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1 Introduction

The question of whether DNF formulas can be learned in the PAC model, is one of the most studied ques
tions in the field of computational learning. Many negative results have been published since this questior
was first posed by Valiant in 1984, and until recently it was not known whether DNF can even be learned
with the help of membership queries. This was the situation until Jackson made the breakthrough, by show
ing an algorithm for PAC learning DNF with membership queries over the uniform distribution. His result
was achieved using a combination of Kushilevitz and Mansour’s algorithm (already discussed in previous
lectures and is denoted here by [KM]), and Freund’s boosting method (that is presented later, in section 3]
In the current lecture we shall walk along Jackson’s path, with the exception of some minor changes to his
original article which were made for the sake of simplicity.

For the rest of this lecture, Iet = {0, 1}". Let D be some given distributiord; be a class of functions
andf € C be the target function. Whehis a DNF formula, we denote its size (humber of terms} by

Definition 1 Polynomially “near-uniform” distributionD is a distribution in which for all instances €
{0, 13"

l 1
_ poly (s, 5)

D) < L

2 Weakly learning DNF over near-uniform distributions

In this section we shall prove the weak learnability of DNF over near-uniform distributions, which would
be boosted later to produce the desired strong learnability over the uniform distribution.

Theorem 2 (Jackson) DNF is weakly-learnable in PAGIMQ) over any near-uniform distributiof.

Proof:  As proven in the previous lecture, any DNF witherms has an € {0, 1}" such that:

Ep [l = =

When writing the expectation explicitly, we get:

|ED [fXa” =

3" D) () xale) =

2% > 2"D(x) f(w)xa(x)| = | Bv [2"D(@) f () xalx)]| =

Denoting2" D(z) f(z) by g(z), we get that the last equation can also be written as

Gl >
ga_4s
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The algorithm of [KM], for finding large fourier-coefficients, runs in timey (]g| , 8, M, %, %) and thus, if

|g| is polynomially bounded, then we can use [KM] to find thefor which |g,| > 4_13 and thisy, is the
desired weak-approximation ¢f Now

1
o) = 2D )] < 222y (1)
as required. [ ]

We have now proved that DNF can be learned weakly over distributions that are near-uniform. Our
final aim is proving that DNF is PACsfrong learnable ovelJniform, meaning we should strengthen the
learnability results but we may limit it to Uniform only. This would be done in two steps: first we prove
that weak-learnability oveany distribution implies strong-learnability, and then we use a variation of it
to learn DNF over the uniform distribution, taking advantage of the above weak learnability result over
near-uniform distributions.

3 Weak implies Strong (!)

Theorem 3 Let C' be a class of boolean functions.dfis Weak PAC-learnable over any distribution then
C'is PAC-learnable over any distribution.

Proof: LetWL be the weak-learning algorithm of the function classWe shall construct an algorithm
AdaBoostthat “boosts” the weak-learn®YL to produce a strong learning as required. It learns the target
function several times usingL , each time on a different distribution, thus producing several different weak
hypotheses. The distributions are tailored dynamically between the learning sessions of the algorithm, witt
the purpose of adaptively correcting past mistakes of the previous hypotheses. After “enough” iterations
AdaBoostoutputs a hypothesis that is a majority vote over all the learned hypotheses.

Algorithm AdaBoost Let hy be the hypothesis th&V/L outputs after weak-learninfover D. From the
definition of weak learning, we have

1
PTD[f:hO]Z§+’7

wherey > — ;- We initialize a set of weak hypotheses:

poly(n,s

Hy « {ho}

We define a constanmt to be
def 1 — 27 4’7
o = = ]_ —_
1+ 2 1+ 2y
This constant determines (as we shall see later) the extent of changing the distribution in each step, whic
consequently affects the speed and accuracy of the whole algorithm. The number of algorithm’s iteration:s
k is set to be:

<1

In each of thek iterations we do the following:

e Vz € X , we denote the number of correct hypotheseH,iby n,.(z):
ne(x) £ [{h € H, : hz) = f()}]
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e We define a new distributio®, which puts more weight on instances which are misclassified by
many hypotheses(instances with law(x)). This is done by defining for alt € X:

et o™ @) . D(x)

D, (x) I

whereL, is the normalization factor (which makés. a distribution, i.e. summed to 1):

L, Z2Y " . D(x)

xT

e We useWL to weak-learnf with a simulated oracle EX{ D,). The output hypothesis, is added
to H,, the set of previous weak hypotheses: The new set is denotéd by

(The practical aspects of simulating the distributionare discussed later in this section).

After the k'" iteration, the algorithm outputd/aj(H;), which is a. majority vote over the hypotheses in
H,,, formally defined as:

: = | Hg|
Vo € X, Maj(Hy)(x) £ { +1 [{h € Hy: h(z) = +1}] > { L J
—1 otherwise

Now we are left with the task of proving that the output hypothésisj( H,.) is indeed am -approximation
of the target functiory, which mean#\daBoostPAC-learnsf in the strongsense.

Lemma 4 Prp[f(z) # Maj(Hg)(z)] <¢€

Proof: We shall first make some observations aboutthéteration, which would help us get the feeling
of what is needed in-order to complete the proof.

Definition 5 We denote byX(” (0 < i < r) the set:
X" = {g € X|n,(xo) =i}
(Note that for a given instande:, f(xo)), the learner can easily computeg(z)).

Continuing the above definition we can make the following observations:

e The setsXé"), . ,X,(") are apartitioning of X, i.e. eachr € X is in exactly one set (according to
the number of hypotheses that correctly classify it).

e For any instance: in the setsX"”, ..., X" Maj(H,) is mistaken! (/aj(H,)(z) # f(z)). For
0 5]

2
the rest of the instanced aj(H,) is correct.

e The normalization factof, can now be rewritten as
L =Y oD (Xf’“’)
1=0

(We can sum over all the instancesc XZ.(T) together, since they all have the saméx) (= ), and
therefore their weights are multiplied by the same faat)r
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e From the previous observations we may conclude that the error aftettheration is:

5]
& 2 Pro[f # Maj()] = >_ D (")

1=0

e \When comparing the partitioning &f according to:, andn,.,,, we observe that the instances’ﬂ,ﬁ”
are divided to those that are correctly classifiedibywhich become part oKZf{” (we will denote
these instances bS/i(r)), and those that are wrongly classified/gyand become part on”l).

This can be expressed as:

7

r+1 r r r
X0 = (XO\S) U0

In Figure 3.1 we can view graphically the partitioning of the instances in X along the algorithm’s
iterations.

(r)
x.
(r (r+1)
X1+1 X1+1
S(r)
(r) (r+1)
X3 i (r) N
2 S r
i—1
(r)
R X(” Xl(z) X
AL %
W 1
(0)A#® | v~ (1) Q) r)
XO XO XO XO
h, h, h,

Figure 3.1: Partitioning of the instances X according ton,.(x).

e From the definition ofS*f’”) we get that

Pro, | ZD ( )

Sinceh, is a weak hypothesis of, then the above probability is 1 + ~. When writing the sum in
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terms of the original distribution/g), we get that:

ZD( ) Za <S(r)) %—l—”y (3.1)

The following claim will prove that the algorithm’s error decreases exponentially as a function of the num-
ber of iterations, and thus, by choosing the right polynomial number of iteratiowe limit the error of
the output hypothesis tq as required.

Claim 6 At ther'” iteration of theAdaBoostalgorithm:
1. al3l 6, < L, <(1—27)
2.6, < (1—492)2
3. After thek!” iteration: ¢, < ¢
Proof:  We shall first show1 = 2), which implies(3) by substituting:, and then we complete the proof

by proving(1).

