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ABSTRACT

We consider the quadratic complexity of certain sets of quadratic forms. We study classes of
direct sums of quadratic forms. For these classes of problems we show that the complexity of one
direct sum is the sum of the complexities of the summands and that every minimal quadratic algo-
rithm for computing the direct sumsis a direct-sum algorithm.
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1. INTRODUCTION

Let F beafield, for X = (X1, ...,% )" let F [X] bethering of polynomialsinXq, ..., X, over
thefield F,and z=(Z1, . ..,% )" bevectors of indeterminates. Let Q* = (Q4, ..., Q¢) O F [x]X be

a vector of quadratic forms on X1, . . ., X, over the field F. The quadratic system defined by QX is the
k

polynomial Q*z = .ZlQi z OF [X,z]. A quadratic algorithm that computes the quadratic system Q*z
1=

with multiplicative complexity L is a set of triples{ (g (z),b;j (x),¢ (X))} of size L, where g; , b;

and ¢; are linear forms of the corresponding variables, and

QXz=iZa(z)bi(x)ci(x). 0



The minimal integer L in which (1) holdsis denoted by L (Q*z) and then the quadratic algorithm is said
to be minimal. It is known from [S1] that, when F is an infinite field, then L (Q*z) isthe complexity of
Q*z by means of straight-line algorithms.

Let Y= (Y1, ...,Ym)" be a vector of indeterminates and let Q*Y= (Q'1,...,Q') O
F [x,y]¥ be avector of bilinear forms on X and y. A bilinear algorithm that computes the bilinear sys-
tem Q*Yz with multiplicative rank R is a set of triples { (& (z),bi (X),¢ (y))} of size R where

g; ,b; and ¢; arelinear forms of the corresponding variables, and

R
Q2= 3 a (2)bi(x)c (y). @)
The minimal integer R for which (2) holdsis denoted by R (Q*¥z). In [J1]" it was shown that
L (QWz) SR (QWz) <2L (Q¥2).
Since (1) and (2) uniquely determine the algorithms, for simplicity, we shall say that (1) and (2) are

the quadratic and bilinear algorithm, respectively.
The direct sum of two quadratic systems Q£ z and Q& z (respectively, two bilinear systems Q{Y z
and QXY z) , denoted by QXz @ QX z (respectively, QfYz@Q¥Yz), is Q1*z; + Q322 (respectively,

Q1Y1z;+Q5?Y2z, ) whereX; ,Vi ,z ,i = 1,2 aredistinct vectors of indeterminates. It is obvious that

R (Q{Y28Q3Y2)<R (Q{V2)+R (Q3Y2),
L (Q¥z@Q¥z)sL (Qfz)+L (Q3z).
When equality holds for R (respectively, for L ) for any bilinear system QXY z (respectively, quadratic

system Q%) , then we say that Q{"Y z satisfies the direct sum conjecture , in short DSC, [S1], (respec-

tively, then we say that Q{ z satisfies the extended direct sum conjecture, in short EDSC).

We say that Q{"Y z satisfies the direct sum conjecture strongly, in short DSCS, [W3] (respectively,

Q{ z satisfies the extended direct sum conjecture strongly, in short EDSCS) if for any bilinear system
Q57"2z, (respectively, every quadratic system Q5?7,), every minimal bilinear agorithm for

Q1121+ Q2?2 2, (respectively, every quadratic algorithm for Q1 z; + Q32 2y) is of the form

L
1 Obviously, quadratic algorithms can also compute bilinear systems, Q*Vz = >'a ()b (x,y)ci (X,y).
&
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R, R,
Q1121 +Qy?V2zp = i;ai (z1)bi (x1)ci (Y1) +i;a'i (z2)b'i(x2)c'i(y2)

(respectively,

Q1'z1+Q2°2, = :Zlai (zo)bi (X1)ci(x1) +ilzla'i (z2)b'i(x2)c'i(X2) ).
Here the first summand is a minimal bilinear algorithm for Qfl’yl Z, (respectively, quadratic algorithm for
Q12;) and the second is a minimal bilinear algorithm for Q32”2z, (respectively, quadratic algorithm for
Qﬁ(z Z5). In other words, every minimal algorithm for the direct sum system can be split into two algo-
rithms. The first algorithm is minimal for the first system and the second algorithm is minimal for the
second system.

Considerable attention has been given to the question of whether or not the direct sum conjecture
properties are true for various systems. If we replace the ground field F by aring R, then the results of
Schonhage in [Sh] show that, when R is not an integral domain, the direct sum conjecture is not true. In
the literature, the DSC, DSCS and EDSC properties have been proved for afew bilinear and quadratic sys-
tems. For details see [AFW], [ASY], [FW], [FZ], [Gr3], [Gr4], [JT1], [Mi] and [W3].

In this paper we define large classes of bilinear and quadratic forms and prove the direct sum conjec-

ture properties for them.

2. NEW RESULTS

We will begin this section with some notation and definitions.

Let F beafidddand let X = (X1,...,%X, ) andy =(Y1,...,Ym )" be vectors of indeterminates.
Let Q%Y be a k-vector of bilinear forms. Then, Q%Y = (xTAyy, ..., xTAcy) where A, are n xm-
matrices with entries from F . For the matrix Q (z) = zikzlAi Z , which we call the characteristic matrix
of Q*Y, we have

QWz=3K  (XTAY)z =xT(T¥1Az )y=xTQ (2)y.

We define row rank Q*Yz (respectively, col rank Q*Yz) to be the dimension of the linear space

over F spanned by the rows of Q (z) (respectively, columnsof Q (z)) and

rank Q*Yz= max (col rank QXY z ,row rank Q*Y z).



Finally we denote the linear space of bilinear forms spanned by the entries of Q*Y with Span (Q*VY),

and itsdimension with dim Q*Y. Then

dim Span (Q*Y)=dim {Q*Yu |uOF"}=dim{Q(u) | ulOF"}.
In the remainder of the paper, we shall need the following definitions:

Definition | . For nonnegative integers T and r we denote by DS (T, ), the collection of bilinear sys-
tems Q*¥Yz such that: There exist integerst =S =T such that the following conditions hold:
(i)  For every basis {Qq,...,Q} of the linear space Span (Q*Y) there exist Q;j,...,Qj .
T+1<jj<k ,i=1,...,s—T,suchthat
rank ((Qu,...,Q¢,Qj,-...Q;.)2) =t,
whereZz= (z1,...,%)".
and
@ii) L ((Q*z)=dimQX*Y+t—-s+r.
It follows at once from definition | that if Q*Yz DS ( T,r ), then condition (i ) implies
(i") For every basis {Qq,...,Qk} of the linear space Span (Q*Y) there exist Qj,...,Qj.,

1<ji<k,i=1,...,s,suchtha

rank ((Qj,...,Q;)Z) =t
It iswell known (see, for example [BD1], [Fi], [FZ], [KB], [W2] and [W3]) that condition (i’ ) implies

L (Q*Yz)=dim Q*Y+t-s.
In the following we define a subset of DS (0, r ) which is of specia interest to the result of this
paper.
Definition Il . Let Q*YzO DS (0,r) with t and s of definition I. We say that Q' [0 Span (Q*VY) is
active if, for every basis {Qq, ...,Qx} of Span (Q*Y) that contains Q' , there exist Q;,, ..., Q,
1<ij<k,j=1,...,s suchthat

rank ((Q",Q.,....,Q.)Z)=t

whereZ= (zq,...,%)".
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Definition 111 . Let DS™ (r ) denote the collection of bilinear systems Q*Yz in DS ( 0, r ) which satisfy

the following conditions:

(i)  For every basis {Qq,...,Qx} of Span (Q*Y) there exists an active element Q; , 1<i;<Kk,
such that for every non-active element Q;,, 1<i <k, andevery f1,f, OF ,f1#0, we have
f1Qi,+f2Q, isactive.

(ii) For the integers t 2s=0 of definition | we have: For every basis {Qgq,...,Qx} of

an (QXY), thereexist s activeelements Q; , ..., Q;_, 1<ij <k, j =1,..., s, suchthat
1 s J J

rank ((Qi, -..,Q,)2) 2t,
whereZ=(21,...,2)".

Our main results are:

Theorem 1. If Q*YzODS (0,r ), then for any quadratic system Q*z, we have

L(Q*¥z@Q*z)=L (Q*Yz)+L (Q*z)-r.
In particular, if r =0, then Q*Yz satisfies the EDSC.

Theorem 2. If Q*YzUODS (1,0), then Q*Yz satisfies the EDSCS

Theorem 3. IfQ*YzODS (1,r ) ,r =1, then for any quadratic system Q*z, we have

L(QWYz@Q*z) =L (QWz) +L (Q*z)—(r -1).
In particular, if r =1, then Q*Y satisfies the EDSC.

Theorem 4. 1f Q*Yz[ODS" (0), then Q*Yz satisfies the EDSCS.

Theorem 5. 1fQ*YzODS" (r ) , r = 1, then for any quadratic system Q*z, we have

L (Q*z@Q*z)=L (Q*Yz) +L (Q*z) —(r —-1).
In particular, if r =1, then Q*Yz satisfies the EDSC.

Notice that the results in the theorems are independent of the integerst and S in definitions|, |1 and

[l.
Remark . Theorem 1-5 are also true for the bilinear complexity, R .

Examples of bilinear systemsin DS (1,0) include: bilinear systems Q*Y = (xT A'y) with single



bilinear form; bilinear systems Q*Yz that satisfy L (Q*Yz) = rank Q*Yzor L (Q*Yz) = dim QXY;
bilinear systems defined by polynomial multiplication and their dual systems; and bilinear systems defined

by the product of two polynomials, modulo a squarefree polynomial.

