Lecture 3 in computational learning theory

Learning in the PAC;(MQ) model

using Fourier analysis

Ido Ben Eliezer and Itai Ben Eliezer

In this lecture note we present a method that is used to learn DT in the
PACy(MQ) model using Fourier analysis in polynomial time complexity and
number of queries. This method was devolped in [KM].

Reminder: In the PACy(MQ) model, the learner can get examples (x, f(x))

according to the uniform distribution and can ask membership queries MQ(a).
It wants to find with probability at least 1 — ¢ a function A such that

Prin(z) # f(z)] < e

We begin with introducing a useful theorem in probability.

3.1 Hoeffding - Chernoff Theorem

Theorem 1 (Hoeffding - Chernoff) Let Xi,...,X,, be independent ran-
dom variables such that X; € [a,b] and E [X;| = p for every i. Then

o

Remark: From now on, all the probabilities and expectations are taken
over the uniform distribution.
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Corollary 2 When flipping an unbaised coin, with possible values {0,1}, n
times and if S is the sum of the values, then:

S
— —p‘ > )\} < 2e7 2,
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Given a hypothesis h, We want to compute Prp [f(x) # h(z)]. Let

_ (2
m=ox s

We take m examples (x1, f(21)),..., (Tm, f(zm)) according to distribution
D. Define a random variable X; = 1 if h(z;) = f(z;) and 0 otherwise. Define

Since

B[X] = Pr[f(z) # h()]

and
26—2771)\2 S 5’

by Hoeffding - Chernoff with probability at least 1 — § we have found a
A -approximation of Prp [f(z) # h(x)]:

o

Now we use this technique to prove a general theorem in the computa-
tional learning theory:
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[f () # (h(x)]

<A]21—& (3.1)

Theorem 3 If A(e¢,d0,n) is an algorithm that learns C in PACy (MQ) model
with poly(%, %, n) time complezity, then there is algorithm which learns C in
PACy (MQ) in poly(+,log(3),n) time complexity.

Proof:

Let A be an algorithm that learns C' in T (%, %,n) time complexity. We
create a new algorithm in the following way:



4092
at least % a function A such that

Pr(f #h] <

and thus the probability that for every 1 <i <k, Pr[f # h;] > { is at most
(4)8(2/9) = & Therefore with probability at least 1— £ there is h;, such that
Pr[f # hi) < §. We use (1) to estimate the value of Pr[f # h;] using Ho-
effding - Chernoff theorem with the parameters A = £ and m = & In(4k/4).
By (3.1) we can find values ¢; such that for every i with probability at least

)
1 =5

We run A(%, 5,n), k = log(2) times. Every time A returns with probability

AN

¢; = Pr[f # hi| < 2
Thus with probability at least 1 — % for every ¢
g~ Prif #h]l < 7. (3.2)
In addition, with probability at least 1 — % there is hypothesis h;, such that
Prif #hi) < 7. (3.3)

Therefore with probability at least 1 — ¢ both (3.2) and (3.3) happens. Now
choose h;, such that ¢; < §. since by (3.2)

dig Si—i_Pr[f#hio] <

NN e

such h; exists. By (3.2)
Prif #h) <5+ <e

with probability at least 1 — §.
It is easy to see that the new algorithm runs in

(11 4k 2 8 2

time complexity. For
11 11
T(-,= =poly | —, =
(675777/) p0y<€a57n)

11 1 1
T (= = - “log [ = .
(6,6,71) poly(e,Og(é),n)

This completes the proof. l

we have



3.2 Fourier analysis

¢ From now on, we deal with boolean functions f : {0,1}" — {—1,1}. Clearly,
if we can learn functions in this form, we can also learn functions in the form

f 40,1} — {0,1}.

Definition 1 Given a set S C {1,...n} we define

xs(x) = ][ (=1)™.

€S

Define B = {xs|S C{1,...n}}

Remark: It is easy to see that

Xs(T1, ..., x,) = (—1)" i

k

where S = {z;,,... 2 }.

Claim 4 The xg functions have the following properties:

(1) xo = 1.

(2) xsxT = XsaT when A\ is the symmetric difference between S and T.
(3) If S = O then E [xs] = 1. Otherwise, E [xs] = 0.

