
A Booster for the PAExact model

Nader H. Bshouty ∗

Department of Computer Science
Technion, 32000

Haifa, Israel
bshouty@cs.technion.ac.il

Abstract

We give a new booster that changes any PAC-learning algorithm to PAExact-learning
algorithm that achieves exponentially small error. This booster is much more simpler and
more efficient than previous ones and the first that uses deterministic hypotheses.

In particular, we show that if a class C is PAC-learnable in polynomial time with
constant error and sample size V (for most learnable classes C, V is the VC-dimension of
the class C) then C is PAExact-learnable in polynomial time with an algorithm that after
d equivalence queries achieves error

η = 2
−Õ

(
( d

V )
1
3

)
.

We then give, for any integer V , a class C of VC-dimension V such that any PAExact-
learning algorithm with unlimited computational power that PAExact-learns C and uses d
equivalence queries will, with high probability, output a hypothesis with error at least

η ≥ 2−Ω( d
V )

1 Introduction

In this paper we study two learning models that lie between the PAC and Exact models.
The Probably Exact model (PExact) model, introduced by Bshouty [B97], is the Exact model
(learning exactly the target function from equivalence queries) in which each counterexample
to an equivalence query EQD is drawn according to a distribution D rather than maliciously
chosen. When the concept class is infinite it is impossible to achieve an exact learning of the
target. In this case, the Probably Almost Exact model (PAExact), introduced by Bshouty,
Jackson and Tamon [BJT02], is the same as the PExact model but requires that the hypothesis
produced by the learning algorithm has negligible (1/ω(poly)) error.

In [BJT02], Bshouty et al. showed that Exact-learnable ⇒ PExact-learnable ⇒ PAExact-
learnable ⇒ PAC-learnable. Based on Blum construction [B94], they also showed that un-
der the standard cryptographic assumption that one-way functions exist, PExact-learnable 6=
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PAC-learnable. Recently, Owshanko [O03] proved that PExact-learnable= Exact-learnable.
He showed that any PExact-learning algorithm that learns C under any distribution can be
changed to an Exact-learning algorithm that learns C. In [BG02] Bshouty and Gavinsky
showed that PAC-learnable = PAExact-learnable. They gave two constructions. The first
construction is similar to Schapire boosting algorithm [S90]. It starts from a polynomial time
PAC-learning algorithm that learns C with error ε = 1/poly and constructs a polynomial time
PAExact-learning algorithm for C that achieve error 1/polyO(poly log) = 1/ω(poly). The sec-
ond construction is based on Mansour and McAllester [MA00] boosting algorithm and uses
equivalence queries with randomized hypotheses. The construction takes a polynomial time
PAC-learning algorithm that learns with error 1/poly and constructs a PAExact-learning al-
gorithm that uses equivalence queries with randomized hypothesis and achieves error 1/2poly.
It follows from the latter result that if a class C is PAC-learnable in polynomial time then it is
learnable in the Probabilistic Prediction model from examples with an algorithm that runs in
polynomial time for each prediction (polynomial in log(the number of trials)) and that after
polynomial number of mistakes achieves a hypothesis that predicts the target with probability
1− 1/2poly.

In particular, it is shown in [BG02] that if C is PAC-learnable in polynomial time with
constant error and sample of size V , then C is PAExact-learnable (respectively, Probabilistic
Predictable) in polynomial time that after d equivalence queries with randomized hypotheses
(respectively, mistakes) achieves a hypothesis with error

η =
1

2
min

(
d

1
6 ,( d

V )
1
5

) .

In this paper we give a new and simple booster that uses equivalence queries with deter-
ministic hypotheses and substatially improves the error of the prediction. We show that after
d mistakes it achieves a hypothesis with error

η =
1

2
Õ

(
( d

V )
1
3

) .

For bounded poly-bit distribution (a distribution D such that D(x) = 0 or D(x) ≥ 1/2poly

for every x ∈ X) our booster not only PAExact-learns the target but also PExact-learn it in
polynomial time using equivalence queries with deterministic hypothesis.

In the Probabilistic Prediction model, Haussler et. al. in [HLW94] gave a double exponen-
tial time algorithm (in d) that achieves error η ≤ 1

2O(d/VC ) where VC is the VC-dimension of
the class C. They also gave an exponential time algorithm that achieves error η ≤ 1

2O((d/VC )1/2)

assuming that the consistent hypothesis problem for C (find a hypothesis h ∈ C that is con-
sistent with the sample) can be solved in polynomial time. It follows from our result that
if the consistent hypothesis problem for C can be solved in polynomial time then there is a
Probabilistic Prediction learning algorithm that runs in polynomial time and achieve error

η ≤ 1

2
Õ

((
d

VC

)1/3
) .
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We then give a lower bound. We show that for every integer k there is a class C with
VC = k such that any PAExact-learning algorithm with unlimited computational power that
learns C over the uniform distribution and uses d equivalence queries will, with probability at
least 1/2, achieve error at least

η ≥ 1

2
Ω

(
d

VC

) .

We also show that this lower bound is not true for any class C.

The remainder of the paper is organized as follows: In section 2 we define the learning
models. In section 3 we give previous results and compare them with ours. In section 4 we
give the new booster. In section 5 we prove the lower bound and in section 6 we give some
open problems.

2 Learning Models and Definitions

Let C be a class of functions f : X → {0, 1}. The domain X can be finite, countable infinite,
or Rn for some n ≥ 1. In learning, a teacher has a target function f ∈ C and a probability
distribution D on X. The learner knows C but does not know the probability distribution D
nor the function f .

The problem size If that we will use in this paper depends on X, C and f and it can be
different in different settings. The term “polynomial” means polynomial in the problem size
If . For example, for Boolean functions with X = {0, 1}n, C is a set of formulas (e.g. DNF,
Decision tree, etc.). The problem size is If = n+sizeC(f) where sizeC(f) is the minimal size of
a formula in C that is equivalent to f . Then “polynomial” means poly(If ) = poly(n, sizeC(f)).
For infinite domains X the parameter n is usually replaced by the VC-dimension of the class
VC and If = VC + sizeC(f). Then “polynomial” in this case is poly(VC , sizeC(f)).