The set DS (1,1) includes: bilinear systems Q*Yz that satisfy L (Q*Yz)= rank Q*Yz+1 or
L (Q*Yz)=dim QXY +1; hilinear systems defined by the product of two quaternions; and bilinear sys-

tems defined by the product X Y and Y X of two 2 X 2 matrices.

Theset DS* (0) includes: bilinear systems defined by the product of two polynomials, modulo a fix
polynomial; bilinear systems Q*Yz that satisfy L (Q*¥Yz) < dim Q*Y +1; bilinear systems Q*¥Yz with
row rank Q*Yz=m, col rank Q*Yz=n and dim Q*Y=n m -3; hilinear systems defined by
the product XY and Y X of two quaternions; and bilinear systems defined by the product of two triangular

2 X 2 matrices.

Theset DS™ (1) includes: bilinear systems Q*Yz that satisfy L (Q*Yz)= dim Q*Y +2; bilinear
systems Q*Yz that satisfy rank Q*Yz<3 ; hilinear systems Q*Yz with row rank QXYz=m,
col rank Q*Yz=n and dim Q*Y=nm-4or n m—25; the bilinear system defined by the cross pro-
duct of two 3-dimensional vector; the hilinear system defined by the product of two elements in the Lie
algebra of 2% 2 matrices; and the bilinear system defined by the multiplication of two triangular 3% 3-

matrices.

For the next result we shall use the notation X, to denote the vector of indeterminates

(X1, ...,%, )7 of length n, and similarly for y,, and z,,.
Let Q = (Ay,...,Ac) beavector of N x m-matrices with entries from F , and let XJ QY be the
vector of bilinear forms (XdA1Ym, - . ., XnAx Ym ). The D -dual and T-dual systems of (XA QY ), are

(X7TQPyy ) and (X1, QT y, ) respectively, defined by

(X1QY¥m )z = (x]QPz¢ ) ym = (Y QT Xn ) z.
It follows that

QT=(Al,...,Al) and QP =(By,...,Bn),
where Bj aren Xk matrices, Bj =[A16 | --- | Ax& ] and{ g } isthe standard basisof F™.



Our main result for the bilinear complexity is:
Theorem 6. Let Q*YZ = (X1 Q Ym ) Zx be abilinear system. Then
(i) 1f (X7 Qym )z satisfies the DSCS (DSC), then so does each of the dual systems (X1 QPy )z,
and (X Q Yn ) Z«.

(i)  If for any bilinear system Q{*Y z we have

R ((X1QYm)z @ Qf¥Yz)2c+R (Q1¥z),
then for any bilinear systems, Q%Y z and Q%Y z, we have

R ((x1QPyk)zn @ Q¥¥Yz)2Cc+R (Q¥Y2),
R((xhQTyn)z @ Q¥¥z)=c+R (Q¥Yz).

Let A be an associative algebra of dimension k with a unit element 1, and let { a4, ...,ac} bea
basis of A. We denote by Q&Y =(Qpy, ..., Qk) the vector of bilinear forms defined by the product of

two elementsin A, i.e,

It has been shown in[FZ] that L (QA"Y z) does not depend on the chosen basis.

A beautiful result of Alder and Strassen in [ASt] states: For any quadratic system Q*z, we have
L(QAYz@®Q*z)=2dim A -t (A)+L (Q*2),
where t (A ) is the number of two-sided maximal ideds of A. If L (QXYz) =2dim A -t (A)
(respectively, R (QAYz) =2dim A -t (A)), then we say that the algebra is of minimal complexity
(respectively, minimal rank).

Denote the radical of A , i.e the maximal (two-sided) nilpotent ideal contained in A, by rad A . An
algebra A iscalled local if A /rad A isadivision algebra, and iscalled clean if A /rad A isfinite pro-
duct of division algebras. For a direct product of division algebras A = A1 X --- XA, we define Cp
(respectively, Rp) to be the number of A which are not of minimal complexity (respectively, of minimal
rank).

Our main results in the complexity of algebras are:



Corollary |
Let A beaclean algebra. Then for any quadratic system Q*z we have
L (QXYz@Q*2)=22dim A —Cajrada + L (Q*2).
Coroallary |1

Lee A =A1X --- XA, beadirect product of division algebras. If A is an algebra of minimal

complexity, then QXY satisfies the EDSCS.

Corollary 111
Let A =F[a]/(p(a)) where p(a) O F[a] is a polynomial. Then QXY satisfies the
EDSCS.
Corollary IV
Let A beaclean algebra. If A isan algebra of minimal rank, then Q XY z satisfies the DSCS.
Corollaries|, Il and 111 have been proved by Feig and Winograd in [FW] for the bilinear complexity.

Characterization of division algebras A of minimal complexity are studied in [Gr3] and [Fei]. It has
been proved that division algebras of minimal complexity are simple field extensions of F with
| F |=2dim A —2. No results are known about non-division algebras of minimal complexity. Charac-
terization of commutative algebras, local algebras, and clean algebras of minimal rank over a closed field
are given in [GH1], [BC] and [HMo0], respectively.

The paper is organized as follows. In sections 3 and 4 we prove some preliminary results needed for
the proof of the theorems. In section 6 we prove Theorems 1, 2 and 3 and corollaries | and 1. In section 7
we prove Theorems 4 and 5 and corollary 1ll. In section 8 we prove Theorem 6. In section 6 we prove

corollary IV. Finally, in section 9 we present some open problemsin the area.

All the results in section 2, 3 and 4 are proved for the quadratic complexity. They are also valid for

the bilinear complexity.

3. PRELIMINARY RESULTS



In this section we develop some lower bound techniques needed for the proof of our results.
Let Q*=(Q4,...,Q) beak-vector of quadratic formson X =(Xy, . ..,X, )" over thefield F.

Each quadratic form in QX is

n n T
Q =leaq,i,inXj =x"AX,
==

where A isan upper triangular N x N-matrix. We define Q = (Aq, . . ., Ay), and the characteristic matrix
of Q isQ (z) =S KAz wherez=(zy, ..., Z ) isk-vector of indeterminates. It can be immediately
seen that

xTQ (z)x =Q*z
The polynomial Q*z is called the quadratic system of QX. For a vector of quadratic forms QX, we define

Span (Q*) to be the linear space of quadratic forms over F spanned by the entries of Q¥, and define
dim QX as its dimension. In a similar way, the bilinear system is defined by a vector of bilinear forms
Q*Y. For a bilinear system Q*Yz=x'Q(z)y we define row rank Q*Yz (respectively,
col rank Q*Yz) to be the dimension of the linear space over F spanned by the rows (respectively,

columns) of Q(z). Finally, we let

rank Q*Yz = max ( col rank Q*Yz, row rank Q*Yz).

The following Lemmais frequently used in this paper.

Lemmal. Let

Qtz=a(2)h (x) (x)

and

Qéwz:XTQZ(z)y:iza'(z)bi'(x,y)ci'(x,y)

be minimal quadratic algorithms. Then the following are true
(i) dim Span{ai(z),...,a.,(z)} =2 dimQ{.
(1) Thereexistsapartition{l ,J} of { 1,..., L 2} suchthat

dim Span {b;'(0y),c;"(Oy)|i0Ol,j0J} = col rank Q¥Yz.
(iii) Ly=dim Q.
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(iv) Lo=cal rank Q*Yz.

We remind the reader that Span (A ) denote the linear space spanned by the elements of the set A.
Proof . (i) and (ii ) are proved in [AS] and (iii ) and (iv) follow immediately from (i) and (ii ), respec-
tively. We shall give different proof for (i) and (ii ) to illustrate the technique we will frequently usein the
paper.

Let Q¥ =(Qq,...,Qn), dim Qf =k and assume, without loss of generdlity, that Q1, . . ., Qk

are linearly independent. We substitute in the algorithm zc4; = -+ * =z, =0and obtain

Q7= 38 (2)b (x)5 (x),
whereQf1 = (Qq, ..., Q). Z= (21, ..., Z)and& (Z) =& (Z) |5 =0,i =k+1,...,n-
Now we prove (i ) by induction on k. The case k=1 is trivia. Assuming the result is true for k—1,
we have: Since Q1#0, the quadratic system Q{1Z is dependent on z;, and therefore, there exists
g(z)= Zikzl)\i Z that is dependent on z4, i.e, A1 Z 0. Then substituting

z1=1 (z2, ., &) == (1) TKohi z

we obtain

(Qo=(Aa/A)Qu, -, Q= (M /M) Q1) 2= 58 @b (x)a (X).

HereZ=(2Z,, ...,% )" and

where 9; 1 is the coefficient of z; in & (Z). Now by the induction hypothesis we have L 1—1 >k —1, so
that L 1>k, aswasto be shown.