(4) xs(z)xs(y) = xs(x +y) where x + y is the bitwise XOR of x and y.

Proof:
The proof of (1) is immediate from the definition.
For (2), we know that for every x;, ((—1)%)? = 1 and thus the expression

4



xsXx7 depends only in the variables that are in the symmetric difference.

For (3), it is clear from the first part of the claim that if S = () then
E[xs] = 1. Otherwise, let {i} C S and then

Elxs] = B xsvw(=1)"]
= Elxs\a] Pl(=1)"]=0.
This is because (—1)® get value 1 with probability 3 and —1 otherwise. Thus

For (4), we note that

XS(Jf)XS<y) = H(_1)$i+yi

€S

- H<_1)(ari+yi)mod2
ics
= xs(z+y).

This completes the proof. l

Let F = {f|f : {0,1}" — R}. Clearly, F is a vector space of dimension
2" over the field R. We will prove now a claim which demonstrates the
importance of the set B.

Claim 5 B is a basis for F.
Proof:

Clearly, |B| = 2" as the dimension of F. Thus, it is sufficent to prove
that the yg are independent. Assume that

X1 =Y csxs

SAT

then clearly, if we mulitple every side in this equation by xr, then the ex-
pectations under the uniform distribution of the expressions must be equal.



But from the last claim, we get:

I = E[XTXT]

> CSXSXT]

SAT

= Z Elesxsxr]
S#T
= 0.

= b

A contradiction. Thus, the set B is independent, and the claim follows. H

Corollary 6 FEvery function f € F can be expressed as ) 4 fsxs. The {f:g}
are called the Fourier coefficients of f.

We note that
F@)xse(@) = fso + D Fsxsns(x)

S#80

and thus .

E [f(x)XSO(x)] = fSO‘
One way to learn f in PACy(MQ) is to find estimations gg of all fAS and
output the hypothesis h = Y qggxs. Two problems arise: The number of
coefficients is 2", so we can’t learn all the coefficients in polynomial time. In
addition, The function A may not be boolean where f is a boolean function.
But before, how can we estimate fg?
By the Hoeffding - Chernoff theorem we can approximate the value of one
coefficient in the following way:
For a given A and § we denote max, |f(x)| = B and we take

282 2
m=—z {5

examples (z1, f(x1)), ..., (Tm, f(zm)) . We denote
q= >ict @) xs (i)

m




and then by Hoeffding - Chernoff theorem we get

Pr{lq — B [f()xs,(a)]] > X < 255 = §

as we want.

As we have mentioned before we have an exponential number of coeffi-
cients, so we can’t learn all the coefficents. Thus, we should choose only the
heavy coefficients and learn only them.

We finish this section by a version of a well known theorem from algebra:

Theorem 7 (Parsaval) If f is a function in F and f =) 4 f:gxg(w) then
~2

E[f?]=3sfs

Proof:

We compute the expectation, using claim 4.

BIF = B[S e z?;XT]

S T

= B Zﬁ;‘};XSXT]
L s,
- Y E [J/C:S'?;XSXT]
ST
= ZJCAS?;E [XsaT]
ST
= >8]
S
- YR
S
The theorem now follows. W

Corollary 8 If f is a boolean function then E[f?] = ¢ fAS2 = 1.



3.3 The learning algorithm

The idea of the algorithm is to learn only the heavy coefficients, those which
satisfy ‘ fg’ > 6 for a given #. The method uses the ”Divide and Conquer”

strategy. We want to find all the pathes to the heavy leaves in the tree in fig-
ure 1, where each leaf represent one coefficient, and every node has a weight
that is the sum of the coefficients in the leaves of its subtree. As we will
show, we can estimate this weight. The algorithm starts from the root and
at each level proceeds to the next level to all children with weight > 62. Note

that if the weight of a node is less than 62, then all the coefficients ‘fg‘ in

this subtree are less than 6. As we will show, there are polynomial number of
heavy nodes at each level, and thus the algorithm runs in polynomial time.

~2
o "D igsags fs foy

Z1¢s fs
~2
2/ Z1¢5,2es [s

Zs fS ......
~2
~o ZleS,2¢S fs
Dies fs 9
2165,263 fs
\ 2
f{l,.‘.,n}

Figure 3.1: The tree of Fourier coefficients

We start by proving that the number of heavy leaves is polynomialy
bounded.