The learner can ask the teacher queries about the target. The teacher can be regarded as
an adversary with unlimited computational power that must answer honestly but also wants
to fail the learner from learning quickly. The queries we consider in this paper are:

Example Query according to D (ExD) [V84] For the example query the teacher chooses
x ∈ X according to the probability distribution D and returns (x, f(x)) to the learner.

Equivalence Query (EQ) [A88] In the equivalence query the learner asks EQ(h) for some

polynomial size circuit h. The teacher chooses y ∈ Xf∆h
∆= {x ∈ X | f(x) 6= h(x)} and returns

y. If Xf∆h is empty, the teacher answers “YES”, indicating that h is equivalent to f .

Equivalence Query according to D (EQD)[B97] For the equivalence query according to
distribution D the learner asks EQD(h) for some polynomial size circuit 1 h. The teacher
chooses y ∈ Xf∆h according to the induced distribution of D on Xf∆h and returns (y, f(y)).
If PrD[Xf∆h] = 0, the teacher answers “YES”.

1For infinite domains X, the definition of “circuit” depends on the setting in which the elements of C are
represented. The hypothesis h must have polynomial size in this setting. E.g., if X = Rn we may ask of h to
be a polynomial size arithmetic circuit
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The EQD can be extended to also handle random hypothesis [BG02]. A random hypothesis
hr : X × R → {0, 1} is a polynomial size circuit where for an input x0 ∈ X it randomly
uniformly chooses r0 ∈ R and returns hr0(x0). In that case, EQD(hr(x)) returns an output of
the following procedure

1. Randomly choose x0 ∈ X according to distribution D.

2. Randomly uniformly choose r0 ∈ R.

3. if f(x0) 6= hr0(x0) then output (x0, f(x0)) else goto (1).

This procedure returns the first example x0 that hr err on.

When X is finite or countable infinite, each x0 is received with probability

D(x0) Prr[hr(x0) 6= f(x0)]∑
x D(x) Prr[hr(x) 6= f(x)]

.

We say that the hypothesis hr ε-approximates f with respect to distribution D if

Er[Pr
D

[f(x) 6= hr(x)]] ≤ ε

where here and elsewhere PrD denotes Prx∈DX .

The learning models we will consider in this paper are

PAC (Probably Approximately Correct)[V84] In the PAC learning model we say that an
algorithm A of the learner PAC-learns the class C if for any f ∈ C, any probability distribution
D and any ε, δ > 0 the algorithm A(ε, δ) asks example queries according to D, ExD, and with
probability at least 1 − δ, outputs a polynomial size circuit h that ε-approximates f with
respect to D. That is PrD[Xf∆h] ≤ ε. We say that C is PAC-learnable if there is an algorithm
that PAC-learns C in time poly(1/ε, log(1/δ), If ).

Exact (Exactly Correct) [A88] In the Exact-learning model we say that an algorithm A of the
learner Exact-learns the class C if for any f ∈ C and any δ the algorithm A(δ) asks equivalence
queries and with probability at least 1−δ outputs a polynomial size circuit h that is equivalent
to f . We say that C is Exact-learnable if there is an algorithm that Exact-learns C in time
poly(log(1/δ), If ).

PExact (Probably Exactly Correct) [B97] In the Probably Exact model we say that an algo-
rithm A of the learner PExact-learns the class C if for any f ∈ C and any δ the algorithm A(δ)
asks equivalence queries with respect to D, EQD, and with probability at least 1− δ outputs
a polynomial size circuit h that satisfies PrD[Xf∆h] = 0. We say that C is PExact-learnable if
there is an algorithm that Probably Exact-learns C in time poly(log(1/δ), If ).

If the hypothesis in the equivalence query can also be randomized then we refer to this
model as PExactR.

PAExact (Probably Almost Exactly Correct) [BJT02] In the Almost Exact model we say
that an algorithm A of the learner PAExact-learns the class C if for any f ∈ C and any δ
the algorithm A(δ) asks equivalence queries with respect to D, EQD, and with probability
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at least 1 − δ outputs a polynomial size circuit h that satisfies PrD[Xf∆h] = 1/ω(poly(If )).
We say that C is PAExact-learnable if there is an algorithm that PAExact-learns C in time
poly(log(1/δ), If ).

If the hypothesis in the equivalence query can also be randomized then we refer to this
model as PAExactR.

We say that C is η-PAExact-learnable if it is PAExact-learnable and it achieves error at
most η. That is, PrD[Xf∆h] ≤ η. When randomized hypotheses are used in the equivalence
query then we say that C is η-PAExactR-learnable.

In the online learning model [L88] the teacher at each trial sends a point x ∈ X to the
learner and the learner has to predict f(x). The learner returns to the teacher the prediction y.
If f(x) 6= y then the teacher returns “mistake” to the learner. The goal of the learner is to
minimize the number of prediction mistakes.

Online [L88] In the online model we say that algorithm A of the learner Online-learns the
class C if for any f ∈ C and for any δ, algorithm A(δ) with probability at least 1 − δ makes
bounded number of mistakes. We say that C is Online-learnable if the number of mistakes and
the running time of the learner for each prediction is poly(log(1/δ), If ).

Probabilistic Prediction (PP) [HLW94] In the Probabilistic Prediction model the points
sent to the learner are chosen from X according to some distribution D. We say an algorithm
A of the learner η-PP-learns the class C if for any f ∈ C and for any δ the algorithm A(δ)
with probability at least 1− δ after bounded number of mistakes can predict the answer with
probability greater than 1− η. We say that C is η-PP-learnable if the number of mistakes and
the running time of the learner at each trial is poly(log(1/δ), If ).

For a countable domain X, we define

mD = inf{x ∈ X | D(x) 6= 0}.
A distribution is called bounded poly-bit distribution if mD > 1/2poly(If ).