Let Qx(2) =[Q4Y(2),...,Q5M(z)] where Q4)(z) isthe i -th column of Q,(Z). As above,
we may assume that Q4 (z),...,Q4™ (z) are linearly independent and we proceed to proof (ii ) by
induction on m. Since Q4Y (z) # 0, then Q%Y z = X" Q,(z)y depends on Y, and therefore there exists

b'j, (or ¢'j,) that depends on y, that i,

n m
b'j(xy) =i;)\ixi +j;6,- Vi,
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where A ,d; OF and d; # 0. Then substituting

V=l (Y2 Ym) == (L8 (3% + $5)
we obtain
XT[QP) (2)~(52/8) QI (2). . .., QI (2) - (B /31)Q (2) 1§ +XTK (2)X
= izaw (2)B (% 9)E (x.9)

i#jo

for someK (z), wherey =(ya,...,Ym )" and

6‘i(XS/)=bi'(xly)|y1=l’(x,y2 ..... Vi) Ci(x’y)=C'i(x1y)|y1=I'(x,y2 ..... Vi )*

By the induction hypothesiswe haveL ,—1>m -1, so, L ,2m, aswasto be shown. []

Remark . In what follows, the results are true for row rank as well as col rank. The results are

proved either for row rank or col rank for our convenience.

Throughout the paper we assume that ai(z),...,a(z), k=dimQf, (respectively,

b1(0y),...,bm(0y), m = col rank QXY z) arelinearly independent.

Applying the argument used in the proof of Lemma 1, we will develop the following more general

results:

Lemma 2. LetX,y,u,V,Zz be distinct vectors of indeterminates and let QY z = x"Q4(z) u be a bil-

inear system. Then for any quadratic systemy™ Q3(z)y and bilinear systlemx™ Q,(z)y we have

L (X" Qu(z)u+xTQx(z)y+yTQa(z)y) 2 col rank Qi“z+L (yTQz(z)y).
Therefore, for the bilinear systems Qf*z=uTQ(z)x and Q¥ z =uTQ4(z)v we have

L (uT Qu(z)x+xTQx(2)y +yTQs(2)y) 2 row rank Q*z+L (y'Qs(2)y),

and

L (uTQu(z)v+yTQs(2z)y) = rank Qf¥z+L (y'Qa(2)y).
Proof . Exactly asin the proof of lemma 1, we can find a substitution u; =1 (X,y, Uy, . .., Uy ) that will
vanish at least one term in the quadratic algorithm. Appling this argument to U5, ..., Uy, respectively,

(heren = col rank Q£ z), we obtain an algorithm for

XTAL(Z)X+XTAx(2)y+XTQ(Z)y +yT Q3(2)y,
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for some A1(z) and A,(z), with multiplicative complexity
L'=L (xXTQu(z)u+x"Q2(2z)y+y'Qs(z)y) - col rank Qf'z.
Now by substituting x = 0 in the algorithm we obtain a quadratic algorithm for yT Q3(z)y. Therefore

L'>L (yTQs(z)y) and thelemmaisproved. [

The last two results of this section are well known. Lemma 3, is frequently used in the literature to
obtain lower bounds for the complexity of bilinear systems. For example, see [W2], [W3] and [KB]. For
the sake of completeness, a proof is given which illustrates our method. Lemma 4 is trivial and we shall

refer to it in the resmainder of the paper.

Lemma3.Let Q*= (Qy,...,Qk) beak-vector of quadratic forms. Suppose that, for any nonsingular
nxn-matrix N, there exist s entries Q; , ..., Q;_ of Q*N suchthatfor Z= (21, ...,% )T we have

L ((Q....Q.)2)=t.
Then

L (Q*2)=z dimQ*+t -s.

Proof . LetL =L (Q*z). Then

L
Qz=2a (z)bi (x)ci (x).
i=
By lemma 1, there exist k = dim QX independent g; (z) and therefore we can assume, without loss of
generality, that there exists a nonsingular N xn-matrix M satisfying a((M z)=z,,..., ac(M z) = %

and hence

QMz=$2b,(X) (x)+ 5 &(M2)bi(x)3 (x),

Assume, without loss of generality, that thefirst entriesQq, . . ., Qs of Q*M = (Qq, . . ., Qk ) satisfy

L((Qu...,Qs)2) 2t,
forZ=(zy,...,2)". Then, by substituting zs4; = -+ =2z =0, we get

(Ql! e 1QS)2:
(Qu-1Qs.0,...,0)2= $2B ()6 (X)+ 5 & (M2)b (x)ci (x),

wherez=(2z4,...,%,0,...,0)7T . Thelast equation impliesthat
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t<L ((Q...,Qs)Z)<L -k +s,
and this completes the proof. [

Lemma 4 . Let X=(X1, ..., % )T, X=(Xy, ..., %), 2=(21,...,z) and Z=(2zy,...,2% )"

andlet N and K ben xn' and k xk'-matrices of rank n and k, respectively. Then

L
XTQ(2)x= 3 (2)b ()6 (X) ®
isaminimal quadratic algorithmfor Q(z) if and only if
)”(TNTQ(KZ)NY(;LZlai(Ki)bi(Ni)ci(Nf() 4
i=
isaminimal quadratic algorithmfor NT Q (K Z)N.

Proof . If (3) istrue, then by substituting X = NX and z = KZ we get (4). There exists a matrices N~ and
K~ suchthat N N~ =1,,and K K~ =l where |, istheidentity n X n-matrix. Substituting N~X for X and

K~z for Zin (4) weobtain (3). O

4. SEPARABLE ALGORITHMS

The main purpose of this section is to introduce the strong version of the direct sum conjecture
(DSCS, EDSCS), and to analyze minimal quadratic algorithms for a direct sum of quadratic systems. We
also find equivalent conditions for the strong direct sum conjecture which will be frequently used in this

paper.

Let X1= (X1, .00, %0 )T, X2 = (Xn+1s - - - » Xn4m ), z21=(z,...,2)7 and

2>=(Z+1,...,Z+s ) bevectors of indeterminates and let x = (x{ ,xJ )T andz=(z{,zJ)T. For two

vectors of quadratic forms, Q f ! and Qﬁ( 2 we say that the minimal quadratic algorithm

QXZ=Q1X121+Q2XZZz=iZai (2)bi (x)ci (X)

isseparableif thereexistsaset | {1, ...,L } such that the following conditions hold:
() Qi(121=i§|aa(2)bi(X)Ci(X) , Q§(222=i%aa(2)bi(X)Ci(X)-

(il)  The first quadratic algorithm in (i) (respectively, the second) is a minimal quadratic algorithm for

Q124 (respectively, Q222y).
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(iii) Theterms aj(z),b (x),ci(x),i O (respectively, i [l are linear forms of z; and X; (respec-
tively, zy and X»), that is, they are independent of z, and X5, (respectively, of z; and Xy).
We say that Q fl Z; satisfies the extended direct sum conjecture strongly (EDSCS) if, for any qua-
dratic system Q32Z,, any minimal quadratic algorithm for Q1*z; + Q22, is separable.

The following lemma proves that condition (i) is sufficient for an algorithm to be separable. (The

technique we use in our proof was used in [AFW] for the bilinear complexity).
Lemmabs. Ifthereexistsaset | O{1,...,L } suchthat

Qi'z1= 2@ (2)bi (x)ei (x),

then the algorithmis separable.

Proof . Obviously,

Q222 =Q*z-Q1'z; = 2 & (2)b (x)ci (%).

If |1 |>L(Q1*z1), then,since [N =1 | =L (Q3?2,), we have
L (Q<2)= |1 [+[NL=1|>L (Qf'z1)+L (Q2*22).
A contradiction. Therefore | | | =L (Q1z;1) and (ii ) follows.

Suppose that for someig 1 , a8 (z) =Az,+8& (z) dependson z, (i.e. A # 0) where jo> . We
remind the reader that z; =(21,...,% ) and 22 =(Z+1,...,Z+s) so that if jo>r , then g (Z) is
dependent on z, j o> I and therefore g; (Z) is dependent on z,. Then substituting z, = —(1/A) & (2)

in the first algorithm we obtain
Qrizi= Z[ 8 (2)b; (x)ci (%),
i O1={ig}
where & (2) =g (2) |Zj =—(1/0)a(z)- Therefore L (Q1*z1) < |1 | -1, acontradiction. Interchanging
theroles of a; and b, (iii ) follows. O

Lemma 6 . If the algorithmis not separable, then there exists a; ( z) that depends on z; and z,, and b; (X)

or ¢j (x) that depends on X, and X».
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Proof . Assume that each g; (z) depends on z; or zy, but not both. Let | ={i | & (z) depends on z}.

Then by substituting zo = 0 we get

Qi'z1= _%ai (z)bi (x)ci (x).
il
By lemma 5, the algorithm is seperable and the proof is completed. In a similar way we can prove the

result for by and¢,. O

Lemma7.Lletx,z,%X,Z,N and K beasinlemma 4. Then, X" Q (z)x satisfies the EDSCSif and only if
XTNT Q (K Z) N X satisfies the EDSCS.

Proof . Assume that X' NTQ (K Z) N X does not satisfy the EDSCS. Then, by lemma 6, there exists a

quadratic system QUv and there exists aminimal quadratic algorithm

STNTQ (K 2)N X+qu='LZla,-(2,u)bi (V)6 (),

such that a1(Z, u) depends on Z and u. Then substituting X = N~x and applying lemma 4 we have that

L
xTQ (K 2)x+QUv:_Zlai(2,u)bi(N‘x,v)ci(N‘x,v),
I =
is @ minimal quadratic algorithm. Note that a;(Z,u) is still dependent on Z and U and therefore
XTQ (K Z)x does not satisfy the EDSCS. By lemma 6, there exists (without loss of generality) a

bi,(N™x, V) that depends on X and V. Substituting Z = K~z and applying lemma 4 again, we have that

XTQ(z)x+Q“v=iZai(K‘z,u) bi (N™x,Vv)ci (N™x,V)
isaminimal quadratic algorithm. Since b (N™X, v depends on X and v then by lemma 6 we have a con-
tradiction to the fact that X7 Q (z)x satisfiesthe EDSCS. O
Remark . For bilinear systems XTQ(z)y = Q*Yz with X = (X1, ..., % )", Y=(Y1,...,¥m)" and
z=(21,...,%)" and matrices N ,M ,K of rank n,m, k respectively, lemma 4 and 7 hold for
xTQ(z)yandx"NTQ (K z)M y. Thisfollows because

N o|"

oM

N O
oOM

X
y

0 Q(Kz)
0 0

XTNTQ (K z)My=(xT,yT)

Thus we can assume throughout the paper that

row rank Q*Yz=n, col rank Q*Yz=m , dimQ*Y =k.
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Another equivalent condition for the quadratic algorithms to be seperable is given in Lemma 8
below. Recall that Span (Qf ) is the linear space spanned by the entries of Qf, X1 = (X1, ...,%X, )T,
Xo= (Xn4ls -+ o s Xn+m )T, Z0= (21, ...,z )T and o= (Z+1,...,Z+s)". We need the following
definition.

