not
0). In addition, g is not of the form xig

′ because g(b) = 1 and b[i] = 0.

Case II. g(c) = 1 and Tb(c) = 0.
Since Tb(c) = 0 we must have c 6> b. Let xi be such that b[i] = 1 and c[i] = 0. The
function g depends on xi because flipping b[i] will change the value of g from 1 to
0. In addition, g is not of the form xig

′ because g(c) = 1 and c[i] = 0.

Therefore (in both cases) g is of the form g = g0x̄i + g1xi + g2 where at most
one of g0, g1 and g2 is 0 and |g| = |g0| + |g1| + |g2|. By the definition of g, for the
same i, we can write

f = f0x̄i + f1xi + f2,

where at most one of f0, f1 and f2 is 0 and |f | = |f0| + |f1| + |f2|. Now, let i be
the index found by the algorithm. Denote

f ′ ≡ f |xi←0 ≡ f0 + f2,

f ′′ ≡ f |xi←1 ≡ f1 + f2,

and
f ′′′ ≡ f |xi←1 + f |xi←0 ≡ f0 + f1.

We now choose (using a strategy described below) one of the following three rep-
resentations for f :

1. f = f ′′xi + f ′x̄i.

2. f = f ′′′xi + f ′.

3. f = f ′′ + f ′′′x̄i.

In each of the three cases we recursively learn the two functions (out of f ′, f ′′, f ′′′)
needed in this case. This is done using the divide and conquer technique [B95a].
That is, to simulate a membership query for f ′ (resp. f ′′) the algorithm uses a
membership query to f and set xi = 0 (resp. xi = 1). To simulate a membership
query for f ′′′ the algorithm uses two membership queries to f (one with xi = 0 and
one with xi = 1). To simulate equivalence queries the algorithm waits until both
recursive calls reach an equivalence query. The algorithm then combines the two
hypotheses into a single hypothesis h and ask EQ(h). If the answer is YES then f ≡
h and we are done. Otherwise, the counterexample for h gives a counterexample
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for one of the two hypotheses. For example, if we choose representation (2) and
the algorithm that tries to learn f ′′′ wants to ask about h′′′ and the algorithm that
tries to learn f ′ wants to ask about h′ we define h = h′′′xi + h′. A counterexample
to h (i.e., b such that h(b) 6= f(b)) gives a counterexample b∗ (by omitting the ith
bit of b) to one of h′ or h′′′ (that is, either h′(b∗) 6= f ′(b∗) or h′′′(b∗) 6= f ′′′(b∗)). We
then continue with the corresponding algorithm until reaching the next equivalence
query.

If f is known to be an O(log n)-term ENF then the strategy for learning f is
just to choose uniformly at random one of the above three representations. If f is
a read O(log n)-ENF then the strategy for learning f is to choose arbitrarily one
of the representation (2) or (3). For learning f ′ and f ′′ run the same algorithm.
For learning f ′′′ use the strategy for learning O(log n)-term ENF. Notice that
f ′′′ = f0 + f1 is O(log n)-term ENF because xi appears at most O(log n) times in
f .

In fact for the read O(log n)-ENF we only need to find a variable on which f
depends and then use representation (2) or (3). A simpler way to find a variable
on which the target depends is to ask EQ(0) and EQ(1) to get two assignments a
and b such that f(a) = 1 and f(b) = 0. Then, to flip bits in a that disagree with
b until one of the bits changes the value of the function from 1 to 0. This last bit
flipped is a variable that the target depends on.

4.2 Analysis

The key idea in proving the correctness of the algorithm is to show that

1. the size of the recurrence tree of the algorithm is polynomial.

2. The operation f ′′′ is used in the tree at most O(log n) times in each path in
the tree.

Condition 1 guarantees that the number of recursive calls in the algorithm is poly-
nomial and therefore the number of equivalence queries asked by the algorithm is
polynomial. Condition 2 guarantees that we can simulate membership queries at
each level in the tree using polynomial number of membership queries to f . This
is because to ask one membership query for f ′′′ we need two membership queries
for f . In general we need 2d membership queries for simulating one membership
query of some function in the recurrence tree where d is the number of times we
used the operator ′′′ to reach this node.
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First we show that our algorithm runs in expected polynomial time and expected
polynomial number of queries for a target that is an exclusive-or of O(log n) terms.
Let f be an exclusive-or of at most k terms and let Xk be the maximum, over all
k-term ENF functions with at most n variables, of the expected depth of the
recurrence of the algorithm.

We run the above algorithm to find the variable xi with the property that the
target f is of the form f = f0x̄i+f1xi+f2 where at most one from f0, f1 and f2 is 0
and |f | = |f0|+ |f1|+ |f2|. Since at least two of f0, f1, f2 is not 0, then at least two
of f ′, f ′′, f ′′′ have less than k − 1 terms. Therefore, when we randomly choose one
of the above three representations for f , at least one of the two functions we need
to learn have at most k−1 terms and the other function will have with probability
(at least) 1/3 at most k−1 terms (in which case both functions have at most k−1
terms) and with probability (at most) 2/3 at most k terms. Therefore,

Xk ≤ 1

3
Xk−1 +

2

3
Xk + 1.

This implies that
Xk ≤ 3k.

Therefore if k = O(log n) then the expected depth of the recurrence is O(log n).
Similar recurrence shows (see remark below) that the expected size is at most
2O(k) = poly(n).3 At each level i of the algorithm a membership query can be
simulated by at most 2i membership queries to f and an equivalence query can be
simulated by a single equivalence query to f . Therefore the running time of the
algorithm for a target which is O(log n) term ENF is polynomial.

Now, when the function f is read O(log n)-ENF we decompose it, say by repre-
sentation (2) (the case of representation (3) is similar). In this case f ′′′ = f0 +f1 is
an O(log n) term ENF hence is learnable with the above algorithm in polynomial
time. The other function that we have to learn, f ′, is still a read O(log n)-ENF
but with at most n−1 variables. Hence the total running time for the case of read
O(log n)-ENF is at most n times the running time for the case of O(log n) term
ENF, which is polynomial.

Remark 1: Some small improvements on the above algorithm are possible. For
example, suppose that f is a read O(log n)-ENF which has m terms (think of m

3Note that just the fact that the expected depth is d does not imply that the expected size is
2d.
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as much larger than log n and much smaller than n). We could let the algorithm
choose randomly between representations (2) and (3). Since at least one of f0 and
f1 is not 0 then at least one of f ′ and f ′′ has at most m−1 terms. Therefore, with
probability at least 1/2 we reduce the number of terms by 1. Therefore, on the
average we have a running time which is at most 2m times the running time in the
case of O(log n) term ENF. (On the other hand, if we use this improvement then
we cannot use the simplified version of finding the variable xi on which f depends,
described at the end of Section 4.1.)

Remark 2: We can also analyze the size of the tree in the case of k-term ENF
more carefully: Notice that since

|f ′|+ |f ′′|+ |f ′′′| ≤ 2|f | = 2k

we must have that at least one of f ′, f ′′ and f ′′′ has size less than 2k/3 and the
other two functions are of sizes at most k− 1 and k. Therefore, if the expectation
of the maximal possible size (over all k-term ENF formulae) is W (k) (where for
size we count the number of leaves of the tree), then we have

W (k) ≤ 1

3
(W (2k/3) + W (k)) +

1

3
(W (2k/3) + W (k − 1)) +

1

3
(W (k) + W (k − 1)).

This implies
W (k) ≤ 2W (k − 1) + 2W (2k/3).

It follows, by induction on k, that W (k) ≤ k2k.
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