3 Previous and New results

In this section we give some previous results and compare them with our results in this paper

3.1 PAC and PAExact

It is known that learnability (in polynomial time) in the Exact model implies learnability in
the PAC model [A88, L88]. Blum showed in [B94] that under the standard cryptographic
assumption that one-way functions exist PAC-learnable 6= Exact-learnable. This means that
there is class C that is PAC-learnable in polynomial time but is not Exact-learnable in polyno-
mial time assuming one-way functions exist. Bshouty et. al. showed in [BC+96] that if P=NP
then the PAC model is equivalent to the Exact model.

In [BJT02], Bshouty et al. showed that Exact-learnable ⇒ PExact-learnable ⇒ PAExact-
learnable ⇒ PAC-learnable. Based on Blum construction [B94], they also showed that under
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the standard cryptographic assumption that one-way functions exist, PExact-learnable 6= PAC-
learnable. In [BG02] Bshouty and Gavinsky showed that PAC-learnable = PAExact-learnable.
They gave two constructions. The first construction is similar to Schapire boosting algo-
rithm [S90]. It starts from a polynomial time PAC-learning algorithm that learns with error
ε = 1/poly(If ) and construct a polynomial time PAExact-learning algorithm that learns with

error 1/I
O(log If )
f = 1/ω(poly(If )). This implies that PAC-learnable = 1/I

O(log If )
f -PAExact-

learnable. The second construction is based on Mansour and McAllester [MA00] boosting
algorithm and uses equivalence queries with randomized hypotheses. The construction takes
a polynomial time PAC-learning algorithm that learns with error 1/poly(If ) and construct
a PAExact-learning algorithm that uses equivalence queries with randomized hypothesis and
achieves error 1/2poly(If ). This implies that PAC=1/2poly(If )-PAExactR.

In this paper we show that PAC=1/2poly(If )-PAExact. That is, any PAC learning algorithm
that runs in polynomial time can be changed to a PAExact-learning algorithm that runs
in polynomial time, asks equivalence queries with a deterministic hypothesis and outputs a
hypothesis that achieves error 1/2poly(If ).

Our algorithm uses a new booster. Our booster starts from a deterministic hypothesis h
that η approximates the target f and after polynomial number of equivalence queries builds a
new deterministic hypothesis h′ that η/2 approximates the target.

3.2 PAC and PExact

The result in [BG02] implies that if C is PAC-learnable then it is PExactR-learnable under
any bounded poly-bit distribution. Our result in this paper shows that if the class C is PAC-
learnable then it is PExact-learnable under any bounded poly-bit distribution.

In [BJT02] it is shown that if the learner is deterministic then PExact-learnable is equivalent
to Exact-learnable. A recent result of Owshanko in [O03] shows that PExact-learnable is
equivalent to Exact-learnable even with randomized learner. The proof is based on building
a set of distributions that are not bounded poly-bit and showing that any PExact learning
algorithm that learns under any distribution from this set can be turned to Exact learning
algorithm with the same complexity. This shows that our result (that is mentioned in the
previous paragraph) cannot be extended to nonbounded poly-bit distributions.

3.3 Error rate in PAExact and Lower bound

It is shown in [BG02] that if C is PAC-learnable (in polynomial time) with constant error and
sample of size V , then C is PAExactR-learnable (in polynomial time) with an algorithm that
after d equivalence queries achieves a hypothesis with error

η =
1

2
min

(
d

1
6 ,( d

V )
1
5

) .

In this paper we show that C is PAExact-learnable (in polynomial time) with an algorithm
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that uses deterministic hypotheses and achieves a hypothesis with error

η =
1

2
Õ

(
( d

V )
1
3

) .

We then give a lower bound. We show that for every integer k there is a class C with VC-
dimension VC = k such that any PAExact-learning algorithm with unlimited computational
power that learns C over the uniform distribution and uses d equivalence queries will with
probability at least 1/2 achieves error at least

η ≥ 1

2
Θ

(
d

VC

) .

A challenging open problem is to close the gap between the upper and the lower bound.

3.4 The PP model

It is known that the Online and the Exact learning models are equivalent [A88, L88]. In the
same way as in [A88, L88] one can prove that learning in the PAExact model implies learning
in the PP model. In particular, if a class C is η-PAExact-learnable in polynomial time then
C is η-PP-learnable in polynomial time. It is not known whether η-PP-learnable implies η-
PAExact-learnable. The reason is that the learner in the PP model may take advantage of the
correct predictions (that are not counted in the complexity) to improve the hypothesis after
each trial. This feature is missing in the PAExact model.

It follows from the latter result that if a class is PAC-learnable in polynomial time then it is
learnable in the Probabilistic Prediction model from examples with an algorithm that runs in
polynomial time for each prediction (polynomial in log(the number of trials t) or polynomial in
the number of mistakes d) and that after polynomial number of mistakes achieves a hypothesis
that predicts the target with probability 1− 1/2poly(If ).

In the Probabilistic Prediction model, Haussler et. al. in [HLW94] gave a double exponen-
tial time algorithm (in d) for any class C that achieves error

η ≤ 1

2
O

(
d

VC

) .

They also gave an exponential time algorithm that achieves error

η ≤ 1

2
O

((
d

VC

)1/2
)

assuming that the consistent hypothesis problem for C (find a hypothesis h ∈ C that is
consistent with the sample) can be solved in polynomial time. It follows from [BG02] that
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if the consistent hypothesis problem for C can be solved in polynomial time then there is a
Probabilistic Prediction learning algorithm that runs in polynomial time and achieves error

η =
1

2
min

(
d

1
6 ,

(
d

VC

) 1
5

) .

Our PAExact-learning algorithm in this paper gives a PP-learning algorithm that runs
in polynomial time (assuming that the consistent hypothesis problem for C can be solved in
polynomial time) and achieves error

η ≤ 1

2
Õ

((
d

VC

)1/3
) .

4 The New Booster

In this section we give our new booster and prove its correctness. In Subsection 4.1 we show
how to start from a hypothesis that approximates the target function f and refine it to get a
better one. In Subsection 4.2 we give the main algorithm and prove its correctness.

4.1 Refining The Hypothesis

We will first give a booster that takes a hypothesis that η-approximates the target and builds
a new hypothesis that η/2-approximates the target.

