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Abstract

We study the learnability of Threshold functions with bounded
weights using membership queries only. We show that the class Cy of
Threshold functions with positive integer weights that are less or equal
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to ¢ is learnable with nO(") membership queries. We also provide a

lower bound of Q(n?) for the number of membership queries required
to learn this class. We also show that learning the class with weights
from {—1,0,1} requires at least €(2") membership queries.



1 Introduction

One of the interesting models in learning is the exact learning model with
queries [A88, 1.88]. In this model the learning algorithm can ask queries
about an unknown target function f : {0,1}" — {0,1} that belongs to a
class of functions C'. The learning algorithm is required to identify the target
function f (or an equivalent one from ') in time polynomial in the number of
variables. If such an algorithm exists then we say that the class C'is learnable.
The queries considered in the literature are the equivalence queries and the
membership queries. An equivalence query takes as input a hypothesis h € C'
and returns YES if A is equivalent to f and NO with a counterexample y
otherwise. The counterexample y satisfies f(y) # h(y). A membership query
takes as input an assignment z € {0,1}" and returns the value of f(z).

A Threshold function f with integer weights ay, ..., a, and integer thresh-
old b is a function from {0,1}" to {0, 1} such that

)1 am Fagwe - Fapwy, >0
f= 0 otherwise.

Maass and Turan [MT89] shows that the class of Threshold functions is

learnable from equivalence queries only. It is very easy to prove that this

class is not learnable from membership queries only.

In this paper we place some restrictions on the weights and show that
with these restrictions, learnability with membership queries is possible. We
show that the class of threshold functions C; with weights that are positive
integers that are less than or equal to a constant ¢ is learnable. Our learning
algorithm returns a Threshold function from C;. We also show that this class
is not learnable for nonconstant ¢. For thresholds with negative weights we
show that the class of thresholds with weights in {0,1, —1} is not learnable
from membership queries only.

2 Preliminaries

In this section we give some preliminary results that will be used to explain
our algorithm.



2.1 Classes and Learnability

Let C be a class of formulas that represents boolean functions over {xy, ..., x,}.
An assignment x is x € {0,1}". As in complexity theory we will assume here
that we have a sequence of classes C". Then, when we talk about complexity
being polynomial in n we mean that there are constant ¢ and d such that for
every n > 2 the algorithm runs at most n°+ d steps for learning C™. We say
that C'is closed under projection if for any f € C' and any variable x; and
value ¢ € {0,1}, the projection f|,,¢ of f on z; = ¢ is a function in C. We
say that C' is solvable if there is an algorithm that on inputs f, g € C runs in
polynomial time in n and outputs YES if f is equivalent to ¢ and NO with
an assignment y such that f(y) # g(y), otherwise. We say that C' is weekly
solvable if there is an algorithm that on inputs f, g € C runs in polynomial
time in n and outputs YES if f is equivalent to g and NO otherwise.
We first prove the following

Lemma 1 Let C be a class of boolean formulas. If C' is closed under pro-
jection and is weekly solvable then it is solvable.

Proof: This is a standard searching reduction. We run the algorithm that
decides whether f is equivalent to g. If the answer is YES then we are done.
Otherwise, we run the algorithm for the projections f|.,o and g|;,o. The
new input is legal because the class is projection closed. If the answer is
YES then we know that f|,,.1 and ¢|.,,1 are not equivalent. In both cases
we recursively run the algorithm until we get an assignment y such that
fy) # 9(y). O

We say that C'is learnable in time | with membership queries (and equiv-
alence queries) if there is an algorithm that on input n and with a member-
ship (and equivalence) oracle to f € C runs in time {(n) and output h that
is equivalent to f. We say that C'is learnable with membership queries (and
equivalence queries) if it is learnable in polynomial time. We say that the
learning algorithm is proper if the output hypothesis h is from C.

The following lemmas will be useful for the lower bounds and for our
algorithm

Lemma 2 Let C' be a class of formulas. If C s learnable in time | with
membership queries then it is solvable in time O(lv) where v is the time
needed to evaluate a function f € C in some point x.



Proof: Suppose C' is learnable in time /. Given two functions f and g in C.
We run the algorithm that learns C' and answer queries by substituting in f.
Then we take all the assignments that are used in the membership queries
for learning f and substitute them in g. It is clear that f = ¢ if and only if
f = g on those assignments. O

Lemma 3 Let C be a class of formulas. Let H > C = CM U ... uCM™.
If H is solvable in time | and CY is learnable with membership queries with
a learning algorithm that output a hypothesis from H in time [ then C is
learnable with membership queries with a learning algorithm that output a
hypothesis from H in time

m(l + max ).