Definition 1 . For Q*z = Q1*z; +Q3?2, we say that a nonsingular (r +S)X(r +s)-matrix N does not
mix Q1 with Q52 if each entry of Q1* N iseither in Span (Q1* ) or in Span (Q3?).

We say that the nonsingular (r +s) % (r +s)-matrix N normalize the minimal quadratic algorithm

QXZ=iZa (2)b (X) i (x)

Q*N zzjélz,- bji(x)cji(x)+j%|aj(N z)b; (x)cj (x),
where | ={j1,...,Jr+s} isasubset of {1,...,L} and || | =r +s. That is, there exists a set of

integers| of sizer +s such that for each j; O1,i =1,...,r +swehavea; (Nz)=3.
L

Lemma 8. Let Q*z = Q%z; + Q%*?z, and let QXZZZlai (z)b; (x) ¢ (x) beaminimal quadratic algo-
i=

rithm for Q*z. If, for every nonsingular (r +s)x(r +s)-matrix N that normalizes the minimal algo-
rithm, the matrix N does not mix Qfl with Qﬁ(z , then the quadratic algorithmis separable.

Proof . Assume that the quadratic algorithm is not separable. Then, by lemma 6, (without loss of general-
ity) ai(z)=ay1(z1)+a12(z2) where a;1(z1) 20 and a;2(z2)#0. Let N be a nonsingular

(r +s)x(r +s)-matrix such that (without loss of generality, by reordering the terms of the sum)

r+s L
Q*N Zz_ZlZibi(X)Ci(X)*'_ 2 ai(Nx)bi(x)ci(x).
= i=r+s+l
Notice that in this case 8 (Nz)=27,i =1,...,s+r. Since N does not mix Q7* with Q32, the

matrix N is of the form

Eo

N; O
N=1o N,

for some permutation matrix E o, where Q*N E gt = (Q1*N1,Q2?N,). Sinceay(N z) = z3, we have

Zgqy=a1(N Egtz) =as1(Niz1) +a12(N2ozz)
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and therefore @31 (N1z1) =0 or a;2(N2z2) =0. Since N is nonsingular, N1 and N are nonsingular

and thereforeas 1(z3) =0oraj2(2zz) = 0. Thisisacontradiction. [

5. DIRECT SUM OF SOME CLASSES

In this section we define some classes of quadratic systems and prove that they satisfy the EDSC and

EDSCS.
Definition 2 . For nonnegative integers T and r we denote by DS (T, r ), the collection of bilinear systems

QXY¥z = _iQ '1Z suchthat: Thereexist integerss =t =T such that the following conditions hold:
1=

(i)  For every nonsingular n xn-matrix N and for every T entries Q; , . . ., Q;, of Q*YN, there exist

s-TentriesQj, ..., Qj,_, of Q*YN such that

rank ((Qil’ '"7Qir’Qj1"'"st—1)2)2t7
whereZ= (21,...,%)".

(i) L (Q*z)=dimQXY+t—s+r.
By lemma 3, if QXYz satisfies (i ), thenL (Q*Yz) = dimQ*Y+t —s.

Remark . Definition 2 is equivalent to definition | in the introduction.
Our main resultsin this section are:
Theorem 1. 1f Q*YzODS (0, r ), then for any quadratic system Q*z we have
L(Q*»Wz@Q*z)=L (Q*z)+L (Q*z)-r.
Inparticular, if r = 0, then Q*¥YZz satisfies the EDSC.
Theorem 2. If Q*YzI DS (1,0), then Q*Yz satisfies the EDSCS.
Theorem 3. 1fQ*YzODS (1,r ) ,r = 1, then for any quadratic system Q*z we have

L(Q¥z@Q*z) 2L (Q*z)+L (Q*z)- (r -1).
In particular, if r =1, then Q*¥Yz satisfies the EDSC.
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Proof of Theorem 1.

Let QY121 =Qqzy+ - - +Qz ODS (0,1 ) and Q™z = QusaZes1t * * * +Qxak'Zk+k be any
quadratic system. Set QX = (Q™*Y*,Q*2), x = (x{,y{,xJ)T and z=(z{,zJ)T. Let N be any non-
singular (k +k") x (k +Kk")-matrix and let

Q*N =(Q1'+Q1", ..., Q'kak *Q"ksk'),
where Q'1, ..., Q 'k 0 Span (Q*Y1) and Q"'1,...,Q" k+k I Span (Q*?). Since N is a non-

singular matrix, there exist jq, ..., jk Such that { Q" .,Q"j.} isabasisfor Span (Q?). Since

jl"'

Q™Y1z; DS (0,r ), there exist integerst 2s=0and Q'j, . . ., Q'j, such that

rank ((Q'i,,...,Q'.)Z1)=t, L (Q™Yzy) =k+t-s+r,

whereZ; =(24,...,Z ). Thenfor

(Q'+Q",Qy+Q", )é(Q'il‘*'Q”il, QN +Q",, QN+ Q" .., QY+ Q")

andZy= (Zsr, ..., Zs+k' )| Wehave
- - 7 Z;
L ((Q1+Q")Z+(Q'3+Q"3)Z) =L ((Q"1,Q"3) 5|+ (Q",Q"y) 5 )

21 21
>rank ((Q",Q'3) %, )+L ((Q"1,Q"y) 5, ) (Lemma 2)

Since Q;" isabasisfor Span (Q*?) and since Z; , Z, are distinct vectors of indeterminates, we have

2 rank (Q'121)+L (Q%zz) 2t +L (Q*2p).
We have aready proved that, for any nonsingular (K +k') % (k +k')-matrix N, there exist s +K' entries
of Q*N withrank t +L (Q”2z,). Now using lemma 3 and 4 we have
L(Q*z)=L(Q*Nz)z(k+k')+(t+L (Q%z))-(s+k’)

=k+t-s+L (Q%z) =L (Q™*¥z1)+ Span (Q*z;)-r. O

Proof of Theorems?2 and 3.

Let Q*z, Q**Y1z;,Q%?z,, X and Z be asiin the proof of theorem 1. Let

Q71 +Q 2= Q2= S a(2)b (x)3 (X)
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be any minimal quadratic algorithm for Q*z and N be any nonsingular matrix that normalizes the algo-

rithm, i.e

XN z= b (X)e (X)+ S a; (N 2)b; (x)c; (x),

Q LESZ' J.( )J.( ) j%sj( )J( )J( )
where S ={j1,...,jk+k} isasubset of {1,...,L} and | S| =k +K'. If every matrix N that nor-
malizes the algorithm does not mix Q**¥* with Q*, then by lemma 8, Q**Yz, satisfies the EDSCS and the

two theorems are proved.

Now, assume that some matrix N mixes Q*+Y* with Q*2 and let

Q*N =(Q1 +Q1", ..., Q'usk +Q"ksk' ),
where Q'1, ..., Q'ksk 0 Span (Q*Y*) and Q"'q, ..., Q" k+k 1 Span (Q’?). Then there exists an
entry Q,j1+Q',j1 of QXN such that Q'jl’Q”j1¢ 0, Q'j1|:| Span (sz) and Q”jllj Span (Qxlryl).

Since N is a nonsingular matrix, there exist jo,...,]Jx such that Q";,...,Q"j, is a basis for

Span (Q*). SinceQ*¥iz; DS (1,r ), thereexistintegerst 2s=1and Qi , ..., Q’j_, such that

rank ((Q'},,Q'i,..-,Q'i.)Z1)=t, L (Qi'z1) =k+t-s+r,

whereZ; = (Z1,...,Z)". Thenfor

(Q"1+Q"11, Q'3 +Q"y )é(Q'i1+Q”i1, -, QN, Q"L Q, Q" .., Q' Q")

we have (as in the proof of Theorem 1)
L ((Q'1+Q"1)Z+(Q'3+Q"3) %) 2t +L (Q*22).
Substituting z =0 for i (11" []J ={i1,...,is-1,j2,...,jk'} in the quadratic agorithm for Q*N z
we obtain a quadratic dgorithm for (Q')'+Q"")Z1+(Q';+Q";)Z, with complexity
L -(k+k'=(s+k'=1)). Then, by lemma4, we have
L(Q*z)=L(Q*Nz)2(k+k')+(t+L (Q*2z))-(s+k'-1)

=k+t-s+1+L (Q*%z) =L (Q*Yz)+L (Q™z)—(r —-1).