Let A be a PAC-learning algorithm that learns the class C in polynomial time from
mA(ε, δ, If ) examples. Let h0 be a hypothesis such that

Pr
D

[f 6= h0] ≤ η. (1)

Our booster learns a sequence of hypotheses H = h1, h2, h3, . . . , hk and then uses this sequence
to build the refined hypothesis.

We start with the following notation. Let

H∧
j =

{
1 j = 1

h1 ∧ · · · ∧ hj−1 j > 1
and H∨

j =

{
0 j = 1

h1 ∨ · · · ∨ hj−1 j > 1
.

Let
Hj = h0H

∧
j ∨ h0H

∨
j and Gj = h0H

∧
j ∨ h0H∨

j .

Notice that

Hj =

{
H∧

j h0 = 0
H∨

j h0 = 1
and Gj =

{
H∧

j h0 = 0
H∨

j h0 = 1
. (2)
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Learnh (j, ε, δ)

1) Set m ← mA(ε/2, δ, If ); r0 ← 0; rj ← 0.
2) For i ← 1 to m
3) Flip a fair coin →result
4) If result=“Head” Then
5) Repeat EQD(h0) → (xi, f(xi)); r0 ← r0 + 1;
6) Until Gj(xi) = 1 or r0 = 4m.
7) Else
8) Repeat EQD(Hj) → (xi, f(xi)); rj ← rj + 1;
9) Until Gj(xi) = 1 or rj = 4m.
10) If r0 = 4m Then Return(hj ≡NULL, h ≡ h0)
11) If rj = 4m Then Return(hj ≡NULL, h ≡ Hj)
12) S ← S ∪ {(xi, f(xi))}.
13) Run A with examples S → hj

14) Return(hj , h ≡NULL)

Figure 1: The algorithm Learnh(j, ε, δ) learns the jth function in the sequence H.

Now we show how the booster learns hj from h1, h2, . . . , hj−1. The booster runs the proce-
dure Learnh(j, ε, δ). See Figure 1. This procedure either returns a refined hypothesis h (see
steps 10 and 11 in Learnh) or returns the next hypothesis hj in the sequence H (see step 14
in Learnh). In the former case hj =NULL indicating that hj−1 is the last function in the
sequence H and then H = h1, h2, . . . , hk for k = j − 1. In the latter case a new function hj

is generated in H. We will show that for some ε = 1/poly(log(1/η)) and k = poly(log(1/η)),
either h0 or Hk or Hk+1 (this depends where the algorithm returns in the last call for Learnh.
In step 10, 11 or 14, respectively) is an η/2-approximation of f .

Before we give a formal proof, we give some intuition. The hypotheses that the booster
generates are used to build a branching program BH. This branching program is described in
Figure 2.

The branching program BH has internal nodes labeled with the hypothesis hi and unlabeled
leaves. The labels zi,j and z′i,j are names assigned to the internal nodes and leaves, respectively.
Each x ∈ X corresponds to a computation path in BH. The computation path start from the
root z0 and for each node z that it arrives to that is labeled with h, it follows the edge that
is labeled with 0 if h(x) = 0 and follows the edge that is labeled with 1 otherwise. Each
computation path ends in some leaf. For each node z we define Xz the set of points in X that
arrive to z. That is, its computational path contains the node z. Define

X(ξ)
z = {x ∈ Xz | f(x) = ξ}.
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Figure 2: The branching program BH that Learnh builds

It is easy to see that

P1. If we label the leaves of BH in the following way we get Hj+1: For i = 2, . . . , j + 1, assign
the label 0 to z′i,0 and zj+1,1 and 1 to z′i,1 and zj+1,0.

P2. If we label the leaves of BH in the following way we get h0: For i = 2, . . . , j + 1, assign
the label 0 to z′i,0 and zj+1,0 and 1 to z′i,1 and zj+1,1.

P3. We have Gj+1(x) = 1 if and only if the computation path of x ends at zj+1,0 or zj+1,1.

P4. For points that satisfy Gj+1(x) = 1 we have Hj+1(x) = h0(x).

To get to the intuition we promised, we added another figure.

In Figure 3 for each node z we assigned two values (p(0)
z , p

(1)
z ). Our goal will be to show

that with high probability,

p(0)
z ≥ Pr

D
[X(0)

z ] and p(1)
z ≥ Pr

D
[X(1)

z ]. (3)

Notice now that when we label a leaf z in BH with constant ξ ∈ {0, 1} it will contribute error

PrD[Xξ
z ] ≤ p

(ξ)
z to the final hypothesis. Therefore, assuming (3) is true, if we label z′i,0 with 0,

z′i,1 with 1, zj+1,0 with 1 and zj+1,1 with 0, we get error at most 2(jεη + εj). By property (P1)
this labeling gives Hj+1. Therefore 2, if (3) is true, then

Pr
D

[f 6= Hj+1] ≤ 2(jεη + εj).

2Our proof uses slightly different approach and achieve error jεη + εj .
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Figure 3: For every node z we have a pair (p(0)
z , p

(1)
z ) where p

(0)
z (respectively, p

(1)
z ) is the weight

of the set of positive (respectively, negative) points that arrives at node z.

Now, for appropriate 1/ε and j that are polynomial in log(1/η) this error is less than η/2.

The question remains: How to guarantee such pair of values (p(0)
z , p

(1)
z )? After learning

h1, . . . , hj−1, the algorithm tries to learn the target function over the domain of all points that
arrives at nodes zj,0 and zj,1 with the same distribution D projected on those points and that
is normalized to give equal weight (weight 1/2) to the set of such points x with h0(x) = 1
and the set of such points with h0(x) = 0. As we mentioned in property (P3), points that
arrives at nodes zj,0 and zj,1 are exactly the points that satisfies Gj(x) = 1. Therefore Learnh
accepts only counterexamples that satisfy Gj(x) = 1 (see steps 6 and 9). To achieve equal
probability distribution weight for points with h0(x) = 0 and h0(x) = 1 the algorithm with
probability 1/2 asks EQD(Hj), which is by property (P4) equivalent to EQ(h0) for points x
that satisfy Gj(x) = 1, and with probability 1/2, asks EQD(h0). If the algorithm succeeds to
learn hj , then this hypothesis (as we will show in the proof) will refine the bounds (p(0)

zj,0 , p
(1)
zj,0)

to (εp(0)
zj,0 , p

(1)
zj,0) and (p(0)

zj,0 , εp
(1)
zj,0) in the children nodes.