(1=2): From(1)we have

substitutingy = 1 +§3
LU=+ 27)>
(1-2v)

as required. Sincfl + £)" < e* we have

= (1—49%)*

T‘_

and for:ir = k = 555 In ¢, we get
which proves3).

(1): In-order to ease our use of summations, we shall define:

X7(':*)1 = Sﬁ?l = S(jl) =0
We begin with the right-hand side of the equation. We would like to get a relation between the size
of the normalization-factor at one iteratioh,{ and its size in the next iteratiori{,,) at the form of a
recursive formula. The basis of such a recursiorlis= 1, sinceD, = D andD is already a distribution,
i.e. it is already normalized. After having the desired formula, we can calculate an upper boundrfor
non-recursive terms.
Writing L,.,; according to its definition

r+1

Ly = Za <X(r+1 )
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r+1)

we have observed earlier thm,( can be written as a function of the previous iteration

La= o (b (x7) = b (57) + 0 (59)

1=

by definition:zgg a'D <Xi(7")> = L., SO we can separate it from the summation and get

Liii=1L,+ Z (—D (S“) +D (Sﬁ))

From looking at the above sum, one gets the impression that consecutive parts of it cancel each othe
in some way. Since the summed parts are multipliedvhythey do not cancel completely, but are only
subtracted from each other. Let us look at a small part of this chain of summingsfor- 1, 7, j + 1):

(=D (87) + D (817) )+l (=D (87) + D (S7) ) +a7* (=D (S1,) + D (87)) ... =
D (SU) 4 (of = o) D (S)) + (a7 = ad) D (S17) = oD (S1)) =
. +a'D (S](C)Q) +(a—=1)a'D (SJ(T_)1> +(a—1)a’D (Sj(-r)> oD (53(11)
From the above we can see that we remain with

Ly =L+ (a=1)Y oD (5)

By (3.1) ))
D (S ]

Za < 5—1—7

SO now we can substitute it, and substltutﬂn our equation, and get the desired result:

1 4ry 1
L, <L, —-1) (= L.=1L,— 1+2v)=L,=(1—-2v) L,
astot@-n(3+0) () L= (- 2)

and now, sincd.,q = 1, then from the above recursion we get

Lr < (1 - 2,7)7’
As required.
Now we shall prove the left-hand side of the equation, which is quite immediate. By definition
P 5] L) )
L=Y a'D (X}”) >3 oD (Xi(”) > a5 "D (Xf”) — altle,
=0 =0 =0
which completes the proof of Claim 6. |
Sincee, £ Prp [f # Maj(Hy)] = Z} OJ D (X ) then from Claim 3 we get that/aj(Hy) is an
e-approximation off as required. This completes the proof of Lemma 4. [ ]

We may now look at thédaBoos{(4, ¢, D) algorithm:
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:Forr=1,...,(k—1)do

Vo € X,n,(x) E [{h € H, : h(z) = f(z)}|
L, 2Y am@) . D(x)

Ve € X, D,.(x) gef _a"’"(’zr'D(w)

h, — WL (6, EX(f,D,))

Hypy — H, U{h,}

: end For

: OutputMaj(Hy,)

@oN 2 ahwdNR

ol
= o

Simulating the distributions. In the AdaBoost algorithm, the learner should, in some way, simulate
distributionsD, that are specific transformations of the original distributionWhat is still unclear is how
can this be done practically? Given that the initial distributidoms not known a-priori, it seems not trivial
at all to set a specific probability to each instance and simulate the drac(¢, D,) exactly according to
these probabilities.

Although there is a way, under certain constraints, to simulate these distributions efficiently, apparently
there is no need to actually do it! The intuition behind our solution goes like this: we will decrease the
“effective size” of X by learning with a distribution that gives probabilityto most of its instances, and
probability > 0 only to the instances in a sample given to the algorithnEby( f, D). SinceAdaBoost
changes the distribution in each iteration by multiplication, then any instance with probabiiould
remain with the same probability after the multiplication as well, and thus the set of relevant instances (i.e.
with probability > 0) would remain small through the whole run. We will choose a mgamall enough
to makeAdaBoostactually find aconsistentypothesis over the given instances (and not only PAC-learn
with some error), and thus, according to what we have already seen (Occam), this hypothesis would be
strong PAC-learning of the target function over the original distribution.