IfL (QY1z1) =k +t —s, i.er =0, then we have a contradiction to the fact that

L (Q*2)=L (Q¥z1+Q™z)<L (Q™¥z1)+L (Q™z2)
and therefore Q*+Y'z; satisfies the EDSCS. On the other hand, if L (Q**Y'z;) >k +t —s + 1, then the

above equation isthe result we need to prove. [
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In the following, Q*z isan arbitrary quadratic system.
Corollary 1. Let Q%Y = (Q1) be a vector of a single bilinear form. Then Q*Yz satisfiesthe EDSCS.
Proof . SinceL (Q*Yz) = rank Q*Yz, we have Q*YzODS (1,0). O
Corollary 2. IfL (Q*Yz) = rank Q*Yz or L (Q*Yz) = dim Q*Y, then Q*Yz satisfies the EDSCS

Proof . If L (Q*Yz) = rank Q*Yz , then for every nonsingular matrix N we have rank (Q*YN z)
= rank (Q*Yz) and therefore Q*Yz DS ( 1,0).I1f L (Q*Yz) = dim Q*Y, then for every nonsingu-
lar matrix N, any entry Q; of Q*YN satisfies rank (Q;z ) = 1. Therefore Q*Yz[IDS ( 1,0). O

It follows from corollary 2 that:

Corollary 3. IfL (Q*Yz) = rank Q*Yz+1=| or L (Q*Yz) = dimQ*Y+1 =1, then

L (QYz@Q*z) =1 +L (Q*2).
In particular, if Span (Q*Yz) = rank Q*Yz+1or = dim Q*Y+1, then Q*Yz satisfies the EDSC.

Let A be an associative algebra of dimension k with a unit element 1 and let { a4, ...,ak} bea
basis of A. We denote by Q&Y =(Qy, ..., Q) the vector of bilinear forms defined by the product of

two elementsin A, i.e,

k k k
iZlQi g = i;Xi g [iZlYi g
The result of Alder and Strassen in [ASt] states: for any quadratic system Q*z we have
L(QAYz@®Q*z)=2dim A-t(A)+L (Q*2),
where t (A ) is the number of two-sided maximal ideds of A. If L (QXYz) =2dim A -t (A)
(respectively, R (QAYz) =2dim A -t (A)), then we say that the algebra is of minimal complexity
(respectively, minimal rank).

Denote the radical of A , i.e the maximal (two-sided) nilpotent ideal contained in A, by rad A . An
algebra A is called local if A /rad A isadivision algebra, and is called clean if A /rad A is afinite
product of division algebras. For adirect product of division algebras A = A 1 X - -+ XA | wedefine Cp
(respectively, Ra) to be the number of A ; which are not of minimal complexity (respectively, of minimal

rank).
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Our main results in the complexity of algebras are:
Corollary 4. Let A beadivision algebra. If A isa simplefield extensionand | F | 22 dim A —2, then
QRY z satisfiesthe EDSCS. If A isnot a simple field extensionor | F | < 2 dimA -2, then

L (QAYz@Q*z)=2dim A +L (Q*2).
Inparticular, ifL (QXY)=2dim A, then QXY z satisfies the EDSC.

Proof . For every nonsingular matrix N each entry of QXYN has rank k = dimA. Therefore

QAYzODS (1,r). In [Gr3], De Groote proved that L (QAY2z) =2 dim A -1 if and only if A isa

simplefield extensionand | F | 22 dim A —2. Now the claim followsimmediately. O

Remark . Corollary 4 with the results of [Fei] and [W4] classify all the minimal quadratic algorithms for
Q&%) /(p (a))Z when p(a)=pi(a)---pc(a)0F[a] are squarefree and

|F |=2max
1<i

<I(deg pi (a)—=2. For C, the cyclic group of order n we have that F [ C,, ] isiso-
morphicto F [a]/(a" —1) and a™ — 1issquarefree for char F 20 (mod n ).

Corollary 4 impliesthe following:

t
Corollary 5. Let A g bethe algebra of quaternions over thereal field R and A = iI;IlA Q. then

L (QXYz@Q*z) =8t +L (Q*2).
Corollary 6. Let A beaclean algebra. Then
L (QXYz@Q*z)= 2dim A =Chjrad A +L (Q*2).
Proof . In [ASt] it is shown that
L (QXYz®@Q*z)=2dim rad A +L (QXY¥raga 2@ Q*z).
Since A /rad A isthedirect sum of division algebras, from corollary 4, the result follows. O
Corollary 7. Let F be a field with char F # 2. Let Q*YZz be the bilinear system defined by the product

XY and Y X of two 2 X 2 matrices. Then

L (Qz@Q*z) =L (Q*z) +L (Q*2).
Proof . It isknown from [Gr2], that for fields F with char F #2wehavelL (Q*Yz)< 9, dim QXY =7

and every Q O Span (Q*Y) satisfies rank Qz = 2. Therefore Q*YzODS (1,1). O
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Corollary 8 . Let Q*Yz be the bilinear system defined by the product of two polynomials of degree n.
Then
@) If | F | =2n, then Q%Yz satisfies the EDSCS.

(i)If |F|<2n<2|F |+2, then

L (Q®z®@Q*z) = 3n +1—[J%LJ +L (Q%2).

(iii) If | F | < n3 then

L (Qz®@Q*z)=3n —W+L (Q*2).

Proof . If | F | =22n, then from [W3],

L (Q*Yz) =dim Q¥ =2n-1.
Using corollary 2, (i) follows. Then (ii ) and (iii ) follow from [ABK] and [KB, Lemma4 and 5]. [

6. DIRECT SUM OF DS (0,r).

In this section we define a subclass of DS ( 0, r ) and prove that al quadratic systems in this sub-
class satisfy the EDSCS. This subclass contains QX Yu1/(p (a)) Z for any polynomial p (o) OF [a]. We
recall that the bilinear form Q*Yzisin DS (O,r) if there exist integerst =S such that

(i) For every basis {Qy,...,Qg} of the linear space Span (Q*Y) there exist Qj,,...,Qj,,

1<ji<k,i=1,...,s,suchthat

rank ((Qy,.....Q.)2)2t,
whereZ=(2z1,...,%)",and
(i)

L (Q*Yz)=dim QXY+t —s+r.

Throughout this section the integers s and t are the integersin (i ) and (ii ). When we wish to emphasize

the dependence on s and t, wewrite DS ; (O, r ). Similarly for other subclasses defined later.
K

Definition 3 . Let vayz:_ZlQizi be a bilinear system, where Q*YzO DS (0,r ). We say that
i=

Q'i, 1 Span (Q*Y) isactive if, for every nonsingular kxk-matrix N, whenever Q'; is one of the entries

of QN =(Q'y,...,Q'k), there exist s—-1 entries Q'i,,...,Q"i, of Q¥N, 1<ij<Kk,
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j =1,...,s,suchthat

rank ((Q,...,Q)zZ)=t.

whereZ= (zq,...,%)".

Definition 4. Let DS™ (r ) denote the collection of bilinear systems Q*Yzin DS ( 0, r ) such that:

(i) For any nonsingular matrix N there exists an active entry Q';, 1<ii<k, of
Q*YN = (Q’y,...,Q’k) such that, for every non-active entry Q'j,, 1<i<k, of Q*YN and

every f1,fo 0F , f1#0, wehavethat f 1Q"; +f,Q’;, isalso active.

(i)  For every nonsingular matrix N there exist s active entries Q" , . . ., Q’j_ of Q*YN such that

rank ((Q'i,...,Q",)Z) =t,
whereZz = (z1,...,%)".

Remark . Definitions 3 and 4 are equivalent to definitions 11 and |11 in the introduction.

It follows at once from definition 4 that the set of all nonactive bilinear forms is a sublinear space of

Span (QX*Y). Therefore, definition 4 is equivalent to the following:

There exists a subspace L' of Span (Q*Y) such that: for any basis {Qq,...,Qk} of

Span (Q*Y) thereexist Q;,,Q;,, ..., Q0 Span (Q*Y)-L, 1<ij <k, 1<j <s, with

rank ((Q,...,Q)Z)=t,

whereZz= (zy,...,2)".

Infact, L' isthe set of al nonactive bilinear forms and Span (Q*Y)—L' isthe set of al active bilinear

forms.

When s = 1 an equivalent definition of DS1; () isgiven in the following
Lemma9. We have
DS1t(r)=DSy: (0,r).
Proof . We recall that if Q*YzIIDS;:(0,r ) (with s = 1), then for every nonsingular matrix N there

exists an entry Q; of QXYN such that rankQjz;=t. Hence any active bilinear form is

Q; O Span (Q*Y) with rank Qjzy =1t (and any non-active bilinear form is Q; L Span (Q*Y) with
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rank Q;zy <'t).

Assume, toward contradiction, that for some nonsingular matrix N, and for every active entry Q'; of
Q*YN, there existsanon-active entry Q') in Q*YN and f; ¢y, i) OF , fj ) # Osuch that
(f;,0H)Q"i +11,»HQ"j¢)) is not active. (5
Let | ={i | Q'j is active } and let N' be a k xKk-matrix such that Q*YN N'= (Q"'1,...,Q"x),
where
. Qi i 0,
QU =Q +(fi/ fi.0)Q'0 1O
Sincej (i) Wl,wehave{Q"q,...,Q"«} isabassfor Span (Q*Y) and therefore N' is nonsingular.
Now, N N’ is nonsingular; Q" =Q'j, i [0l, is not active; and by (5), Q" ,i [l, is aso not active.
Thisisacontradiction to the fact that Q*Yz[1 DS (r ), since it must be at least one active bilinear form
inQ*YNN'. O
In this section we prove the following:

Theorem 4. 1f Q*Yz[O DS (0), then Q*Yz satisfies the EDSCS.

