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Abstract

Here we give the models of learning that we will study.

1 Complexity

Let C be a class of functions f : X → {0, 1}. The domain X can be finite, countable infinite,
or Rn for some n ≥ 1. In learning, a teacher has a target function f ∈ C and a probability
distribution D on X. The learner knows C but does not know the probability distribution D
nor the function f .

The problem size If that we will use in here depends on X, C and f and it can be different
in different settings. The term “polynomial” means polynomial in the problem size If . For
example, for Boolean functions with X = {0, 1}n, C is a set of formulas (e.g. DNF, Decision
tree, etc.). The problem size is If = n + sizeC(f) where sizeC(f) is the minimal size of a
formula in C that is equivalent to f . Then “polynomial” means poly(If ) = poly(n, sizeC(f)).
For infinite domains X the parameter n is usually replaced by the VC-dimension of the class
VC and If = VC + sizeC(f). Then “polynomial” in this case is poly(VC , sizeC(f)).

2 Queries

The (randomized) learner can ask the teacher queries about the target. The teacher can be
regarded as an adversary with unlimited computational power that must answer honestly but
also wants to fail the learner from learning quickly. The teacher does not know the coin tosses
of the learner. The queries we consider are:

ExD Example Query according to D [V85] For the example query the teacher chooses
x ∈ X according to the probability distribution D and returns (x, f(x)) to the learner.

EQ Equivalence Query [A88] In the equivalence query the learner asks EQ(h) for some

polynomial size circuit h. The teacher chooses y ∈ Xf∆h
∆= {x ∈ X | f(x) 6= h(x)} and

returns y. If Xf∆h is empty, the teacher answers “YES”, indicating that h is equivalent
to f .



3 *Other queries

EQf Equivalence Queries according to the function f The teacher answer equivalence
queries according to a function f unknown to the learner. That is, the teacher does not
change the target during the learning process but it still can choose the counterexample
it wants.

EQD Equivalence Query according to D [B97] For the equivalence query according to
distribution D the learner asks EQD(h) for some polynomial size circuit 1 h. The teacher
chooses y ∈ Xf∆h according to the induced distribution of D on Xf∆h and returns
(y, f(y)). If PrD[Xf∆h] = 0, the teacher answers “YES”.

The EQD can be extended to also handle random hypothesis [BG02]. A random hy-
pothesis hr : X × R → {0, 1} is a polynomial size circuit where for an input x0 ∈ X
it randomly uniformly chooses r0 ∈ R and returns hr0(x0). In that case, EQD(hr(x))
returns an output of the following procedure

1. Randomly choose x0 ∈ X according to distribution D.

2. Randomly uniformly choose r0 ∈ R.

3. if f(x0) 6= hr0(x0) then output (x0, f(x0)) else goto (1).

This procedure returns the first example x0 that hr err on.

When X is finite or countable infinite, each x0 is received with probability

D(x0) Prr[hr(x0) 6= f(x0)]∑
x D(x) Prr[hr(x) 6= f(x)]

.

EQS,f Equivalence Query according to a sequence S The answers to equivalence queries
for a function f ∈ C and is the first counterexample of a sequence that is determined
before the learning process.

4 Query Models

The learning models we will consider here are

CH (Consistent Hypothesis) In the CH learning model we say that algorithm A of the learner
CH-learns the class C if there is a constant α < 1 such that for any set S ⊆ X × {0, 1}
that is consistent with some f ∈ C (f consistent with S if for all (x, b) ∈ S, f(x) = b)
and for every δ, algorithm A(S, δ) with probability at least 1 − δ outputs a polynomial
size circuit h of size at most |S|αpoly(If ) that is consistent with S. We say that C is
CH-learnable if there is an algorithm that CH-learn C in time poly(log(1/δ), If , |S|).

1For infinite domains X, the definition of “circuit” depends on the setting in which the elements of C are
represented. The hypothesis h must have polynomial size in this setting. E.g., if X = Rn we may ask of h to
be a polynomial size arithmetic circuit
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PAC (Probably Approximately Correct)[V85] In the PAC learning model we say that an
algorithm A of the learner PAC-learns the class C if for any f ∈ C, any probability
distribution D and any ε, δ > 0 the algorithm A(ε, δ) asks example queries according
to D, ExD, and with probability at least 1 − δ, outputs a polynomial size circuit h
that ε-approximates f with respect to D. That is PrD[Xf∆h] ≤ ε. We say that C is
PAC-learnable if there is an algorithm that PAC-learns C in time poly(1/ε, log(1/δ), If ).

Exact (Exactly Correct) [A88] In the Exact-learning model we say that an algorithm A of
the learner Exact-learns the class C if for any f ∈ C and any δ the algorithm A(δ) asks
equivalence queries and with probability at least 1− δ outputs a polynomial size circuit
h that is equivalent to f . We say that C is Exact-learnable if there is an algorithm that
Exact-learns C in time poly(log(1/δ), If ).