Claim 9 Let f be a function such that max, |f(z)| = B, and let 6 > 0. Then
2

at each level of the tree there are at most ]93—2 nodes that their weight are

greater or equal to 6.



Proof:

Clearly, F [f?] < B2, and then from Parsaval theorem, we get
Y fs < B
S

Suppose that at some level we have more than ?—22 nodes with weight greater
than 6 at the same level. Then the sum of all the coefficients in the tree at
this level is:

ng > 0% 2—B2.

A contradiction. The claim follows. [ |

The second step is to show how to compute the weight of a node of
the tree in figure 1. Take m < n and fix 7" C {1,...,m}. We would like
to compute the weight of the node which has all the coefficients f:g which
have the following property: If S C {1,...n} is partitioned to (Si,S2) when
S1 C{1,...m} (mis a constant) and S, C {m +1,...n} ,then S; =7. In
other words, we want to compute

—2
Z fTUSQ .

SQQ{m+177n}

SlzT SQ

Figure 3.2: The partition of S to 2 parts

Let
2™ = (1, ..., Tm)
and
xm—i—l, n (Im—i-la 71,”)
We denote
=™ xm—i—l, n



We note that

Epn[f(2™a™ ) xr(a™)] = B[y foxs(@™a™")xp(z™)]
S
= Eivm[zf/.:S'XS1(xm)XSz(xm-i_lmn)XT(l‘m)]
S
= 3 Foxs (™) B [xsar (™)
S

= > Frusmxs,(z™").
Sa

Moreover, if we define

w = $m+1...n’ y = xm

then we know from Parsaval thoerem that:

S Fros = BulElfwy)xew))

= Eu[By[f(wy)xr()]E.[f(2w)xr(2)]]
= Euyy.lflyw)f(zw)xr(y + 2)].

The last expression can be computed by choosing uniformly w (of length
n —m + 1) and y, z (of length m) and use the MQ oracle. We note that
|f(yw) f(zw)xr(y + 2)| < B? and then we can approximate the value of
expectation using Hoeffding - Chernoff theorem. Take

9B (D
— 3T e 52 )

Now, by Hoeffding - Chernoff theorem, we can bound the probability that
we don’t continue to search in a specific heavy subtree by:

m . 2,2 nB2
P { i Xi _p' - A] < 9o 3T uE
m
B 562
~ nB?%

But according to Claim 9, there is at most "H—B;2 heavy nodes in the tree, and
thus with probability at least 1 — ¢ we find all the heavy coefficients of f.

10



Therefore, we can find all the heavy fourier coefficients in poly(6,log(3), B)
time complexity.
We can use this method to present the algorithm:

The KM algorithm

1. Find all S such that ’ ﬁ\g" > 0 by searching in the tree of
the fourier coefficients. For each such S do II «+ S.
qs — fAs‘ <A
3. Define g(x) = Y ¢ asxs(z), and output h(x) = sign(g(x)).

2. Compute gg for every s € Il such that

Figure 3.3: Algorithm KM

Definition 2 For f € F we define Li(f) to be ) ’ﬁq‘

Theorem 10 We can learn a boolean function in the PACy (MQ) model in
poly(log(3), 1, Li(f)) time complexity.

Proof:

We use the algorithm that we described. Take

€

" 2Li())

7

and

11



We denote II to be the set of all the coefficients that the algorithm learns ,
and g to be the function from step 3 in the algorithm. From claim 9,

1
< 7

We note that

F=g=> Fsxs(x)+ > (fs — as)xs(x).

S¢1l Sell

Therefore, from Parsaval theorem we get:

El(f-97 = S s +3 (s —as)’

S¢Tl Sel
< 0D |fsl+ (A2
s
2
< eLl(f>+%
=5 + 5= €.
If f # h then )
U=l y<(p gy
and if f = h then ,
U=l o< (s -y
Therefore 12
Y <m0 -0
Then
AV
Pelf £4] = [u4m]
< E(f-9)]
< e

12



The theorem now follows.

We now show that decision trees have small L; and therefore are learnable
with the KM algorithm.