Theorem 5. 1fQ*YzODS" (r ) ,r = 1, then for any quadratic system Q*z we have

L (Q®z@Q*z)2L (Q™z)+L (Q*z) —(r -1).
In particular, if r =1, then Q*¥Yz satisfies the EDSC.

Proof of Theorems4and 5.

Let Q*Yiz;=Qqz1+ - +Qez be a bhiliner sysem in DS*(r) and let

Q%25 = QusaZisat * * - +QuakZeske be an arbitrary quadratic system. Set QX =(Q*:,Q*) ,

z=(z{,20)" andx =(x{,y{,xJ)T. Let

L
QYVizy+Q%z; = Q*z = 2.8 (2)bi (x) 6 (x)
be aminimal quadratic algorithm for Q*z. If for any nonsingular (k +k') x (k +k')-matrix N that nor-

malizes the minimal algorithm, that is, (without loss of generality)

ktk' L
Q*Nz= 312 bj (X)Ci(><)+i P (N z)bi (x)ci (x), (6)
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the matrix N does not mix Q*¥* with Q*?, then, by lemma 8 the the agorithm is seperable and the two
theorems are proved. Assume, therefore, that there exists a nonsingular (K +k')x(k +k') matrix N that
normalizes the minimal algorithm (i.e satisfies (6)) and mixes Q™*Y* with Q*2 We shall prove that

L (Q*z) 2L (Q1z1)+L (Q™zz)+(r —-1). *)
For, if Q**Y1z; 1DS" (r ) ,r =1, then Theorem 5 follows, and if Q**Y'z; 1DS" (0), then we have a

contradiction and Theorem 4 follows.
Let
Q*N=(Q"1+Q"1, ..., Q'ksk + Q" ki),
where Q'; O Span (Qxl'yl) and Q" O Span (QXZ), i=1,...,k+k". Since Q*Y1zODS" (r),
thereexists Q'j, + Q" in QXN suchthat Q'; isactive. Let

Z;={w | Q'y is active }
and define

Z ={w | there exists a; (N z),r >k +k’,
that depends on some z, with p 0Z;_;, and on z,}.
Obvioudly, Z; is a subset of Zj+1. Let Z be the first set that satisfies Z =Z;+1 (Obvioudly,

Ziy1=2+2= " ). Wenow distinguish between two cases:
Casel . Thereexistsi' 0 Z suchthat Q'"'j # 0.

Let p be the smallest integer that satisfies: there exists i’ [1 Z, such that Q"'j» # 0. By the definition
of Z;, we can find a sequence i1,ip,...,ip =i' of length p such that Q”ij =0, 1<j<p, Q"ip z0,
iqg0Zq—-Zg-1,9=2,...,pand i,0Z;. Wenow proceed with the proof of (*) by inductiononp.
Ifip=ipie Q" #0,thensince Q. isactive, we have

L(Q*z)zk+t-s+1+L (Q%z) =L (Q™¥z)+L (Q%zp)+(r -1).
(exactly asin the proof of theorem 2 and 3).
Suppose p > 1. Because p isthe minimal integer such that Q" # Owe have Q"j = -+~ =Q"j =0,
and by the definition of Z; we have that Q'i,, ..., Q'j are not active. By the definition of Z; and p,

there exists a (Nz) that depends on z, and z, and does not depend on 7,...,z . i.e

p
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a(Nz)=Az,+0z, +a(z)whereA,0#0and &(z) doesnot dependonz,, .. .,7 . By substituting

*(2,-82,-4(2))
for z,in (6), we obtain
, ktk'
QNN z=i_§zbi(X)ci(X)+z2br0(><)cro(><)
i i,
L ~
+ 3 a(NN'Z)bi ()6 (x)+ 4 (2,-52,4(2)) b, ()G (x).

i =K+k'

i £ry
Herethei,entry of Q N N' isnow

Q= Qi RQi
andtheip, ... izentriesremanQ'j , ..., Q’;, respectively. Since Q'j, isactiveand Q'j, is not active,
we have that Q'il_% Q'i,0 Span (Q™*) is active. Note also that, there exists g (N N'z) that
dependson 7 and 7. (Actually, if ; (Nz) depends on z, and 7, then 3; (N N'z) depends on 7 and
z,). Theterms g (N z) that depend on z;, ] 0 Z; —Z satisfiesa; (N N'z) = & (N z). So we have that
NN normalizes the minimal algorithm, and now the new sequencei(,is, . .., I, satisfies the above con-
ditions with the new sets Z, 125,23, . . . ,Zy. Assuming that (*) holds for p —1, it follows that it holds
for p. Thisaccomplishes the proof for this case.
Casell . Foreachi JZ;, wehave Q" =0. That is, each & (N z) depends on (2,)q 0z 0r (Zy )q 7z,, but
not both.
Let

P ={i | & (N z) isdependent on (zy)q0z }-
We now estimate the number of theterms & (N z) that depend on (Zy )q 0z . Substituting Z; = O for all
g Z inthe minimal agorithm, we obtain the agorithm

by (x)Gi (X) + i (N z)b; (x)ci(x),
A (X6 00+ 3 a (N2)b (x)ai ()

with complexity | Z, |+ | P |, that computes some bilinear system (52. The entries of (j are from

Span (Q**Y*) because Q"j=0 for i 0Z. Since al the active entries are Q'; with i 0Z.07, by

condition (i) in Definition 5, there exist S active entries Q"j, ..., Q"j., {j1 ...,]Js} 0Z1 such that
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rank (Q'j,...,Q’'j,)Z=t. Therefore, by lemma3 we have
|Z [ +|P|=L(Q2)2 |7 | +t-s (7)
Let PC={k+k'+1,...,L}-P and ZC={1,...,k+k'}-Z. Now substituting z; =0,

q 02, inthe quadratic algorithm, we obtain

b (X)ci (x) + i (N z)b; (x)ci(x). *x

i%z I()'()igpa'( )bi (x)ci (X) (**)

Since Q"' =0fori 07, the above agorithm computes (Q"*¥*, Q*2) M Z for some nonsingular matrix

M, Span (Q”¥") 0 Span (Q*Y),  Z=(z,...,%, )" , W=k+k'=1]2Z | and
{ro,...,ry} =2ZC1f

L (Q™Y:2)>dim Span (Q™¥*)+1=k - | Z | +1,

or if the algorithmin (**) is not minimal, then by corollary 3 we have

| ZC1+1PC 2L (Q%z)+k-|Z | +1. (8)

Combining thiswith (7) we have

L(Q2) =L =Z |+|Z°|+|P|+|PC| 2
L (Q%22) +k+t —s+1=L (Q"Vzy) +L (Q¥2)+(r ~1).
Therefore, L (Q”*¥1Z1) = dim Span (Q"**Y*), and the algorithm in (**) is minimal. Then, by corol-

lary 1, this algorithm is seperable, and therefore so is the algorithm in (6). This contradicts the assumption

that N mixes Q**Y*with Q*2. O
Theorem 4 and 5 give the following results:

Corollary 9 . Let A =F [a]/(p (a)) where p (a) =p(a)® - pe (a)* and p1(a) ...,

px (o) aredistinct irreducible polynomials. Letd = max deg pi (cx)d‘.

1<i <k
(i) If|F |=2d -2, then QXY z satisfiesthe EDSCS.

@ii) If | F | <2d -2, thenfor every quadratic system Q*z we have

L (QXYz@Q*z) 22deg p (a )~k +s, +L (Q*2),
where s, isthe number of p; (o) that satisfy | F | < 2deg p; (o) —2.

Proof . Since
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Flal/(p(a))=F [al/(ps(a)™) X -+« XF [a]/(pc (a)*),
it is enough to prove the theorem for the algebra A =F [a]/(p1(a )dl). In [W3], Winograd proved

that for every nonsingular matrix N there exists an entry Q'; of QXY N with
rank (Q'iz ) =deg pl(O()dl. In  [FZ], Feduccia and Zacstein proved that if
| F |=2deg pl(a)dl—z, then L (QXYz)<2deg pl(a)dl—l. Combining both results we get that
QXY ODS" (0) and (i) follows.

In [ASt] Alder and Strassen proved that L (QXYZz) =2deg pl(a)d1'1+L (QXYz), where
Ai=F[a]/(pi(a)). If |F|<2degpi(a)-2, then the results of Winograd in [W4] and De
Groote in [Gr3] show that L (QAYz)=2deg py(a), and therefore L (QAYz) = 2degy pl(a)dl,
whichimplies(ii). O
Remark . Corollary 9 shows that to obtain the classification of all minimal quadratic algorithms for
Fla]/(p(a)) for any polynomia p (), it suffices to classify all minimal quadratic algorithms for
F [O(]/(pl(a)dl) for an irreducible polynomial py (o). It is known from [Am] that minimal quadratic
agorithms for F [a]/(pl((x)dl) are not necessary bilinear. The classification of all minimal bilinear
agorithms for F [a]/(p (a)), for any p (a), is completely studied in [AGW1], [AGW2], [Fel] and
[FW].

Corollary 10. Let Q*Yz be a bilinear system. Then

(i) IfL (Q*z)=dim Q*Y+1, then Q*Yz satisfiesthe EDSCS.

@ii) IfL (Q*Yz)=dim Q*Y+2, then Q*Yz satisfiesthe EDSC.

@iii) 1fL (Q*Yz)= dimQ*Y+2, then for every quadratic system Q*z we have

L (Q%Yz@Q*z) = dim Q¥ +2+L (Q*2).