5 *Other Query Models

PExact (Probably Exactly Correct) [B97] In the Probably Exact model we say that an al-
gorithm A of the learner PExact-learns the class C if for any f ∈ C and any δ the
algorithm A(δ) asks equivalence queries with respect to D, EQD, and with probability
at least 1 − δ outputs a polynomial size circuit h that satisfies PrD[Xf∆h] = 0. We say
that C is PExact-learnable if there is an algorithm that Probably Exact-learns C in time
poly(log(1/δ), If ).

If the hypothesis in the equivalence query can also be randomized then we refer to this
model as PExactR.

PAExact (Probably Almost Exactly Correct) [BJT02] In the Almost Exact model we say that
an algorithm A of the learner PAExact-learns the class C if for any f ∈ C and any δ the
algorithm A(δ) asks equivalence queries with respect to D, EQD, and with probability at
least 1− δ outputs a polynomial size circuit h that satisfies PrD[Xf∆h] = 1/ω(poly(If )).
We say that C is PAExact-learnable if there is an algorithm that PAExact-learns C in
time poly(log(1/δ), If ).

If the hypothesis in the equivalence query can also be randomized then we refer to this
model as PAExactR.

We say that C is η-PAExact-learnable if it is PAExact-learnable and it achieves error
at most η. That is, PrD[Xf∆h] ≤ η. When randomized hypotheses are used in the
equivalence query then we say that C is η-PAExactR-learnable.

6 Online Models

In the online learning model [L88] the teacher at each trial sends a point x ∈ X to the learner
and the learner has to predict f(x). The learner returns to the teacher the prediction y. If
f(x) 6= y then the teacher returns “mistake” to the learner. The goal of the learner is to
minimize the number of prediction mistakes. he teacher can be regarded as an adversary with
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unlimited computational power that must answer honestly but also wants to fail the learner
from learning quickly. The teacher does not know the coin tosses of the learner.

Online [L88] In the online model we say that algorithm A of the learner Online-learns the
class C if for any f ∈ C and for any δ, algorithm A(δ) with probability at least 1 − δ
makes bounded number of mistakes. We say that C is Online-learnable if the number of
mistakes and the running time of the learner for each prediction is poly(log(1/δ), If ).

7 *Other Online Model

Onlinef This is the online model where the the teacher fixes the target function before running
the learning algorithm.

Onlinef,S [M91] This is the online model where the the teacher fixes the target function
and the sequence of points that will be sent to the learner before running the learning
algorithm.

Probabilistic Prediction (PP) [HLW94] In the Probabilistic Prediction model the points
sent to the learner are chosen from X according to some distribution D. We say an
algorithm A of the learner η-PP-learns the class C if for any f ∈ C and for any δ
the algorithm A(δ) with probability at least 1 − δ after bounded number of mistakes
can predict the answer with probability greater than 1 − η. We say that C is η-PP-
learnable if the number of mistakes and the running time of the learner at each trial is
poly(log(1/δ), If ).

Bibliography. Many papers investigated the online model ignoring computational ef-
ficiency. Maass in [M91] investigated connections between different oblivious and adaptive
online models, and, randomized vs non-randomized online models.

8 *Models with Other Queries

8.1 Other Queries

We will also consider the following queries

MQ Membership query [A88]. In the membership query the learner asks MQ(a) where
a ∈ X and the teacher returns f(a).

SQD Statistical query according to D [K93]. In the statistical query the learner asks
SQD(g, τ) where g is a polynomial size circuit g : X × {0, 1} → {0, 1} and τ is a real
number called the tolerance of the query. The teacher returns some value v such that

ED[g(x, f(x))]− τ ≤ v ≤ ED[g(x, f(x))] + τ.
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UExD Unlabeled Example Query according to D For the unlabled example query the
teacher chooses x ∈ X according to the probability distribution D and returns x to the
learner (without its label).

8.2 Other Models

The learning models we will consider here are

SQ (Statistical Query Model)[K93] In the SQ learning model we say that an algorithm A of
the learner SQ-learns the class C if for any f ∈ C, any probability distribution D and
any ε, δ > 0 the algorithm A(ε, δ) asks statistical queries according to D with tolerant
τ = 1/poly(If , 1/ε) and unlabeled queries according to D, and with probability at least
1− δ, outputs a polynomial size circuit h that ε-approximates f with respect to D. That
is PrD[Xf∆h] ≤ ε. We say that C is SQ-learnable if there is an algorithm that SQ-learns
C in time poly(1/ε, log(1/δ), If ).

CH(MQ) (Consistent Hypothesis with Membership Query) Is the same as the CH-model
where the learner is also allowed to ask MQ.

PAC(MQ) (Probably Approximately Correct with Membership queries) Is the same as the
PAC model where the learner is also allowed to ask MQ.

Exact(MQ) (Exactly Correct with Membership queries) [A88] Is the same as the Exact model
where the learner is also allowed to ask MQ.

