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ANSTRACT
In [ Theototical Compter Science, 1983], Lempel, Soroussi and Winograd poved il
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lor the wuliplicative complexity ol the multiplication of two polynomisls of degres n |
modulo wn Irreducible polynominl pof dogree n over a finlte fleld I/ with ¢ elements

lower bound

n--o(n)

I thin paper wo prove this lower bound holds for any polynomial p of degres n
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I INTRODUCTION

et £ beoa lield and let B (8, 4y} be a set of o xm-matrices with entiles o F ) et
vy ‘. .)' and vy (vo . Ve l)" be vectors of indeterminates. A quadran algosithig
ovet F that computes the bilinear torms "Wy = ("B, oo x By ) e a sualghttine algonith
ivet £ fon Py such that ity nonsealar multiplications are of the shape £ (x v )=/ (v ) where
Foo, v om0, v ) are linem forms of -« and y. The complexity Lg (B) of B 18 the mindmal nombes

ol tonseabn multiplications needed to compute x"B y by quadratic algorithms over #1118 known
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from [S] that when F is an infinite ficld, then Ly (B) is the minimal number of nonscalar
multiplications/divisions needed to compute x”B y by straightline algorithms. When F is finite, then it
is known from [W] that Ly (B) is the minimal number of nonscalar multiplications needed to compute
xTBy by a straightline algorithm without divisions.

For the vectors Xx=(Xg, ..., Xp_1) and Yy=(Yor-+ -1 Yau1) we define
x(Q)=xo+x;0+ *** +x,0" T and y () =yo+y 0+ - - +¥,.10" L. Let p (o) be a polynomial of

degree n over F and define B(p )={B,, ..., B,_;} where

n-1 .
Y (x"Biy)d =x(a)y(a) modp ().
i=0

That is, xT B; y is the i + 1 coefficient of x (at)y (o) mod p (o).

In [LSW] Lemple, Seroussi and Winograd used coding theory to prove the lower bound

Lr(B(p))2

2+Tll_1-] n-o(n),

when p is an irreducible polynomial of degree n. In [CC], Chudnovsky and Chudnovsky proved the

20 [T;Ll_ﬂ

In this paper we generalize the result in [LSW] as follows:

linear upper bound

Ly (B(p)) <

Theorem . Let p € F [a] be any polynomial of degree n over a finite field F. Then

Ly (B(p))2 [2+Tll——1_] n-o(n).

The method we use involves a combination of the coding method which is used in [LSW], and

the substitution method used in [BD].

This paper is organized as follows. In section 2 we give some preliminary results and the connec-

tion between linear codes and the complexity of bilinear forms. In section 3 we prove the theorem.

2, PRELIMINARY RESULTS

This section contains a survey of some basic concepts that will be employed throughout the



paper.

Definition 1 . Let B= (B, ..., B,} be an n-set of n xn-matrices and M ,N and K = (K; ;) be

n X n-matrices. We define

NBM = (NB,M,... ,NB,M) and B[K]:{ZKI,,B,-,... : EK,.,,B,}.
j=l j=l

For an n-set C of n xn-matrices we write B=C if there exist nonsingular n Xn—matrices N , M and

K such that

NB[KIM=C.

Definition 2 . Let B= {B,,...,B,} be an n—set of n xn matrices and let C = {C}, .

m—set of m Xm-matrices. We define

BOC=(By,..., B,,Ci....Ch),

- Bi Onxm - Onxn Onxm
Bi = Omxn Omxm| * Cj: Orxn Cj

and 0;,, is the s Xr zero matrix.

where

We also define

BOC=(B;®C;li=1...,n,j=1,...,m},

where @ is the Kronecker product of matrices.

..,Cpn) be an

Let n be an integer. A linear code over F of length n is a linear subspace C of F". If

dim C =k, then C is called an [n ,k ] code. For ¢ € C the weight of c, denoted by wt (c ), is the

number of nonzero components of ¢. The minimal weight of C is min {wt (¢)| c € C -{0}). We

say that C is an [n ,k ,d] code if C cF" is a code of dimension k and minimal weight d. Let

Np (k ,d) be the smallest integer such that there exists an [Np (k ,d ),k ,d ] code. The connection

between the linear codes and the complexity of bilinear forms over F is given in the following lemma.

Lemma 1. [BD, LW] . Let B= (B, ... ,B;} be a set of n Xxm matrices and let G = Spany (B) be

the linear space over F spanned by the elements of B. Let d = min

k = dim Spanp (B). Then

rank B’ and
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Lp (B)2Ng (k,d).
Lemma 1 is proved in [BD, LW] for the bilinear algorithm model of computation. The proof for the

quadratic algorithm model is very similar and will be omitted.
The next lemma gives a lower bound for Ny (k ,d ).

