Computational Learning Theory
Assignment 2

Let [0,1] = {z |0 < x < 1} and B be a set of all functions ¢ : [0,1] — [0, 1]. For g € B we say that ¢
is monotone nondecreasing function if for every 0 < z <y < 1 we have g(z) < g(y). We denote by Bjs
the set of all monotone nondecreasing functions in B. We say that g is k-stairs function if g(z) takes
at most k values. For example, g(x) = |10z|/10 is 11-stairs function. We denote by Bjg the set of all
k-stairs functions in B. We denote Bj;rs = By N Big.

For g € B Let f4:[0,1] x [0,1] — {0,1} where g € B and f4(z,y) = [y > g(x)]. That is fy(z,y) =1
if y > g(z) and fy(z,y) = 0 otherwise. For the set B we denote by C. = {f; | g € B}. In the same way
we define Cyr = {fy | 9 € Bm}, Cros ={fg | 9 € Brs} and Cyes = {fy | 9 € Burs}-

Let Q4 = {0,1/d,2/d,...,(d —1)/d,1}. The discritized sets DC,., DCy;, DCys and DCjg are
defined as above but for functions g : Q4 = Q4 and fy : Qq X Qq — {0, 1}.
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Find |DC.|, |[DCy|, |DCys| and |DCyrs|. A bound like 20 (@) suffices.

Use the first bound of OCCAM to find the number of examples needed to to PAC-learn DC,,
DCy, DCrs and DChrs.

. Write a PAC learning algorithm for DC., DCy;, DCys and DCis.

. Prove that for any class of functions C' we have VCdim(C') < log |C| and find an upper bound for

the VCdim of the classes DC,., DCy;, DCrs and DChis.

. What is the connection between VCdim(DCx) and VCdim(Cx) for X € {e, M, kS, MkS}.

. How many equivalence query we need in order to EXACT learn the classes DC., DCy;, DCyg

and DCjyrs using the HALVING algorithm.

Write a polynomial time EXACT learning algorithm for the classes |DC,| that uses number of
equivalence queries that meets the number of equivalence queries in the HALVING algorithm.
BONOS: For the classes DCys, DCjs and DC)yps.

. Show that VCdim of C,, Cj; and Cjg is oo.

. Show that C., Cj; and Cig are not PAC-learnable. Hint: Read Andrzej Ehrenfeucht, David Haus-

sler, Michael J. Kearns, Leslie G. Valiant: A General Lower Bound on the Number of Examples
Needed for Learning. Inf. Comput. (IANDC) 82(3):247-261 (1989).

Show that C,, Cps and Cjg are not non-trivial EXAMPLE learnable.

Find VCdim(Chps)-

Find SC(C,m) (exactly) for Ce, Cpr, Crs and Chyis.

How many examples do we need in order to properly PAC learn C'y;rs using OCCAM.

Find an EXAMPLE learning algorithm for C'ys1g using set cover. BONOS: Find a proper learning
algorithm.
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Find a PAC learning algorithm that uses O((k/€)log(k/d)) examples. For what e this bound is
better that the bound in 13. Hint: as we did in ray define a stairs function with error O(e/k) for
each stair and find the probability of having a point between each two stairs.

Consider the class BOX of all rectangles in [0,1] x [0,1] and their complement. Show that for
every f € Cys and any distribution D there is h €BOX such that Pr[f = h] = 1/2 4+ 1/(4k).
Use Adaboost to PAC-learn Cjysrpg. What is the number of examples? What is the hypothesis?
Here

BOX = {fapcd | faped®,y)=[a <z <bAlc<y<d],a,bd,cel01]}

We say that an example (2o, yo), ¢ is y-far from the target f, if |g(xo) — yo| > . Show that if the
examples are y-far from the target in Cys then Cys is EXAMPLE learnable. Hint: It is consistent
to Cyrs function for some k.

Define the following 16 squares: [i/4, (i + 1)/4] x [j/4,(7 + 1)/4] for 0 < i,57 < 3. Show that
any function g € Bjs can intersect at most 7 squares. Given an oracle that returns a random
uniform (x,y) € [0,1] x [0,1]. How many calls to the oracle do we need to ensure that with
probability at least 1 — 0 we get at least one point in each square [i/4, (i +1)/4] x [j/4, (j +1)/4]
for 0 < i,7 < 3. Show that Cy; can be learned under the uniform distribution (i.e., when the
distribution is uniform) with error ¢ = 7/16 with a hypothesis that is a union of squares. How
many examples do we need?

Using the above idea, write a PAC-learning algorithm that learns Bj; under the uniform distri-
bution for any € and §. How many examples do we need?

Bonus: Show that Bj; is learnable under any product distribution (product distribution is a
distribution D where D(S x R) = D1(S) x Da(R) for some Dy and Ds). Hint: take random points
and use them to build the lattice. Then learn the function in each square.

In 18 we have seen a week PAC-learning algorithm. Can we change this week learning to a strong
learning via boosting?

Show that Byg is not PAC learnable under the uniform distribution.

The class C = @, Curs is the set of xor of d functions in Cyrrg. Give a bound on VCdim/(C).