PExact(MQ) (Probably Exactly Correct with Membership queries) [B97] Is the same as the
PExact model where the learner is also allowed to ask MQ.

PAExact(MQ) (Probably Almost Exactly Correct with Membership queries) [BJT02] Is the
same as the PAExact model where the learner is also allowed to ask MQ.

Online(MQ) [L88] Is the same as the Online model where the learner is also allowed to ask
MQ.

PP(MQ) [HLW94] (Probabilistic Prediction with Membership queries] [HLW94] Is the same
as the Probabilistic Prediction model where the learner is also allowed to ask MQ.

9 *Models with Noise

Example Query (Ex) [V85] For the example query the teacher chooses x ∈ X according to
a distribution D and returns (x, f(x)) to the learner.

Example Query with Malicious Errors (ExMALβ) [V85] For the example query with
malicious error β the teacher chooses x ∈ X according to the distribution D. Then with
probability 1 − β the teacher returns (x, f(x)) and with probability β returns arbitrary
(z, y) with z ∈ X and y ∈ {0, 1}.
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Example Query with Classification Noise (ExCNα) [AL88] For the example query with
classification noise α the teacher chooses x ∈ X according to the distribution D. Then
with probability 1 − α the teacher returns (x, f(x)) and with probability α returns
(x, 1− f(x)).

We say that h ∈ C is ε-good hypothesis with respect to f and D if

Pr
x∈DX

[f(x) 6= h(x)] ≤ ε.

The goal of the learner is to output with high probability (probability greater than 1− δ) an
ε-good hypothesis with respect to f and D. The learning models we will consider in this paper
are

PAC (Probably Approximately Correct) In the PAC learning model we say that an algorithm
A of the learner PAC-learns the class C if for any f ∈ C, any distribution D and for any
ε, δ > 0 the algorithm A(ε, δ) asks queries from the Ex oracle and, with probability at
least 1−δ, outputs a hypothesis h ∈ C that is an ε-good hypothesis with respect to f and
D.If A runs in time T (e.g. polynomial, exponential, etc.) in 1/ε, 1/δ and |f | then we say
that C is PAC-learnable in time T . Here |f | also includes log |X| when X is finite. For
example when X = Bn then |f | is defined as the length of the representation of f plus
n. If we allow h to be from a larger class H ⊃ C then we say that C is PAC-learnable
from H in time T .

PAC with malicious errors In the PAC learning model with malicious errors, for 0 ≤ β <
1/3 and ε > 0, we say that an algorithm A of the learner PAC-learns the class C with
malicious error rate β and error ε if for any f ∈ C and any distribution D and for any
δ > 0, the algorithm A(δ) asks queries from the ExMALβ oracle and, with probability
at least 1 − δ, outputs a hypothesis h ∈ C that is an ε-good hypothesis with respect to
f and D. The algorithm knows ε and δ but does not know β. In this model we define
εT
MAL(C, β) to be the minimal possible ε such that an algorithm that runs in time T in

1/δ, |f | and 1/η exists that learns with error εT
MAL(C, β) + η for any η > 0. If we allow h

to be from a larger class H ⊃ C then we write εT
MAL(C/H, β). It is known from [?] that

ε∞MAL(C, β) > min(β/(1 − β), 1/2). Notice that if β ≥ 1/3 then ε∞MAL(C, β) = 1/2 and
learning with any ε is impossible. When T is polynomial time we write εMAL(C, β).

Agnostic PAC [Ha92, KSS92] In the Agnostic PAC learning model we have a distribution P
on X × {0, 1} and an oracle ExP that produces examples according to this distribution.
We say that an algorithm A (of the learner) Agnostic PAC-learns the class C if for any
distribution P and for any ε, δ > 0 the algorithm A(ε, δ) asks queries from ExP and, with
probability at least 1− δ, outputs a hypothesis h ∈ C that satisfies

Pr
(x,y)∈P X×{0,1}

[h(x) 6= y] ≤ min
f∈C

Pr
(x,y)∈P X×{0,1}

[f(x) 6= y] + ε.

If A runs in time T in 1/ε, 1/δ and |f | then we say that C is Agnostic PAC-learnable
in time T . If we allow h to be from a larger class H then we say that C is Agnostic
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PAC-learnable from H in time T . We make a relaxation of the Agnostic PAC-learning
and define α-Agnostic PAC-learning and α-CoAgnostic PAC-learning. We say that C is
α-Agnostic PAC-learnable from H in time T if

Pr
(x,y)∈P X×{0,1}

[h(x) 6= y] ≤ α min
f∈C

Pr
(x,y)∈P X×{0,1}

[f(x) 6= y] + ε.

See also [HSV95] for some other extensions.

We say that C is α-CoAgnostic PAC-learnable from H in time T if

Pr
(x,y)∈P X×{0,1}

[h(x) = y] ≥ α min
f∈C

Pr
(x,y)∈P X×{0,1}

[f(x) = y]− ε.
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