Proof: We run the algorithms that learn C® in parallel. One step in each
algorithm and at most max; [?) steps for each algorithm. Each time we have
two outputs hy, hs € H we run an algorithm that test if they are equivalent.
If they are equivalent then we keep one of them and if they are not then we
have an assignment z such that hy(2) # he(z). We ask the value of the target
f on z and keep the h; that is consistent. Because C = CM U ... U O™,
eventually we will have only one function. This function must be equivalent
to the target. O

2.2 Disjoint Sum Functions

In this section we give a generalization of the class of Threshold functions
with small weights (introduced in the next section). Some of the results of
this paper will also be true for this class.

The t-disjoint sum boolean class DS; is the class of all boolean formulas
of the form ¢(Xo,...,X;) where ¢ : {0,...,n}' — {0,1}, X; = ¥cq, 7;
(arithmetic sum) and {S;} is a partition of {1,...,n} (disjoint sets). We
will assume that ¢ is independent of X,. So X, will be the sum of all the
irrelevant variables. Notice that the class of 1-disjoint sum is the class of
symmetric boolean functions. When {S;} is not a partition (not necessarily
disjoint) then we call the function ¢-sum function. The class of all t-sum
boolean functions is denoted by S;.

It is also easy to see that DS; C S; and

St - DSmin(? n)-
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We now show that

Lemma 4 The class of t-sum boolean functions is solvable in time n°®.

Proof: In Theorem 11 we will show that any ¢-sum function can be changed

to an equivalent automaton of size n!™!. Since the class of automata is

solvable the lemma follows. O
The following lemma will be used in this paper

Lemma 5 Let f = ¢(Xo, X1, -+, X;) be a t-disjoint sum function but not
a t — l-disjoint sum function. If f = ¢'(X{,...,X}) then X{,..., X] are
subsums of Xo, X1,--+, Xy. That is X; are sums of X]’-s.

Proof: Suppose the claim is not true. Then by permuting the variables x;
and X; we may assume that X; = x; + X7, Xy = 2o+ X3 and X| = 21 + 22+
X{". Now notice that f(0,1,z3,...,2,) = f(1,0,23,...,z,) and therefore we
have p(ng,n1 + 1,n9,n3,...,n;) = @(ng,n1,ne + 1,n3,...,n;) for every ng
and ns. Consequently, for every k ¢(ng,ni,ne,...,n;) has the same value
for all ny + ny = k. Therefore we can write it as p(Xo, X1 + Xo, X3,..., X))
which is a ¢t — 1-disjoint sum function. We get a contradiction. O
Using same proof as in Lemma 5 we have

Lemma 6 Let f = p(Xo, X1, -+, X}) be a t-disjoint sum function that is
not a t — 1-disjoint sum function. If f eila;—0 then x; and
x; are both in one Xy, for some k.

l‘i<—0,$]‘<—1 = f

Now we prove a better complexity than in Lemma 4 for the class of
disjoint k-sum functions

Lemma 7 The class of t-disjoint sum is solvable in time O((n + 1)"1¢).

Proof: Let f = ¢(Xo, X1,...,Xy,)and g = ¢/ (X, X7,..., X},). If X, X7, ..
are subsums of Xg, Xi,...,X;, (or vice versa), then we can find the values
of ¢’ for all possible values of X| =ny,..., X = n;, and compair it with ¢.
This will take at most n'2 < (n + 1)" queries.

Otherwise, there is (say) X; = z1 + 2o + X] and X} = x; + XJ7 and
X}, = x5+ XJ.. By the proof of the Lemma 5 either there is a € {0,1}"
such that f(1,0,a) # f(0,1,a) or we can put X} and X7 in one variable. If
we find that f(1,0,a) = f(0,1,a) for every a (using the above approach for
flay—0zp1 and flz,12,0) we combine X7 and X} and repeat the above.
We have at most 2t of those combinations. Otherwise, we find an a such that
f(1,0,a) # f(0,1,a). Since g(1,0,a) = g(0,1,a) we must have that either
f(1,0,a) # g(1,0,a) or f(0,1,a) # ¢g(0,1,a). O

6
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2.3 Threshold with small Weights

Let C, be the class of all boolean functions over n variables of the form

fe 1 a2y +asxs+...+a,xr, >b
| 0 otherwise.
where ay,...,a, € {0,1,...,t}. We will write such a function as f = [ajz; +

<o+ apx, > bl

It is clear that Cy; C DS, and therefore Cy is solvable in time O(n°®).
3 Lower Bound
In this section we prove that when ¢ is not a constant then C} is not learnable.