Lemma 2 . (Griesmer Bound [ L, p. 59]). We have

1 1 .

1 - <

wl g [+|F|—1 IFI"“(IFI—I)}d i k<logirid
Np(k,d)ZZ{ | >

[F1 [

1+

.
lFl-1

i=0 d+k-logiri d -3, if k>logr d.

Other lower bound techniques known from the literature for the complexity of quadratic algo-

rithms are the following.
Lemma 3. [BD].LetB = {B,, ..., Bkl} and C= (Cy,... ,C,,z} be sets of n Xm -matrices. Then

ky

ky
Lr (CUB)Z dim Spanp (C)+ minx FLF({B]‘FZ}»UC]' beees Bkl+ Zlkl‘icj})'
i € j=1 j=1

J
Lemmad4. Let Band Cbe asin lemma 3 withk; =k, =n =m
(1) If Spanz (B) < Spang (C), then

Lz (B)<Lp(C).
(2) If B=C, then

Lr (B)=Lr (C).
(see definition 1 for =).
3. PROOF OF THE LOWER BOUND
In this section we prove the theorem stated in section 1.
Let B be an independent sct of matrices. We say that B isa (k,! ,d )—set if | B| = k and there

exists k — matrices By, . .. ,B;_; € B such that for any B ¢ Spang ({B,, ... ,B;;}) we have

rank B 2d.
We remind the reader that Spanr (B) is the linear space spanned by the elements of B. If B is a

(k,l,d)—set, then B is a (k,l’,d)—set for any [’</. This follows from the fact that,
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B ¢ Spang (B, . . . ,B,_; ) implies that B ¢ Spang (B, ... ,B;}.
The following lemma will be used to prove the theorem.

Lemma 5. Let B, be a (k; ,I; ,d;)—setfori =1,...,s and let | = min 4 /;. Then

1,%d].
i=l

Proof . Let BO=(B{, . .. BOBY,. . ,BY} for i=1,...,s, such that, for any

Lr(BY® --- @B)2Y k~sl+Np

i=1

B ¢Spang (B}, ... .B{ ),

rank B >d,. *)

Consider the following two sects

V, = {diag (B",B®, ... . BN i=1,...,1}

and

V,=(BY-DM) @ - .- @& (B -D¥),

where

p® = (Bf,...,B¥).
Here, diag (B, ... ,B;®) is the block matrix

B®

B
Obviously, Spang (VU V,) is a subset of Spans (B @ --- @ B“)). Therefore, by lemma 4

and lemma 3,

Ly (BY® - - @B®)>Ls (V,UV,)2 dim Spang (V,)+ min o Lr(S0) 6))
reF 1T

kgt Hk
where, for A = (ll,ln FE ,7»1',51,7\@, e ,M’kz. - ,X,,l, . ,l,_t,)e F 1 ", we have

kl k.v I
Sx = dzag B;(l)+ Z )”l,iBj(l) e ey B,'(:)'F Z }»,_ij(:) i= 1, e ,I
j=+1 j=l+1
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Every nonzero element in Spang (S, ) is of the form

! ky 1 k
P = dlag ZS,'B,'(I)+ Z A,IIJBJ‘(I) PP 28, B,'(")'f' Z L',’j BI © )
i=l j=i+l i=1 j=i+l

where not all §; are zero. Since not all §; are zero, we have

! &
G), = 28,'3,'(")4' E k’,.,ij(")éSpanp({Blg' s e erEIh) }) for h=1,...,s
i=1 j=i+l

Therefore, by (*), for any P € Spany (§,) we have

5 s
rank P = Y rank G; 2 d;.

i=l i=1

Thus, by lemma 1, we have

Lr (S)2Np [1 ,z’;d,.] . @)

i=1

Now, it is obvious that
dim Spang (V) = [ZLI k,-] -sl.
Combining this with (1) and (2), the result of the lemma follows. O

Let ir (n ) denote the maximum possible number of distinct irreducible factors of a polynomial of

degree n over the field F. The following lemma is known from [KB].

Lemma 6 . For sufficiently large n we have

1 <
fr(n)< logipin’

For integers 1<j <m we define the m xm Hankel matrix

r i W
0 010 --- 0
0 001 0 0

19 =10 000 1.
0 000 0
0 000 0

That is,

o 1 ifm—i-k+2=],
Ll k] = 0 otherwise.






