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Abstract

We present a PAC-leaming algorithm with mem-

bership queries for learning any multivariate poly-

nomial over any finite field f under the uniform

distribution. The atgorithm runs in time 1

queries where t is the number of terms in the poly-

nomial, 71is the number of variables and IFl is
the field size. This complexity is polynomial for
any fix finite field Y. The output hypothesis is a
multivariate polynomial with less than or equal to
t terms.

We also show that O(log n)-multivariate polyno-
mials (each term contains at most O (log n) distinct
variables) are exactly learnable from membership

and equivalence queries in time n“(’og I‘11.

Nader H. Bshouty

1 Introduction

In this paper we study the learnability of multivariate poly-
nomials with the form

over any finite field F where ad E F and cu are inte-
gers. When the field is infinite, multivariate polynomials can
be interpolated from membership queries only (see [BT88,
CDG+91, GKS90, Ma92, RB89, Z901). When the field is
finite, membership queries alone cannot identify even one-
term multivariate polynomials. Schapire and Sellie show in
[SS93] that multdineurpolynomials (when CYc {O, 1}”) are

learnable from membership and equivalence queries. This

1This is the number of examples. The time is polynomial in the
number of examples and n.
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implies learning any multivariate polynomial over the binary
field GF(2) = {O, 1} from membership and equivalence
queries and implies PAC-learning multivariate polynomials
over the binary field with membership queries under any
distribution. Learning multivariate polynomials over finite
fields in any learning model is still open.

In this paper we show that any multivariate polynomial over
a J.xed field ~ is PAC-learnable with membership queries
in polynomird time under the uniform distribution. We also
show that t-multivariate polynomials, i.e., multivariate poly-
nomials where each term contains at most t distinct variables,
are learnable from membership and equivalence queries in
time IFIZ, This complexity is polynomial for any finite field
and t = O(log n/ log IFI), and, polynomial for any fixed
field F and t= O(logn).

Our approach is different from [SS93]. In [SS93] the algo-
rithm is based on the structure of lattices that satisfy certain
properties and learning multilinertr polynomial over any field
is obtained by taking the lattice {O, 1}“. Our approach is
algebraic and is based on generalizing interpolation from one
variable polynomirds to multivariable polynomials. This ap-

proch is similar to the one in [RB89] for learning multivariate
polynomials over the binary field under the uniform distribu-
tion. In our algoritAm the learning algorithm at some stage
has a set of terms T where each term in T is a subterm of
some term in the target. The learning algorithm then assumes
that the terms it has are the actual terms of the target and in-
te~olates to find the coefficients of the terms. It then asks
equivalence queries with that polynomial. A counterexample
will be used to find a larger T, i.e., either add a new variable
to an existing term in T or add one variable that is a variable
in a new term in the target.

Our paper is organized as follows. In section 2 we give some
preliminary results and in section 3 we give the algorithms.

2 Preliminaries

be a multivariate polynomial over the ring %?where a. c ‘R,-.,1
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ableszl, ..., znby7?[zl, ..., Zn]. Thec1ass7Z[z1, . . . ,xn]

is itself a ring so we can also consider multivariate polyno-
mials in 7?[%1, . . . . Zn][yl, . . . . y~]. These are multivti-
ate polynomials over the variables yl, , . . . ym where the
coefficients are multivariate polynomials over the variables
zl, . . ..zn. This ring is isomo~hic to the ring

R[xl). ... ~n, ul, Yml, Yml

of multivariate polynomials over the variables $1, ..., Zn,

!/11 ..l. h.

The number of terms of ~ is denoted by [~1. We have ]~1 =
121 when all na are not zero. When ~ = O then 1$1 = O
and when ~ = c c T\{O} then 1~[ = 1. Since we will
consider only finite fields R = Z in this paper we will
write ~ = 1$1 for the size of the field and a e [K]” (here
[n] = {O,. . . . n – l}). The latter is because XK = r over
the field %. Suppose Y = {TO) . . . . Y.–I} where -yO= O is
the zero of the field. A univariatepolynomial ~(cl ) e T[zl]
over the field $ can be interpolated from membership queries
as follows. Suppose

j(zl) = A(&-lJ(~)z:-l + . ..+ A(lJ($)z1 + A(o)(f)

where A(i) (~) is the coefficient of Zi in $ in its polynomial
representation. Then

1

f(70) =
A(’-l~(~)Y:-l + ~. + A[l)(~)~o + A(o)(f)

f(m) =
~(fi-l)(f)y;-l+ ...+ A(l)(~)yl + A(o)(f)
....

>(7.-11 =

>From (1) a membership query for A~z) can be simulated

using K membership queries to j. From (2), a membership

query to A~.O)can be simulated using one membership query

to f.