One final question remains to be answered: What happen if the booster cannot receive
enough points that ends in zj,0 and zj,1, i.e., points that satisfy Gj(x) = 1? This happens when
all the counterexamples comes from the other leaves. In this case we know that the weight of
the points that arrive at leaves zj,0 and zj,1 is less than the weight of the counterexamples in
the other leaves which is at most 2jεη. Then the total error of this hypothesis, whether it is
Hj in step 8 or h0 in step 5, is at most 4jεη which is again less than η/2 for j, 1/ε = poly(1/η).
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So either we learn hj+1 and then Hj+1 achieves error at most 2(jεη + εj) or no more
examples can be achieved and then Hj or h0 (depends in which step the algorithm cannot get
more examples) achieves error at most 4jεη. For 1/ε, j = poly(1/η) the error in both cases is
less than η/2.

We now formalize all the above with a slight modification. For the analysis of the algorithm
we define three values: For j ≤ k

wj = Pr
D

[h0H
∧
j hj = 1, f = 1] + Pr

D
[h0H∨

j hj = 1, f = 0]

uj = Pr
D

[h0H
∧
j+1 = 1, f = 0] + Pr

D
[h0H∨

j+1 = 1, f = 1]

vj = Pr
D

[h0 H∧
j+1 = 1, f = 1] + Pr

D
[h0H

∨
j+1 = 1, f = 0]

Notice that
wj = Pr

D

[
X

(1)
z′j+1,0

∪X
(0)
z′j+1,1

]
, uj = Pr

D

[
X(0)

zj+1,0
∪X(1)

zj+1,1

]

and

vj = Pr
D




j+1⋃

i=2

X
(1)
z′i,0

∪
j+1⋃

i=2

X
(0)
z′i,1


 .

We start by proving the following

Property 1 We have

1. u0 ≤ 1.

2. vj =
∑j

i=1 wi.

3. PrD[f 6= Hj+1] = uj + vj.

Proof. We have u0 = PrD[f = h0] < 1 which follows 1. Now

vj = Pr
D

[h0 H∧
j+1 = 1, f = 1] + Pr

D
[h0H

∨
j+1 = 1, f = 0]

=
j∑

i=1

(Pr
D

[h0H
∧
i hi = 1, f = 1] + Pr[h0H∨

i hi = 1, f = 0])

=
j∑

i=1

wi.

This follows 2. Finally we have: By (2)

Pr
D

[f 6= Hj+1] = Pr
D

[f 6= Hj+1, h0 = 0, f = 0] + Pr
D

[f 6= Hj+1, h0 = 1, f = 1] +

Pr
D

[f 6= Hj+1, h0 = 0, f = 1] + Pr
D

[f 6= Hj+1, h0 = 1, f = 0]

= Pr
D

[h0H
∧
j+1 = 1, f = 0] + Pr

D
[h0H∨

j+1 = 1, f = 1] +

Pr
D

[h0 H∧
j+1 = 1, f = 1] + Pr

D
[h0H

∨
j+1 = 1, f = 0]

= uj + vj .

12



and this follows 3.2

We now prove the following Claims

Claim 4.1 For every j, with probability at least 1− δ we have

wj ≤ εη and uj ≤ εuj−1.

Claim 4.2 With probability at least 1− jδ we have: For all i ≤ j,

wi ≤ εη, ui ≤ εi, vi ≤ iεη

and
Pr
D

[f 6= Hi+1] ≤ iεη + εi.

Claim 4.3 If PrD[f 6= h0] > 2(j−1)εη then the probability that Learnh(j, ε, δ) returns h ≡ h0

is less than jδ.

Claim 4.4 If PrD[f 6= Hj ] > 2(j − 1)εη then the probability that Learnh(j, ε, δ) returns
h ≡ Hj is less than jδ.

The first and the second Claim give bounds for wi, ui and vi and show that with high
probability the error of the hypothesis Hj+1 is less than jεη + εj . The other two claims show
that if the algorithm stops in steps 10 or 11 then with high probability the hypothesis h0 or
Hj , respectively, achieves error at most 2(j−1)εη. In the next subsection we will choose j and
ε such that those errors are less than η/2.

We now prove the claims

Proof of Claim 4.1. When Learnh learns hj it asks with probability 1/2, EQD(h0) and with
probability 1/2, EQD(Hj) and takes only points xi that satisfies Gj(xi) = 1 (see steps 5-6 and
8-9 in Learnh). Let Dj be the probability distribution of xi. Since the events f 6= h0, Gj = 1
and f 6= Hj , Gj = 1 are disjoint (take two cases f = 0 and f = 1 and use (2) or see property
P4) and since the algorithm takes mA(ε/2, δ, If ) examples to learn hj , with probability at least
1− δ we have

ε

2
≥ Pr

Dj

[f 6= hj ]

=
1
2

Pr
D

[f 6= hj |f 6= h0, Gj = 1] +
1
2

Pr
D

[f 6= hj |f 6= Hj , Gj = 1] (4)

By (1) (2) and (4) we have

ε ≥ Pr
D

[f 6= hj |f 6= h0, Gj = 1]

=
PrD[f 6= hj , f 6= h0, Gj = 1]

PrD[f 6= h0, Gj = 1]

≥ PrD[h0H
∧
j hj = 1, f = 1] + PrD[h0H∨

j hj = 1, f = 0]
η

=
wj

η
.

13



Therefore wj ≤ εη.

By (4) and (2) we have

ε ≥ Pr
D

[f 6= hj |f 6= Hj , Gj = 1]

=
PrD[f 6= hj , f 6= Hj , Gj = 1]

PrD[f 6= Hj , Gj = 1]

=
PrD[h0H

∧
j+1 = 1, f = 0] + PrD[h0H∨

j+1 = 1, f = 1]

PrD[h0H∧
j = 1, f = 0] + PrD[h0H∨

j = 1, f = 1]
=

uj

uj−1
.