Proof . If for some nonsingular matrix N, al the entries Q; of Q*YN satisfy rank Qjz; =1, thenitis

well known that, L (Q*Y) = dim QXY. Therefore, for every nonsingular matrix N, there exists an entry

Q'i of Q*¥YN with rank Q'jz; = 2. This, combined with lemma 9, proves the corollary. [

An immediate generalization is:
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Corollary 11. Let Q*Yz be abilinear system. If for every basis{ Q', .. ., Q'k} for Span (Q*Y) there
exists Q'j suchthat rank Q'jz =t, then

(i) IfL (Q*Yz) =k +t -1, then Q*Yz satisfies the EDSCS.

(i) IfL (Q%z)=k+t,then Q*Vz satisfies the EDSC.

@iii) IfL (Q*Yz)=k +t, then for every quadratic system Q*z we have

L (QWz@Q*2z)= k +t +L (Q*2).

In particular we have

Corollary 12 . Let F = C, the complex field and let A ={ Ay, ..., A} be any set of N xm matrices
where n ,m < 3. Define the bilinear system Q (A) = (XTAyy, ..., X" Acy). Then Q(A)z satisfies the

EDSC.

Proof . Following [AS] we have L (Q(A)z) <dimQ(A) +2or L (Q(A)z) < rankQ(A)z
+1. O

Remark . Corollary 12 can be applied to bilinear systems defined by the cross product of (X1, X2, X3)T
and (y1,Y2,Y3)", (see [DL]); to the product of two elements in the Lie algebra of 2 x 2-matrices, (see
[Mi] and [GHZ2]); and to QXY where A isan algebraof dim A < 3. Actudly, the first two systemsare in

DS (1,1)for any fieldF.
Corollary 13 . Let Aj be a set of mn —i, mxn-matrices. If 0<i <3, then Q (A;) satisfies the
EDSCS, andif4<i <5, then Q (A ) satisfiesthe EDSC.

Proof . Following [AS, Theorem 2], [ALZ2], [B2] and [Gat2], we haveL (Q (Aj)z)<dimQ (A;) +1

for0<i <3,andL (Q (Aj)z2)<dimQ (Aj) +2,for4<i <5. O

Corollary 13 was first proved by Ja'ja and Takche in [JT1], for bilinear algorithms for the case of

Corollary 14 . Let F =R, thereal field. Let Q*Yz be the hilinear system defined by the product X Y and

Y X of the two quaternions X and Y. Then Q*¥Yz satisfies the EDSCS.
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Proof . Following [Gr1], we have L (Q*Yz) =10 ,dim Q*Y =7 and, for every nonsingular matrix N
there exists an entry Q; of QYN satisfying rank Q;z = 4. Therefore Q*Yz[1DS" (0) and the result

follows. [

7. BILINEAR ALGORITHMS
In this section we introduce some notation and prove Theorem 6.

Let Xp = (X1, -+ X% )7, Ym =(Y1 .- ..Ym)" and zx =(21,...,2 )" be vectors of indeter-
minates. Throughout this section the subscriptsn, m and K in X,,, Y and z, will always denote the length
of the vector. For a vector of N xm-matrices Q = (Aq, ..., Ax) we shal denote by (X1 Q Ym )z« the
bilinear system defined by Q, that is, (XTA1Ym, - - . , XA AxYm )Zc. A bilinear algorithm that computes

the bilinear system (X Q Ym ) Zx withrank R is

(4T QYm) 2 = 3-8 (2B (n )i (Ym). ©
where g; ,b; and ¢; are linear forms of the corresponding variables. The minimal integer R in which
equation (9) hold will be denoted by R ((X] Q Ym )2 ) and will be called the bilinear complexity of
(XT Q Ym ) Z. In[J1] it was shown that

L (x4 Qym)z) SR((Xd QYm) 2z )< 2L (X1 Q Ym) % ).

If for any bilinear system (X3 Q'Y ) Zk',
R (X1 QYm)zk @ (X0 Q'Ym') zk') =R ((Xd Q Ym) zk ) +R (X' Q'Ym") Z«'),

then we say that (X1 Q Ym ) Z satisfies the direct sum conjecture (in short DSC). If each minimal bilinear
agorithm for (X4 Q Ym ) Zk @ (X Q'Ym' ) Z« is separable, then we say that (X1 Q Y ) Z satisfies the
direct sum conjecture strongly (in short DSCS).

The D-dual and T-dual systems of (XJQ Ym)zx ae (XI QP yx)zn and (Xh QT yn )z,
respectively, where

(X1QYm) Zk = (Xd1QP Z¢ ) Ym = (YMQ T Xn ) Z.

This means that, if Q = (Aq,...,Ac), where A; are nxm-matrices, then QT = (A7, ...,Al) and
QP =(By,...,Bn), where B =[A1e | - | Acg ] and g is the i -th column vector of unity of

order n. It followsimmediately from the above definitionsthat QPP = QTT = Q and
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R((TQym)z) =R ((FQ° yi) zm) =R ((Xh QT ¥n ) 2). (10)
(for details see [HM])
Our main result in this section is given in the following.
Theorem 6. Let (X] Q Ym ) Zx be abilinear system. Then
(i) If (XTQym)z satisfies the DSCS (DSC), then, so do the dual systems (X QP yy )z, and
(X QT Yn ) Z.

(ii)  Supposethat for any bilinear system (X4 Q' Y ) Zx+ we have

R((XIQ¥Ym)z @ (X' Q'Ym) Zk)2C+R (X1 Q" Ym') Z«') .
Then, for any bilinear systems (X' Q1 Ym') Zx' and (XA Q2 Ym' ) Zx we have

R ((x1 QP Yk )Zm @ (X' Q1Ym) Zw) 2 ¢ +R (X' QuYym') Zc'),
R ((xm QT yn)z @ (X' Q2ym) Zc') 2 € +R ((Xd' Q2Ym') Z').
Proof . Suppose that (X,] Q Ym ) Z« does not satisfy the DSCS. Then, by lemma 6, there exists a bilinear

system (X'7Q'Y'k) Z' v and aminimal bilinear algorithm

R
(X1 QP yi)Zm @ (X' Q'Y'k) Z i = izlai (Zm,Zm )by (X0, X'n7) G (Vi Y'kr)s
such that a1 (Zm , Z'm' ) depends on zy, and Z' . Since QPP = Q, the D -dual system of the above is
(X1 QYm)Z @ (X'1Q'PY'm) Zk
(for details see [HM] and [BF]). The minimal bilinear algorithm for this systemis
R
(X1Q Yn )z @ (X'IQ'PY' ) Z = izlai (Ym,Y'm ) bi (X0 , X'nr) G (2, Z'kr) (11)
Now since the term a1 (Zm,Z'm') depends on z,, and Z'y, it follows that a1 (Ym,Y'm') in the new

minimal algorithm must depend on Yy, and Y’y Therefore, (X1 QYm ) Z« does not satisfy the DSCS. This

contradicts the assumption.
Part (ii ) follows immediately from (10). O

We remind the reader that all the theorems and corollaries in the previous sections also hold for the bilinear

complexity.

The following corollaries are consequences of Theorem 6 and the results of the previous sections.
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Corollary 15. Let

r(Q) = max{dimxjQym, row rank (xJQ ym)z , col rank (xdQym)z}.

We have

(i) HWR((XAQyYm)z)<r (Q)+1, then (X] Q Ym )z satisfiesthe DSCS
(i) R ((XAQym)z)=r (Q)+2 then (X] Q Ym )z satisfiesthe DSC.
Proof . It can be easily shown that

col rank (x7Q ym)z = dim xTQPyy,

and

row rank ((xdQym)z)= col rank ((xh QT yn)z).

Now the result follows immediately from corollary 10 and theorem 6. [
The following result follows from corollary 13.

Corollary 16 . Let A ={Aq, . .., A} beaset of ky X kz-matrices. Consider the bilinear system
(X,Q Vi) Zk, = (XA - -+ XAk, ) 2y

Thenfor {I ,m,n} ={1,2, 3} wehave:
(i) Ifk =kmks —i,i <3, then (xJQ Yx,) Z, satisfies the DSCS
(i) Ifk =knk,—i,4<i <5, then (x{Q Yks,) Z, satisfies the DSC.

In [JT1], JaJa and Takche showed that for sufficient large fields, if 20{ky,ko,k3}, then

(Xd,QVYk,) Z, satisfies the DSC.

8. DIRECT SUM OF ALGEBRAS
To acquaint the reader with the concepts in this section, we quickly review some notation.

Let F beafield. Let A be an associative algebra over F of dimension dim A =k, with unity ele-

ment 1, andlet a;y, . . ., ax beabasisof thealgebra A . Suppose

K
aaj=|;vi,j,|a4,

withy, j ) OF, i,j,1 =1,...,k. Then for the two elements x = ¥ K1x & andy = ¥ Kqyja in the
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algebra A we have

Suppose & Y =5 10i 8 where 0;) OF. We define the k x k-matrix Ay =(0i) ). Then

aq .

A ={A, |aOA} form an agebra over F isomorphic to A under the correspondence a — A, (for
details see [A pp. 9-12]). The set of matrices { Ay, . . . ,Ag } is a basis for the algebra A A= the
identity matrix of order k; AqAy =Aap; Aa Ay =Agsp; Ay =Aja for ADF; and if ab =1, then
Agl=A,.TheagebraA iscalled theregular representation of A .