Claim 11 if f,g € F and T is a term then

1. Li(f+9) < Li(f) + Li(g)
2. L(T) =1

Proof:

1. We have

Li(f+g9) = L <Z <fAs+9AS> XS)

S
= Z‘fswiq‘
S
SIEES
S S

< Li(f) + Li(g).

2. Assume that T is a term of size s. Without loss of generality, we can
write
T=ux...2,.

We note that every z; :

Therefore

AC{1,...,s}
1
= L
Z 23 XA
AC{1,...,s}

13



and thus,

This completes the claim. B

As we learned, the sizepr(f) is the number of leaves in the DT represen-
tation of f.

Corollary 12 The KM algorithm can learn a decision tree of size s in
poly(log(5),1,s) time complexity.

Proof:

As we learned before, each decision tree f can be represented as sum of
terms:

Each term 7T; correspond to some leaf labeled with 1. We change the func-
tions’ range to {—1,1} and get:

f=1-2f
and then from the last claim we get:
Li(f) < 1+2Li(f)
< 142(L(Th) + ... Li(Tw))
< 2m+ 1.

The proof now follows from theorem 10. B

Remark: There is a DNF expression which its L;’s size is exponential of
n, so the algorithm can’t help us to learn DNF. However, in the next section
we will show how to use similiar techniques to weak learn DNF (we will define
what a weak learning is in the next section). In the next lecture note we will
see how we can use this weak learning to learn DNF in the PAC;(MQ) model
in polynomial time.

14



3.4 Weak learning of DNF

Definition 3 A function h is called a weak hypothesis for f if

Prif £ 4] <

5—7

B 1
where v = poly(n,1/e) "

We first present a claim that shows a connection between Pr[f # h] and
E|fh].

Claim 13 Pr[f # h] = 5 — SE[fh].

1
2

Proof:

We note that
BfR) =1-Pr[f = h] + (=1) - Pr[f #h].

In addition,
Prif=hl=1-Pr[f#1]

and thus we get
Elfhl=1-2Pr[f #h].

Therefore:

Prif # 1] = 5 — S BLfH].

The claim now follows. B

Corollary 14 Pr|f # h] <€ if and only if E[fh] > 1 — 2¢
If we have a hypothesis h, we say that h is a weak hypthesis of f if
1
E[fh] > ————.
= oty 178
We say that h is a strong learning of f if E[fh] is close to 1.

We present now three theorems. Then we will prove the third one, and
in the next chapter it will be used in order to learn DNF' in polynomial time.
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Theorem 15 DNF (of polynomial size) is a weak learnable in polynomial
time under the uniform distribution.

If for every f in a DNF form with s = poly(n) we prove that there is a
function h such that

Bl = s

then from claim 13, we get:

N | —

Prif # 1] < poly(n, s)

which is a weak learning. Thus it is sufficent to prove:

Theorem 16 For every DNF with s terms there is S such that

~ 1
= |E > —.
‘fs‘ |Eufxs]| > "
Then xs or —xs 1S a weak learner, and we can find it with the KM algorithm.

Clearly, it is sufficent to prove the theorem for every disribution D:

Theorem 17 For every DNF with s terms, and for every distribution D
there is xs such that |Ep|fxs]| > 5.

Proof:

Let f be a function with the form T} V15 V...V Tj.
Then:

< iPr[Ti:l]-
=1

Thus, there is ¢ such that

Prif=1]

S

Pr|T; =1] >

16



Without loss of generality T; is montone. Thus:

P =1 popg 2
s p "
= Ep|T}
= Ep[Tif].
As we have mentioned before,
1— (=)™
and thus
1—(=1)=
T = ]] 5
AC{1,...,s}
= Escq,.n) [(—1)|S|XS<5’7)]
Therefore,

p[Tif] = Ep[Bsciiny [(—1)xs(x)] f]
= Escp,.i [(-1)*1Ep [xs(z)f(2)]] -

Thus there is S such that

Prif =1]
1B st (@) > S =1
If Pr(f =1] < 3 then Pr[f =0] > 2 and as a result —y, is a weak learner
of f. Otherwise Pr[f =1] > % and thus

1
Ep[xs(z)f(z)] > 35

This completes the theorem. W
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