Therefore uj ≤ εuj−1. 2

Now the proof of Claim 4.2 follows from Property 1 and Claim 4.1.

Proof of Claim 4.3. We have

Pr
D

[Gj = 0|f 6= h0] =
PrD[Gj = 0, f 6= h0]

PrD[f 6= h0]

=
PrD[h0 H∧

j = 1, f = 1] + PrD[h0H
∨
j = 1, f = 0]

PrD[f 6= h0]

≤ vj−1

2(j − 1)εη

By Claim 4.2, with probability at least 1− (j − 1)δ

Pr
D

[Gj = 0|f 6= h0] ≤ 1
2
.

Suppose Learnh calls the equivalence query EQD(h0), 4m times. Let Xr be a random variable
that is equal to 1 if the rth call of EQD(h0) returns a counterexample x′ such that Gj(x′) = 0
and Xr = 0 otherwise. Then

E[Xr] = Pr
D

[Gj = 0|f 6= h0] ≤ 1
2
.

If Learnh(j, ε, δ) outputs h0 then since the algorithm makes at most m coin flips (see steps
2-3 in Learnh) we have

4m∑

i=1

Xi ≥ 3m.

Now given that {Xr}r are independent random variables and E[Xr] ≤ 1/2 and using Chernoff
bound we have

Pr[Learnh(j, ε, δ) outputs h0] = Pr

[
4m∑

i=1

Xi > 3m

]

≤ Pr

[∑4m
i=1 Xi

4m
≥ E[Xr] +

1
4

]

≤ e−(m/4) ≤ δ

14



Refine (h0, k, ε, δ)

1) j ← 0
2) Repeat
3) j ← j + 1
4) Learnh(j, ε, δ/(3k2)) → (hj , h)
5) Until j = k or hj =NULL
6) If j = k Then h ← Hk+1

7) Return(h).

Figure 4: A PAExact-learning algorithm that refine h0

The later inequality follows because m ≥ 4 ln(1/δ). Therefore, the probability that Learnh(j, ε, δ)
outputs h0 is at most jδ.2

Proof of Claim 4.4: We have

Pr
D

[Gj = 0|f 6= Hj ] =
PrD[Gj = 0, f 6= Hj ]

PrD[f 6= Hj ]

=
PrD[h0H

∨
j = 1, f = 0] + PrD[h0 H∧

j = 1, f = 1]
PrD[f 6= Hj ]

≤ vj−1

2(j − 1)εη
.

Then the proof is exactly the same as the proof of Claim 4.3.2

We now can build the procedure that refines the function h0. In Figure 4 the procedure
Refine runs Learnh at most k times. It stops running Learnh and output a refined hypothesis
if one of the following happen:

1. The function hj is equal to NULL and then it outputs either h0 or Hj (depends what is
h).

2. We get j = k and then it outputs Hk+1.

We now prove

Lemma 1 Suppose PrD[f 6= h0] ≤ η and h = Refine(h0, k, ε, δ). Then with probability at
least 1− δ we have

Pr
D

[f 6= h] ≤ max(kεη + εk, 2kεη).

Proof. Let H = h1, h2, . . . , ht, t ≤ k be the sequence of hypotheses generated by Learnh.
Let δ′ = δ/(3k2). We want to measure the probability that the algorithm fails to output a

15



hypothesis h that η′-approximates f where η′ = max(kεη + εk, 2kεη). This happen if and only
if one of the following events happen:

[A1] For some j = t ≤ k, Learnh(j, ε, δ′) outputs h ≡ h0 and PrD[f 6= h0] ≥ η′.

[A2] For some j = t ≤ k, Learnh(j, ε, δ′) outputs h ≡ Hj and PrD[f 6= Hj ] ≥ η′.

[A3] We have t = k and PrD[f 6= Hk+1] ≥ η′.

Now since for j = 1, . . . , k we have

2(j − 1)εη ≤ 2kεη ≤ η′,

by Claim 4.3

Pr[A1] ≤ Pr[∃ 1 ≤ j ≤ k : Learnh(j, ε, δ′) outputs h ≡ h0 and PrD[f 6= h0] ≥ 2(j − 1)εη]

≤
k∑

j=1

jδ′ ≤ k2δ′ =
δ

3

In the same way one can prove

Pr[A2] ≤ δ

3
.

Now since
kεη + εk ≤ η′,

by Claim 4.2

Pr[A3] ≤ Pr[Pr
D

[f 6= Hk+1] > kεη + εk]

≤ kδ′ ≤ δ

3
.

Therefore, the probability that the algorithm fails to output a hypothesis that η′ approximates
f is less than δ.2

4.2 The Algorithm and its Analysis

We are now ready to give the PAExact-learning algorithm. We will first give the algorithm
and prove its correctness. Then we give the analysis of the algorithm’s complexity.

Let A be a PAC-learning algorithm that learns C in polynomial time and mA(ε, δ, If )
examples. In Figure 5, the algorithm PAExact-Learn(η, δ) defines

ε =
log log 1

η

16 log 1
η

, δ′ =
δ

6 log 1
η

and k =

⌈
2 log 1

η

log log 1
η

⌉
. (5)

The algorithm first runs A to get some hypothesis h0. Then it runs Refine dlog(1/η)e times.
We will prove the following
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PAExact-Learn (η, δ)

1) Set ε ← log log 1
η

16 log 1
η

, δ′ ← δ
6 log 1

η

, k ←
⌈

2 log 1
η

log log 1
η

⌉
.

2) Run A with mA(ε, δ′, If ) examples → h0

3) For t ← 1 to
⌈
log 1

η

⌉

4) h0 ← Refine(h0, k, ε, δ′)
5) Output(h0)

Figure 5: An PAExact-learning algorithm that learns the class C with error η and confidence δ.

Theorem 1 (Correctness) Algorithm PAExact-Learn(η, δ) learns with probability at least
1− δ a hypothesis that η-approximates f .