Theorem 8 To learn the class C; we need at least

¢ (<mm<2 n/2>>>

Proof: Consider the class D; of all thresholds [ayz; + - - -+ a,z, > t* —t+1]
where a; € {t — 1,t} and exactly ¢ of the coefficients are equal to ¢t — 1. The
boolean functions in D, satisfies the following:

membership queries.

1. f(v) =0 for all assignments v that have weight (number of ones in the
assignment) that is less than or equal to t — 1.

2. f(v) =1 for all assignments v that have weight that is greater than or
equal to t + 1.

3. f(v) =1 for all assignments v that have weight that is equal to ¢ except
for the assignment that is one for all z; in which a; =t — 1.

4. f(v) = 0 for the assignment that is one forr all z; in which a; =¢ —1
and 0 elsewhere.



Therefore, learning D; from membership queries is equivalent to finding
this assignment from an oracle that given an assignment of weight ¢ answer
YES if it is the correct assignment and NO otherwise. This will take at least
Q(| D) membership queries (even with a randomized algorithm). O

We now show that Threshold functions with coefficients from {0,1, -1}
are not learnable.

Lemma 9 7o learn Threshold functions with coefficients from {0,1, —1} we
need at least O(2") membership queries.

Proof: Notice that the term z; A... Awy; /_\a:ij+1 A...AZ;, is the Threshold
function [z, +... 4+, — 2, — ... — x5 > j]. Now the bound follow from
the lower bound for learning terms. O

Since the class in Theorem 8 is a subset of the class of 2-disjoint sum we
have the following.

Corollary 10 The class of monotone 2-disjoint sum is not learnable from
membership queries.

Proof: The class in Theorem 8 is monotone because all coefficients are
positive. It is a 2-disjoint sum because it can be written as ¢(X;, X3) where
X, contains the variables with coefficients equal to ¢t and X5 is the rest of
the variables. Choose t = n/2 and the membership query complexity will be
20, O

4 Learning Sum Functions

In the previous section we showed that the class of 2-disjoint sum is not
learnable with membership queries only. Here we will show that this class is
learnable when the learner can also ask equivalence queries. We will prove
the following

Theorem 11 The class of t-sum boolean functions is learnable from n°®
membership and equivalence queries.

Proof: We will show that we can turn any ¢-sum function into an automaton
of size n*. We then use Angluin’s algorithm [A87] for learning automata.



Let f = p(Xy,...,X;). Consider the states at level [,

Ql - {(Xla cee aXt)|(x1,...,xl,1)<—v | (NS {07 1}Z_1}-

So every state at level [ is of the form (Y7 + Ay,...,Y; + A;) where Y] is X;
without the variables zq,...,2;_; and A\; < | — 1. Therefore, at level [ we
have at most I' < n' states.

The initial state is (X7,...,X,). The state (Y1 + A1, ..., Y, + \;) at level
[ will be connected to two states at level [. It is connected to the state
(Y1 + A, .., Y + A)|s—0 with an edge labeled with 0 and to the state
(Y1 + A1, .., Yo 4+ A)|y,01 with an edge labeled with 1. At level n the state
(A1, ..., An) will be a final state if and only if @(Ay,..., A,) = 1. Also every
state in level n is connected to a nonfinal state with a loop (a sink state).

Obviously, the string s € {0,1}* is accepted by the above automaton if
and only if its length is n and f(si,...,s,) = 1. The size of the automata is
at most n'*l, O

5 The Algorithm

In this section we give an algorithm that learns the class C; in time n®).

5.1 The Algorithm for Small b

We will first show that if f = [a121 + -+ + apz, > bl and b < For b >
>;a; — 3 where 3 is a small constant then there is an algorithm that runs in
time O(n”*2?) uses membership queries and learns a function in DS; that is
equivalent to f. We then show how to change this function to a function in
C} in constant (depends on  and t) time.