Let X=(X1, ..., %), Yy=(Y1,...,¥ )" andz=(zy,...,% )" be vectors of indeterminates

andlet Qa = (Qy, . ..,Qk) beak-vector of k x k matrices such that

Kk
XTQIy:i;j;yi'j’IXiyj Jd =1k,

that is, X" Qy isthe | -coefficient in the product

K K K
Xy = [izlxiai LZLYJaJ} :IZl(XTQIy)ai-

The bilinear system defined by the algebra A is

QFYz=(XTQay)z= (X"Quy, ..., XTQkYy)z
In [FZ] it was proved that

(XTQRY)z= (XTAay, ... . XTAgY)zZ (12)
In [ASt] Alder and Strassen proved the lower bound

R (QAYz)=z2dim A -t (A),
wheret (A ) isthe number of maximal two-sided ideals of A . Following De Groote, cf. [Gr3], A issaid
to be of minimal rank (respectively, minimal complexity) if
R(QAYz) =2dim A -t(A), (L (QAYz)=2dmA-t(A)))
We say that A isaclean algebraif A /rad A isadirect product of division algebras. For a clean
algebra A with A /rad A =A{X -+ XA where A is adivision adgebra, (t (A ) =t), we define
Ra srad A (Ca /rad ) to be the number of algebras A which are not of minimal rank (minimal complex-

ity).



-34-

Let A bean algebraover F and let E be an extension field of F. We will denote by A E the algebra

A over E.

To prove the main result of this section we need the following well known result (for details see

[AD).
Lemma 10. Let A be a clean algebra. For any extension fieldE = F (z1,...,% ) of F, with indepen-
dent transcendental elements 24, . . . , Z, we have

(i) ThealgebraAE isclean.
(i) rad AE = (rad A )E.
(i) 1fA/rad A=A{X - XA whereAj, 1<i <t, aredivision algebras, then

AE/rad AE=AEX - XAE

and A F, 1<i <t, aredivision algebras.
Our main result in this section is:
Corollary 17 .. Let A be a clean algebra. Then
(i) If A isanalgebraof minimal rank, then QXY z satisfies the DSCS.

(it) If A isnot an algebra of minimal rank, then for any bilinear system Q*Yz, we have

R (QXYz@QWz)=2dim A -t (A)+1+R (Q*z).

(iii) If A isnot an algebra of minimal rank, then for any bilinear system Q*Yz we have

R (QXYz@QxYz)= 2dim A —t (A )+Ra jrada + R (Q%z).

Inparticular, if R (QAYz) =2dim A —t (A )+Rarad A, then QXY z satisfies the DSC.

Proof . Corollary 6 implies (iii ). Now, if we prove that (X" QR y)zODS" (r ), then by lemma 6, (i)

and (ii ) follow.

From (12) we have

(XTQRY)z= (XTAsy, ....XTAqy)z.
Let N be any nonsingular k % k-matrix and let

T _ T (€ TEN —
(XTQRY)N = (x (i;)\"lA‘*)y""’X (i;)\l,kAa)y) (Qu - Q).
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K
with A j OF. Since N isanonsingular matrix, the matrices Bj = 'Zl)\i iAs ] =1,... Kk formabass
i=

for the algebra A (the regular representation algebra).

For alJA let r(a)JA/radA be its image under a canonica homomorphism
A LA/radA. For bOA /rad A and 1<0<t, let [b]s denote the canonical projection of
Alrad A onto its 0-th component (of b) according to the decomposition A /rad A = A1 X -+ XAy,
ie[lo:Alrad A - Ay.

We will first prove that (xTQRYy) ODS(0,r).Since{ B; |j=1,...,k} form a basis for
A, wehavethat Cj =r (Bj) ,j =1,...,k isabasisfor A /rad A =A X - -+ XAy. Therefore, for
every 1<o<t there exists Cj, such that [Cj ]o# 0. Consider the element ¢ = §-17,Cj, in
AE/rad AE whereE =F (z4,...,%).Since[c]gsZ0fordl =1, ...,t, theelement ¢ isanon-
singular element in the algebra A E /rad AE. Therefore, 3§ - 125B;, is a nonsingular element in AE,

which implies that
t — —
rankg > zBj = dimAE = dimA =dim A,
o=1
where rank gH isthe dimension of the linear space spanned by the rows of H over E, (in thiscasg, it is

the rank of the matrix H over E). Now we have

t t
rank ((Qj,....Q)(zn ..., z)")=rankg > zsBj, = rankg > zsBj, = dim A.
o=1 o=1
We have aready proved that for any nonsingular K xk-matrix N, there exist t entries Q;,...,Qj in

(xTQR y) N such that

rank ((Qi,...,Q,)Z)=dim A,
whereZ = (2y,...,2z)". Thisprovesthat (xTQRy)zDS (0,r).

In the linear space Span (QAY ), the bilinear form X" Hjy is active if and only if r (H;) # 0.
Since r (Bj,) =Cj, #0, the entries Q; , . .., Q;, are active. Actually, the set of all nonactive bilinear
forms are the bilinear formsxTHYy, whereH Orad A .

We still have to prove the first condition of DS™ (r ). That is, for any nonsingular k x k-matrix N,

there exists an active entry Q'j of (XTQRY)N such that for every non-active entry Q'j, of
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(XTQRY)N,andevery f 1, f, O F with f 1 Z 0, wehavethat f 1Q"j +f ,Q’j,isalso active.

The entry Q';, is active and therefore r (B;,) # 0, which implies B;, [rad A. The entry Q'j,is
non-active and therefore r (Bj,) =0, which implies Bj, O rad A. Now the desired condition follows
because f 1Q"j, +f2Q"j, =xT (f 1Bj,+fBj,)y and f 1Bj +f ,B;j,Irad A forevery f ;1 20. O

We now give some examples of clean algebras.

Example 1 . The simple generated local algebraisA =F [a]/(p (a)d) wherep (a)OF [a] isan
irreducible polynomial. This algebra satisfies

rad A =(p(a)), Alrad A=F[a]/(p(a)).
If |F |=2deg p (a)d -2, then A isan algebraof minimal rank. If |F |<2degp (a)-2, then A
isnot an algebra of minimal rank.
Example 2 . The local algebra A =F [wy, ...,y ] where wyw; =0 for every i # j. This algebra
satisfies
rad A = (u)+--+(wy) , Alrad A =F.
When w2 = 0, then A iscalled the null algebra. This algebrais of minimal rank.

Remark . De Groote and Heintz proved in [GH1] that commutative local algebras of minimal rank are

either the algebras in example 1 or example 2.

Example 3. Any commutative algebra is a direct sum of commutative local algebras (See [AM], the Artin

theorem). Therefore commutative algebras are clean.

Example4.Letn; < ny< --- < ng < n beanatural numbers. Then

A=F[x", ., xX"]/(F[x™ ..., x*]nF[x]x")
is a commutative algebra. It has been proved in [GH1], that A is of minimal rank if and only if

ni{+no2n.

Example 5. The set of al upper triangular N x N-matrices Tyy (C ) over the complex field C isa clean

algebra. This algebra satisfies

rad Ty (C)=Ty (C )é{ strict upper triangular N xN —matrices }

and



-37-

N times

Tn(C)/rad Ty (C) =Cx -+ XC.

Therefore by the Alder and Strassen bound we have

R (Q&%c) )=N2,
Heintz and Morgenstern proved in [HMo] that Ty (C ) isof minimal rank if and only if N = 2. They also

proved that R (Q¢Yc) ) = 10.
By corollary 16 we have that Q¢Yc) satisfies the DSCS, Qf{c) satisfies the DSC; and for every

N =3 and any bilinear system Q*Yz we have

R (QfXc)z@Q®z)2N2+1+R (Q*Vz). O
Example 6 . The upper triangular N x N-matrix Ty, (D ) over a division algebra D over afield F isa

clean algebra. Obviously, Ty (D )=Tn (F ) G D,

rad Ty (D) =Tn(D) =Ty (F)@BD,

and

Ty (D)/rad Ty (D )=D xD x "D,

By the Alder and Strassen bound we have that for any bilinear system Q*Yz,

R (Q&¥)2@Q%¥z) =N2K +N K =N +R (QWz),
where K = dim D. By Corollary 17 we have

R (Q{0)2@Qz) >N2K +N K -N +Rp N +R (Q*¥z),

where Ry = 0if D isadivision algebra of minimal rank, and Ry = 1 otherwise.

9. OPEN PROBLEMS
Finally, we shall give some open problems

(1) Provethat for any associative algebra A and any quadratic system QX*z (respectively, bilinear system

Q*Yz), we have

L (QXYz@Q*z)22dim A =Carada +L (Q*2)
(respectively,

R (QXYz@QXYz)22dim A —Ra raga +R (Q*V2)).
Andif L (QXY) =2dim A —Ca jraga (respectively, R (QXY) =2 dim A =Ra jraga ), i.e
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A is of minimal complexity (respectively, minimal rank), then QXY satisfies the EDSCS (respec-
tively, satisfies the DSCS).

(2) Prove that the hilinear systems Q*Yz in DS (2,i ) satisfy the EDSCS (respectively, satisfy the
DSCS) for i =0, 1 and satisfy the EDSC for i = 2 (respectively, satisfy the DSC). Note that the bil-
inear system defined by the product of 2 x 2 matricesisin DS (2, 1).

(3) Classify al the the minima quadratic (bilinear) algorithms for algebras of minimal complexity
(minimal rank).

(4) Find alower bound o dim A for some algebra A over an infinite field, with a > 2. For finite fields,

see[B1], [B3] and [LSW].
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