Proof. Let h
(0)
0 , h

(1)
0 , . . . , h

(t)
0 , t = dlog(1/η)e be the functions learned in line 4 of the

algorithm. Here h
(0)
0 = h0 is the hypothesis that is learned in line 2 of the algorithm. We have

with probability at least 1− δ′

Pr[f 6= h
(0)
0 ] ≤ ε

and by Lemma 1 with probability at least 1− δ′ we have

Pr[f 6= h
(k)
0 ] ≤ max(kεη0 + εk, 2kεη0)

where PrD[f 6= h
(k−1)
0 ] = η0. Now since

kεη0 + εk ≤ η0 + η

4

and
2kεη0 ≤ η0

2
and since

max
(

η0 + η

4
,
η0

2

)
≤ max

(
η0

2
, η

)
,

we have

Pr
D

[f 6= h
(k)
0 ] ≤ max

(
PrD[f 6= h

(k−1)
0 ]

2
, η

)
.

Therefore, with probability at least 1− δ we have

Pr
D

[f 6= h
dlog(1/η)e
0 ] ≤ η.
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This completes the proof of the Theorem.2

For the analysis of the algorithm we first give a very general Theorem and then apply it to
different settings.

Theorem 2 (Efficiency) Algorithm PAExact Learn(η, δ) uses

16 log2 1
η

log log 1
η

mA




log log 1
η

32 log 1
η

,

(
log log 1

η

)2
δ

72 log3 1
η

, If




equivalence queries.

Proof. We will use the notations in (5). Algorithm PAExact Learn(η, δ) calls the pro-
cedure Refine(h0, k, ε, δ′), dlog(1/η)e times. The procedure Refine (h0, k, ε, δ′) calls the pro-
cedure Learnh (j, ε, δ′/3k2), k times and the procedure Learnh(j, ε, δ′/3k2) calls the example
oracle at most 8mA(ε/2, δ′/(3k2), If ) times. This follows the result.2

It follows from Theorem 2

Theorem 3 If C is PAC-learnable with error 1
2 − γ and confidence λ with sample of size V0,

then C is PAExact-learnable with

d(δ, η) = O

(
w log

1
δ

+
V0w

γ2
log2 V0w

γ2

)
,

equivalence queries where

w =
32 log3 1

η(
log log 1

η

)2

and time polynomial in d and 1/λ. In particular, if X is countable and mD 6= 0 then C is
PExact-learnable with d(δ,mD) equivalence queries and time polynomial in d and 1/λ.

Proof. We use Corollary 3.3 in [F95]. It shows that if C is PAC-learnable with error 1
2 −γ

and confidence λ with sample of size V0 then it is PAC-learnable with error ε and confidence
1− δ with sample of size

mA(ε, δ, If ) = O

(
1
ε

log
1
δ

+
V0

εγ2
log2 V0

εγ2

)
.

Let

ε =
log log 1

η

32 log 1
η

and δ′ =

(
log log 1

η

)2
δ

72 log3 1
η

.

Then by Theorem 2, C is PAExact-learnable with

16 log2 1
η

log log 1
η

c1

(
1
ε

log
1
δ′

+
V0

εγ2
log2 V0

εγ2

)
= c2

(
w log

1
δ′

+
V0w

γ2
log2 V0

εγ2

)

18



≤ c2

(
w log

1
δ′

+
V0w

γ2
log2 V0w

γ2

)

≤ c3

(
w log

1
δ

+
V0w

γ2
log2 V0w

γ2

)

equivalence queries, for some constants c1, c2 and c3.2

We now prove our main result

Corollary 1 If C is PAC-learnable with error 1
2 − γ and confidence λ with sample size V0,

then for some constants c and c′, C is PAExact-learnable (respectively, PP-learnable) with an
algorithm that with probability at least

1− d
−c′ V0

γ2 log d

after d equivalence queries (respectively, mistakes) outputs a deterministic hypothesis that
achieves error at most (respectively, fails to predict the target with probability at most)

η = 2
−c

(
γ2d

V0 log2 d

) 1
3

log
2
3

(
γ2d

V0 log2 d

)
.

In particular, for d
log2α d

>
(

V0
γ

)α
, α > 1,

η ≤ 2
−cα

(
γ2d
V0

) 1
3

,

for some constant cα that depends on α.

For classes that are PAC-learnable with constant γ and O(VC) examples, where VC is the
VC-dimension of the class, if for some constant α > 1 d > V α

C then

η ≤ 2
−O

((
d

VC

) 1
3

)

.

Proof. We use Theorem 3 with

d = c2
V0w

γ2
log2 V0w

γ2
and d = c1w log

1
δ
, (6)

for some constants c1 and c2. Now the first equation gives

32 log3 1
η

log log 1
η

= w = c3
γ2d

V0 log2 d

for some constant c3 and therefore the error is

η ≤ 2
−c

(
γ2d

V0 log2 d

) 1
3

log
2
3

(
γ2d

V0 log2 d

)
,
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for some constant c. The second equation in (6) gives

δ = d
−c′ V0

γ2 log d
,

for some constant c′. This completes the proof of the first part of the Corollary.

Now suppose d
log2α d

>
(

V0
γ

)α
. Then

c

(
γ2d

V0 log2 d

) 1
3

log
2
3

(
γ2d

V0 log2 d

)
= c

(
γ2d

V0

) 1
3


1−

log V0 log2 d
γ

log d




2
3

≥ c

(
γ2d

V0

) 1
3

(1− α−1)
2
3 .2

5 Lower Bound

In this section we prove the following lower bound

Theorem 4 There is a class C of VC-dimension VC such that any PAExact-learning algorithm
that uses at most d equivalence queries with randomized hypotheses will, with probability at least
1/3, outputs a hypothesis that its error is at least

ηd = 2
−c

(
d

VC

)

for some constant c.

First note that this result is not true for all classes of VC-dimension V . In particular, let
FV be the class of all the functions f : {1, 2, · · · , V } → {0, 1}. The VC-dimension of this class is
V . For this class it is easy to see that the algorithm that builds a table for f(1), f(2), . . . , f(V ),
under any distribution after d < V equivalence queries achieves error (with high probability)
at most (V − d)/V and after V equivalence query achieves error 0 (with probability 1).