We now extend the A operators as follows: for i = (il, , . . . i~ )

andj=(jl, . . ..j~)for distinct jl. j~. ,j~

A! = Aa,kA’,k-’ . . .Ail
Jk lk–1 11

We will also write .cj for the term .c~~.c~~~~ . z;;. The

weight of i, denoted by d(i), is the number of nonzero
entries in i. Let ~k be the set of all (i, j) for all possible i and
j of length k.

Since the operator A;(~) gives the coefficient of z; in j when

represented in ~[zl, . . . . ~~-1, ~~+lJ . . . . Zn] [xj], the oper-

ator A~ (~) gives the coefficient of ic~ when f is represented
in

Also by (1) and (2), membership queries for A! can be sim-
ulat~ by #~[iJ membership (ltMkS for ~. This giveS tie

following properties of the A operator.

Lemma 1. Letf be a muJtivariate polynomial. Then

1) A~(~) is the coefficient of z; in f.

( A(fi-l~(f)7::; + . . . + A(lJ(~)y._l + A(o)(f). 2) A membership query to A~(~) can besirmdated by~Wt(i)

This is a linear system of equations and can be solved as
follows.

det lMi I
A(i)(f) = &t,v(yo,

. . . . 7K-1)1
(1)

where V (YO, . . . . -y.– 1) is the Vandermonde matrix and Mi
is

[

K-1
7:_1 ““” & f(?’o) 7;-1 ““” 70 1

71 “ “ 7;+1 f(-fl) 7;-’ ~~~ y, 1

~::; .
?:~lI f(~K-1) ~!-l “ “ ~fi-1 1~ 1

If ~ is a multivariate polynomial then ~ can be written as

j’(zl, . . . . Zn) = A\’-* )(~)x:-l+ ~+A\l)(j)zl+A~)(~)

where A:) (f) is a multivariate polynomial over the vari-

ables X2, . . . . z~. We can still use (1) to find A~)(~). Just
replace each .f(y~ ) with .f(~i, XZ, . . . . Z.). This can be done

for <any variable Xj. Therefore A~t) is a function opera-

tor that returns the coefficient of x; when $ is represented

] [ ]. Notice that from tieiIIF[$l ).. .,zl, $j+l>l>. ..,~n ~J
first equation in the system, since yO = O, we have

A!”)(f) =f(Zl, ....~1.l,
J

O,zj+l, . . ..zn). (’2)

membership queries lo f.

3)

We will be interested in representing f using different levels
of A, i.e.,

where Z is a set of different (i, j) with different lengths. To

have the above well defined we must make sure that each
coefficient in f occurs exactly once in the sum. Therefore
we add the condition that for every term t in f there is exactly
one (i, j) E Z such that z~ is a subterm of t. Here z~ is a

subterm of t if the exponent of zj, in t is exactly i[ for every
1. There might be other (i, j) in Z such that no term in ~ is
a superterm of z;. In this case A~ ( f ) = O. If Z satisfies the

above then we say that Z is good for j. Property 3 in lemma
1 also holds for this representation when 1 is good for f.

We now are ready to give the algorithm.
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3 The Algorithm A!(~) = O, the counterexample z(o) will be a counterexam-

3.1 k-mdtivariate polynomial
pi for one of the A~ for some (i, j) 6 Z’. We use mem-

bership queries for A!(~) for all (i, j) E Z to find the one

We will first present the algorithm that learns k-multivariate that satisfies At(f) (z”(o) ) # At(~)(0). We then know that
polynomials from membership and equivalence queries. In
the algorithm we will have a set

(iO, jo) E l?. We now use membership queries to find a vari-
able that At(~) depends on. We do that by flipping nonzero

entries in z(o) to Ountil flipping one variable, say z~, changes

(1) Z that is good for ~ and for every (i, j) E Z we have wt(i) <the value of AL (~). Finding some Zq that At(~) depends

Therefore
~ = ~ A@z;.

(i,j)e~

Let Z’ c Y be the elements that satisfies

1 is good we have
IT’] < If[.

A~(~) # O. Since

Let \12?II be the sum of the lengths of all vectors in 3’. We
will prove that

(2) [~1 < K!IZ’[1.

Since IZ’ I < I~1 and each term contains at most k variables,
we have

Ilz’11 < klf].

This, in particular, implies that

Iz[ < kKlf[.

We will also show that

(3) in each iteration of the algorithm, IIZ’[1

will be increased by at least 1.

Since in each iteration the algorithm asks one equivalence
query, the number of equivalence queries asked by the algo-
rithmis at most IIZ’11 < kl~l.