More specifically, finding the desired consistent hypothesis is done as follows: after receiving the set
of instancesV/, we shall “cheat’AdaBoostby setting a new distributio®’ that gives Weigh% to each
instance inM, and weight0 to the rest ofX, and setting a new = ﬁ Since the number of “rele-
vant” instances (i.e. with probability 0) over D’ is polynomial, and the initial distribution is known,
thenAdaBoostcan simulate the distributions,. efficiently, and output a set of hypothesds such that:

Prp [Maj(Hy) # f] < 5. Since for allz € M we haveD'(z) = - > L, then this means that
Maj(Hy) is aconsistenhypothesis for all the instances i, and according to Occam, this gives us an
e-approximation of the target function ovér, as desired.

Given that we have an algorithm that outputs a weak hypotliesiad given that the number of itera-
tions (i.e. number of sub-functions in the final majority function) required to strengthen this hypothesis is

= srlng = # In 2m, then the size of the strong hypothesi# is/h|, which is sub-linear in the sample
sizem, and polynomial in the target function size Meaning there are constarits< « and0 < ¢ < 1,
such that the size of the final strong hypothesi®{s® - m”) (which is why such an algorithm is called
an (o — 3)-Occam algorithm PAC-learning the clas€’ using H can be done by finding a consistent
hypothesis (using thex— 3)-Occam algorithm) for a set of instances of size:

<2sa>1iﬂ 2 1
m=|— +—In—
€ )

picked at random fromX according to the given distributio. As proved by Occam, the consistent
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hypothesis for this set of instances is, with probability1 — ¢), ane-approximation of the target function
f, as desired.
to conclude the proof, the strong learner’s algoritBh{¢, ¢, o, 3) is detailed below:
1 m «— (%)ﬁ —I—%ln%
22 M —U,, EX(f,D)

1
2 Vre X Dz )def{E veM
0 zeX\M
4: € — L
5. h <—AdaBoost(6 e,D")
6: Outputh

4 Learning DNF in the PAC;(MQ) model

In Theorem 3 we have seen that weak-learnability over any distribution implies strong learnability, but is
the emphasis oanydistribution necessary? When looking again into the algorithm, we find the important
thing is that we can weakly-learn over distributiansthat might be produced b&daBoostduring its run,
as a transformation of the initial distributidn. Meaning, if we want to prove strong-learnability over the
uniform distribution, then we need not prove weak-learnability @arerdistribution, but only over those
distributions that might be produced BylaBoostwhen its initial distribution is uniform. Note that this is
true only if we really simulaté&daBoosts distributions, and not use the method we have shown earlier to
learn a consistent hypothesis over a samygléusing OCCAM), since in the later we create a completely
new distribution that might be very far from the original distribution Thus, in the case of learning DNF,
where we (currently) only want to prove learnability over Uniform, and we already have weak-learnability
results over near-uniform distributions, what is left for us to do is to show that we can limit the distributions
D,., produced byAdaBoost to such that are near-uniform (and then use [KM] to weak-learn the target
function at each iteration daBoosj).

When learning DNF over Uniform, we would like to use, in each iteratioAddBoost the algorithm
for weak-learning of DNF over near-uniform distributions. As we have seendftgations, each instance

x gets a probability OM in the new distributionD,.. Consider the case of two instancgsandz,

after (k — 1) iterations (jUSt before learning the last hypothesis), when the first is correctly classified, and
the second is incorrectly classified, by all ftie— 1) hypotheses. Regardless of the sizd pfthe quotient

of the probabilities of the two instances would b&—" = o?°¥, which is obviously exponential, thus
implying that D, is exponentiallyfar from Uniform! Therefore, we must “correct” these intermediate
distributions somehow, in-order to remain polynomially near-uniform. Nevertheless, we must ensure that
these corrections would still allow us an error.