We now prove the Theorem

Proof of the Theorem: To prove the Theorem we give an adversary strategy for answer-
ing the equivalence queries such that for any strategy of the learner, with probability at least
1/2, after d randomized equivalence queries there are still two hypotheses h1 and h2 consistent
with all the answers and

Pr[h1 6= h2] ≥ 2ηd.

This shows that for any output hypothesis h one of the possible target hypotheses h1 or h2

have error at least ηd.

We will first prove the Theorem for a class of VC-dimension VC = 1. The class is defined
as follows: Let X = [0, 1] = {x | 0 ≤ x ≤ 1} and D the uniform distribution over [0, 1]. The
concept class is

Ray = {fa | a ∈ [0, 1]}
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where fa(x) = [x > a]. I.e., fa(b) = 1 if b ≥ a and 0 otherwise.

At any stage of the algorithm the adversary holds a set of all the previous counterex-
amples N ∪ P where N is the set of negative counterexamples and P is the set of positive
counterexamples. Let

mN = max
(q,0)∈N

q and mP = min
(p,1)∈P

p.

Now the adversary strategy is as follows: For the next equivalence query EQ(hr) the adversary
run the following procedure:

1. While (True) do

2. Randomly uniformly choose x′ ∈ [0, 1].

3. Randomly uniformly choose r.

4. y′ ← hr(x′).

5. If y′ = 1 and x′ ≤ mN then return(x′, 0).

6. If y′ = 0 and x′ ≥ mP then return(x′, 1).

7. If mN < x′ < mP then return(x′, y′).

In this procedure the adversary chooses x′ and r randomly uniformly to compute hr(x′). Any
consistent hypothesis fa with N ∪ P is 0 for x ≤ mN and 1 for x ≥ mP . Therefore, if y′ = 1
and x′ ≤ mN then the adversary must return (x′, 0) (step 5) and if y′ = 0 and x′ ≥ mP then
the adversary must return (x′, 1) (step 6). In both cases the learner does not gain any new
information about the target. If mN < x′ < mP then the adversary returns (x′, y′).

Now if Xi is the random variable mP −mN after the i-th randomized equivalence query
and Yi is randomly uniformly chosen from [0, Xi] then X0 = 1 and

Xi+1 ≥ min(Yi, Xi − Yi).

In the next Lemma we show that

Pr[Xd ≥ 2−3d] ≥ 1
2
.

Therefore with probability at least 1/2, after d equivalence queries, we have mP − mN ≥
2−3d. Since fmP and fmN+ξ (for any small ξ) are possible hypotheses (consistent with all the
counterexamples) and since Pr[fmP 6= fmN+ξ] = mP −mN ≥ 2−3d the result for VC-dimension
1 follows.

Now we show the lower bound for any VC-dimension. Let

RayV = {fa | a ∈ [0, 1]V }
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where fa : {1, 2, · · · , V } × [0, 1] → {0, 1} and

fa(k, x) =

{
1 xk > ak

0 otherwise
.

Obviously, the VC-dimension of RayV is V . Let D be the uniform distribution over {1, 2, . . . , V }×
[0, 1]. Now the adversary uses the same strategy as before for each subdomain {i} × [0, 1].
Suppose that after d equivalence queries we have di counterexample in the subdomain Ri =
{i}× [0, 1]. The distribution of each Ri is 1/V and the induced distribution of D over Ri is the
uniform distribution. Therefore, the error that the i-th interval contributes is, with probability
at least 1/2, at least

ηi ≥ 2−3di/V

where di are the number of counterexample obtained in Ri. We now will assume w.l.o.g that
d1 ≤ d2 ≤ · · · ≤ dV and V is even. Since

∑
i di = d we have

d1 ≤ 2d

V
, . . . , dV/2 ≤

2d

V
.

Therefore for each 1 ≤ i ≤ V/2, with probability at least 1/2

ηi ≥ 2−3di

V
≥ 2−6 d

V

V
. (7)

Now take the random variable E =
∑V/2

i=1 Ei where Ei is 1 if (7) is not true and 0, otherwise.
By Markov inequality on E with probability 1/3, V/8 of the ηis satisfies (7). Therefore, with
probability at least 1/3 the total error is

V/2∑

i=1

ηi ≥ V

8
2−6 d

V

V
≥ 2−6 d

V
−3.

This completes the proof for any VC-dimension.2

It remains to show

Lemma 2 Let X0, Y0, X1, Y1, . . . , Xd, Yd be random variables such that X0 = 1, Yi is randomly
uniformly chosen from the inteval [0, Xi] and

Xi+1 = min(Yi, Xi − Yi).

Then there is a constant c such that

Pr
[
Xd ≥ 2−3d

]
≥ 1

2
.

Proof. Consider the random variables Zi = Xi/Xi−1 and Wi = Yi/Xi. Then Wi is a random
uniform value in the interval [0, 1], W0, . . . ,Wd are independent random variables and

Zi+1 =
Xi+1

Xi
= min

(
Yi

Xi
, 1− Yi

Xi

)
= min(Wi, 1−Wi).
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are also independent. Consider

Z =
d∏

i=1

Z
−1/2
i = X

−1/2
d .

Then

E[Z] =
d∏

i=1

E[Z−1/2
i ] =

d∏

i=1

∫ 1

0
min(w, 1− w)−1/2dw = 21.5d.

By Markov Inequality we have

Pr[Xd ≤ 22−3d] = Pr[X−1/2
d ≥ 2−121.5d]

= Pr[Z ≥ 2−1E[Z]]

≤ 1
2
.

Therefore Pr[Xd ≥ 2−3d] > 1/2.2

6 Open Problems

In this section we give some open problems

1. For PExact-learnability we showed the following bounds on the error

1

2
Θ

(
d

VC

) ≤ η ≤ 1

2
O

((
d

VC

)1/3
) .

Tighten the gap between the lower and upper bounds.

2. Does PP-learnable = PAExact-learnable?

3. Show that DNF is PAExact-learnable under the uniform distribution with membership
queries.
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