First it is easy to see that if b > 3", a; — 3 then the function f(Z4,...,%,)
is in Cy with b < 3. So it is enough to solve the former case.

Because b < 3 all assignments of weight (number of 1s in the assignment)
greater than [ gives the answer 1. So it is enough to find the value of the
function for all assignments of weight at most 3. There are at most n”
such assignments. Now using a table 7' that contains the values of those
assignment, the hypothesis

h(z) = { T(x) wt(x) <p

1 otherwise,



is equivalent to the target function. To change h to a function in DS; we
use Lemma 6. For every two variables z; and x; we check if f|;, 041 =
fle;—1,2;<0- This can be done in time nPt2. After we have X,..., X, we
find ¢ in time n! < nP.

We now show how to change this hypothesis to a threshold function in
C;. We will first prove the following.

Lemma 12 Let f = (X0, X1,...,Xy) and [ = [agz1 + -+ + apx, > D).
Suppose (after permuting the variables) X1 = 1 +x9+ -+ x,.. If r > 2b
then f = lajx1+- -+ a;z, +arp1Zr1 + - -+ anx, > b] for some j <r. That
18, if X1 contains more than 2b variables then we can change the threshold
function so that all the variables in X1 have the same coefficients in f.

Proof: First notice that because all the variables in X; are relevants in
the function we have a; # 0 for ¢ = 1,...,r. We will also assume that
a; < --- < a,. Otherwise, we can permute the variables to have this property.
Let j = |r/2]. Now define g = [ajz1+- - -+ a;z, +arp1Tp41 + - -+ anz, > b].
Suppose f Z g. Then there is an assignment ¢ such that f(c) # g(c). Suppose
f(e) =1 and g(c) = 0 (the proof for the other case is similar). We will now
concentrate on cy, ..., Cy.

Because g(c) = 0 we have ajc;+- - - +a;c, < band therefore g = ¢;+-- -+
¢, < b. Now define ¢ = (19,09, ¢,41,- - -, ¢,). Notice that g(¢’) = g(c) =0
and because X; = x; + - - - + x, we also have f(¢’) = f(¢) = 1. Now because
g(cd)=0,¢; >¢; fori < |r/2| and [r/2] > b > q we have

acy + - ane, < oaid + -4 aic F apac gy + o+ anc,
< b
and therefore, f(¢’) = 0 which gives a contradiction. O

Now for every X; with more than 2b variables we know that they have the
same coefficient and for those with less than 2b variables, they may or may
not have the same coefficients. We now take the X; that have more than 2b
variables. There are at most t of them. Then we take the other variables.
There are at most 2bt variables and then try all possible coefficients for them.
There are t?**** possible threshold functions. Notice that since ¢ and b are
fixed this number is constant. We take all these threshold functions and
using a table find an equivalent one. This solves learning for the case when
b < 3 and [ is constant.

10



5.2 The Algorithm for any b

In this subsection we give the algorithm for C;. We will first give the following
definition.

Definition 13 For a constant w, two sets S, R C {0,...,t} where SUR =
{0,...,t}, a set of indices Tg = {Is | s € T} where I, C {1,...,n} with
|Is] = 2w and a set of indices Jr = {J, | r € R} where J, C{1,...,n} with
|J,-| < 2w, we define the class C}°[S, Zg, R, Jg] to be the class of all thresholds
f=laz + -+ apz, > b that satisfy the following:

1. a;=s foralli € I, and s € S.
2. a;=r foralljeJ, andr € R.
3. a;j#r forallj & J. andr € R.

From the above definition, S contains all the values from {0,1,---,¢} that
appear as coefficients of f at least 2w times. The set R is the set of all
values from {0,1,---,t} that appear as coefficients at most 2w times in f.

The set I, contains 2w indeces ¢ such that a; = s. The set J, contains all

the indeces i such that a; = r. The class C}’[S,Zs, R, Jg] contains all the
threshold functions with the above properties.

It is clear that for any w, any threshold function in C; is in some C}’[S, Zs, R, JR]

for some S, Zg, R, and Jg. Therefore

Ci= | C¥[S,Zs, R, Tl

S7IS7R7JR

Lemma 14 The number of distinct S,Zg, R, Jr is at most

nO(wt).

Proof: We have 2! possible (S, R) with SU R = {0,...,t}. Then we have

t
at most (;ﬂ) < nPWh ways for choosing Zg and Jx. O
Since C; is solvable, using Lemma 3 we have the following.