Now we will show what the learning algorithm will do at each
iteration and show how to use equivalence and membership

queries to satisfy the above three conditions.

Thealgorithmasks membership queries to find hi,j = A~(~)(~)

for all (i, j) c Z. By lemma 1, a-membership query to

A}(~)(0) can be simulated by ~Wt(l) membership queries

and since by 1, d(i) < k, a membership query for A}($)

can be simulated by at most tck membership queries for j.

The algorithm then asks an equivalence query with the hy-
pothesis

(i,j)cz -

Notice that hi,j = A~(~)(0) = O for (i, j) f! T’. Since

.I1’l < Ij], our hypothesis will never have anomber of term.
greater than the target. Therefore our learning algorithm is a
proper learning algorithm.

Suppose z(o) is the counterexample. Since the target ~ and
the hypothesis h agree on z; and on all terms that satisfy

on can be done with log n membership queries (flip one-half
of.the distinct entries then one-quarter, etc.). This $hows that
At(~) depends on z~. Therfore Xg appears in At (j). We

then remove the element (i., j.) from Z and add

((iO, O), (jo, q)), ((io, l), (j0,9)),., ((io, K- l)l(jO) ~))

This is because we know that z~x~ is a subterm for some

of the w‘s but we do not know which w ‘s. Therefore we
add them all. If x~z~ is not a subterm of one of the terms

in ~ its coefficient will be O and it will never occure in the

hypothesis. Let ~ be the new set Z..

Now we show that ~ satisfies the above conditions.

For condition 1 we have the following. First since Z is good

for ~, by the definition of good, the new set ~ is also good for
$ because we are adding all possible exponents for z~. Since

Al(f) depends on some variable and since the target ~ is

a k-multivariate polynomial we must have had LUt(i. ) < k.

Therefore wt((io, l)) < wt(io) + 1< k. This shows that ~
satisfies condition 1.

Notice that we are replacing a term in Z’ with ~ new terms
such that at least one of them is a subterm of one of the terms
in ~, This implies that IIZ’ [1is increased by at least one and

therefore condition 3 is still true for ~. Also condition 2 is
true because

11211 = 1X1+ K -1< K[lz’11 + K

s ~(11~’11+ 1) s K[li’11.

Now that conditions 1-3 are tme we can analyse the com-
plexity of the algorithm. The number of equivalence queries
is less than 1127II < k If 1. To simulate membership queries
for the A’s we need at most ~k membership queries. Since
IZI < k~ Ifl, the number of membership queries needed to
find which A the counterexatnple belongs to is kz lf12Kk+1.

To find the relevant variables $~ we need k ljl Kk log n mem-

bership queries,

Theorem 1. The class of k-multivariate polynomkds with t

terms over the field F is properly learnable from

ktz[Zl~+llogn

membership queries and

kt

equivalence queries.
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3.2 PAC-learning

Now we show how to change the above algorithm to a PAC-
learning algorithm with membership queries for any multi-
variate polynomial over the field 7 under the uniform distri-
bution.

Suppose

f = ~ a.x~

C’EZ

where j=(l,2, ..., n), is a multivtiate polynomial with

t = I~1 = IX I terms. Let h be f where we remove all terms
z; with

tot(a) ~ w = f’~(lnt + ln(2/c))l .

Now for a random uniform z we have

Pr[h(z) # f(z)] < Pr [wtLw’x$#O’l
< t Pr[x~ # O] (lot(a) > w)

()
w

< t 1–:
K

.

Therefore it is enough to find an 6/2 approximation for h or
just the terms in f of size less than or equal to w.

Notice that in the PAC model we can, for each AI(f),

with probability at least 1 – J, decide whether A!(~) is

~-approximation of some constant T in the field.. If ;ot then
there must be two points, zo and z1, for which A~($)(ziI) #

A!(f) (Z I ). We use these two points to find a n;w variable

~~ that A~(~) depends on. We use this to run the algo-

rithm in the previous subsection. If a term is gqowing more
than w we remove it from the hypothesis. If A:( f ) is, with

probability at least 1 – (b/t),an t/(2i)-approx”tiation of a

constant y then we replace it with y. Since with probability
1 – (6/t) each coefficient is an ~/(2t)-approximation to one
of the coefficients of h we have, with probability 1 – 6, a
hypothesis that is an c/2-approximation of h and therefore
an c-approximation of the target f.

The complexity of the algorithm is polyuomiaJ in 1/6 and
log(l/6) and

pw=l kla) logn.

Theorem 2. There is a PAC-leaming algorithm with mem-

bership queries for lem”ng mtdtivm”ate polynomials over
the field F that runs in time

#xl~llwl~Dlogn.
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