Corollary 15 If C}[S,Zs, R, Jr| is learnable in time | then Cy is learnable
m time
nO(wt)(nt + l)
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We now show how to learn f € C}[S,Zs, R, Jr]. Let S = {s1,...,5,}.
We will assume that I, = {2w(j — 1) +1,...,2wj} (a permutation of the
variables in the function). Let K = {2wo + 1,...,n} be the rest of the
indices. For a set of indices L we will write 1, for the assignment that is one
in indices1 1 € L and zero elsewhere.

Let 12 = {2w(j —1)+1,...,2w(j — 1) +w}. This set contains half of the
elements in the set [,;. The first step in the algorithm is to ask membership
queries with the following two assignments,

+ =1 1, t@P=1 , .
UjISQj ujlfj UK
We will have three cases.
1. f(z®M) =1 and then f(2?)
2. f(z®) =0 and then f(z™)

3. f(xzW) =0and f(z?) = 1.

In the first case since f(x(l)) =1 we have s;w + ssw + - - - + s,w > b and
therefore we have b < wt?. In the second case we have b > > a; — wt?. In
both cases we can use the algorithm in the previous subsection. This will
take n®**+2 time complexity.

We now show the algorithm for the third case.

Let W, = Ujféj U{2wo +1,...,2wo + ¢}. From the condition above we
have f(lwy,) = 0 and f(lw,_,,.) = 1. Using membership queries we find
the minimal ¢ such that f(1w,) = 0 and f(lw,,,) = 1. This is the point
where the sum of the coefficients becomes approximately equal to b. We will
denote by S(b) the sum of the coefficients on the assignment b. So we have
S(lw,) < band S(lw,,,) > b. Also since the coeflicients are at most ¢ we
have S(1w,.,) — S(1w,) <t and therefore

b—t<S(lw,) <b.

1.

0.

We now will use the assignment 1y, and flip some of the bits so the sum of
the coefficients becomes as close as possible to b. We use the following result
from number theory [N].

Proposition 16 Let 1 < 1 < 59 < -+ < 8, < t be integers where
ged(sy, ..., Sy) = d. There exist integers wy,...,w, such that |w;] < d +
(0 — 1)t <t* and

w1y + -+ Wes, = d.

12



We now use this Proposition to define a new assignment c that gives a sum
of the coefficients equal to S(c) = S(1w,)+d. Notice that wys;+- - - +w,s, =
d so for every i if w; > 0 we flip w; zeros of I/? in 1y, to ones and if
w; < 0 then we flip w; ones of I\ 51/ 2 in 1w, to zeros. Obviously, from the
proposition, the new assignments c satisfies S(c) = S(1w,) + d. We now
find the value of the function in ¢. We keep doing the above until the final
flip will change the value of the function from 0 to 1. So we will have two
assignments ¢ and ¢’ such that,

1. S(e) —S(¢) =d.
2. f(¢c)=1and f(c)=0.

Notice that since S(1w,) > b—t we will do at most ¢/d < t rounds of flipping.
Each flipping change the value of at most |w;| < t? bits in I}/? and I,,\I}/?
and therefore w = |I1/2| most be at least t3.

Now to find the coefficients a; where ¢ € K, we have three cases

Case I. i € J, for some r. Then we know that a; = r.

Case II: i ¢ J, for all r and ¢, = 1. Then we know that a; € {s1,...,5,}.
Take ¢’ and flip ¢} to zero and some ¢; = 0 with a; = s; to one. The coefficient
a; is equal to the maximal s; that didn’t change the value of the function.
The reason is that s, —s,—1 > d and therefore the last one that didn’t change
the value of the function is the right coefficient.

Case III: i ¢ J, for all  and ¢; = 0. Then we know that a; € {s1,...,s,}.
Take ¢’ and flip ¢ to one and some ¢; = 1 with a; = s; to zero. The coefficient
a; is equal to the minimal s; that didn’t change the value of the function.

5.3 Complexity

We need to choose w large enough so we can do the flipping. First notice that
lw;| < d+ (o —1)t <% In the flipping we do at most ¢ flippings so w = 3 is
sufficient. The complexity of the algorithm for small b is now n***2 = pt’.
The complexity of the algorithm for the third case is O(n). Therefore, using

Proposition 16, the complexity is nO®).
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