The algorithm As we shall soon see, in our DNF-learning algorithm we are not going to prove that the
distributions are near-uniform and then use Theorem 2. Instead, we will almost repeat the proof we have
shown in Theorem 2, and prove directly that for the distributions created in our algorithm we can weakly-
learn the target function. Yet, since we still want our distributions to be polynomially near-uniform, then
our goal remains the same: to ensure that for any instane¢ any stage of the algorithm, the number

of correctly classifying hypotheses (z), would always remain high. Specifically, we would like it to be
above(|Z] — A), for someA (to be chosen later). This will be done by defining, at the end of-the
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iteration, after learning,..

. 6 X(T)
= {f € X5)a
h, otherwise

We shall assume for now that we can define such hypotheses, although this is obviously impossible sinc
we do not havef in hand. Later we will prove that the weight of the instance§(i{r}J_A is small, and
2

thus, using such fictitious hypotheses is good enough for our needs.
This transformed hypothesis is the one we add to thefset, and according to this new, . ; the
n.(z) values are then calculated. The intermedi®te; distribution is set according tET+1, which is
where this transformation actually affects our algorithm, since the consecutive hypothesis is learned ove
this distribution. At the end of the run, thea;j function is applied upon the “realff,, set of hypotheses,
to produce the algorithm’s output.

Remark Observe that we do not assume we hgvenly for those instances that are misclassified by
exactly ng — A hypotheses, but we take this assumption for any number of misclassifying hypotheses

< ng — A. This is true since once we get to thé phase forr = 2A, then we assume for any instance in

X(()T) thath, = f and thus, from now on, there is no instance)dﬁ) for anyj. Two iterations afterwards,

we do the same thing to all the instances’dﬁ”), while Xé’””) is still an empty set, and so on. At each

two additional iterations we add another set of instances to the ones we “throw away”, meaning we allow
ourselves to be mistaken on these instance&/(irbut not in the hypotheti¢/, which we analyze as if we
indeed havef for our purposes). The immediate implication is that, as can be seen in figures 4.1 and 4.2,

for any instance: € X we haven,(z) > |5] — A.

hr
~
#) s
X;g) X;h) X;Mm X;um X;uu) X;Mu) X;zy,s) } f
/ le 12) rrrrrrrrrrrrrrrr le) X}Mm X;Mm Xl(zm) X}M”) Xl(um ,,,,,,,,,,,,,,,,,,,,,,,,,
X(f)o)_, Xé“—» X({)Z) ,,,,,,,,,,,,,,,, X:)ZA) XézAﬂ) X‘f)zmz) X(()zm) XBQM) Xémm ,,,,,,,,,,,,,,,,,,,,,,,,, )
//'0 hl hZA h.Y_\«H I’L’_r_\+2 //QAJJ h)_,_\H

Figure 4.1: The instances “thrown away” through the algorithm’s progress.

9-10-9



D)

ESmE o

Figure 4.2: The distributio®, before (straight) and after (dashed) “throwing” instances with#p().

We shall now prove that for

AT (1nk;+1n1>
4y €

Maj(ﬁk) “gets close enough” tg (for the same: defined inAdaBoos). Later we prove that outputting
Maj(Hy) instead, do not add too much error to thatidfj(Hy), which gives us a way to efficiently
approximatef.

Lemma7 Prp | f # Maj(H)| < e
Proof:  Since the initial distribution is uniform, we have
1
and at the-*" iteration
Oénr(z)

~ oL,
We should find a weak hypothesis foi.e. find they, (that is known to exist) such that

Ve € X, D,(z)

1
1B, /@)@ > -
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writing the above expectation explicitly we get

|Ep, [f(@)Xa(@)]| = | D De(@) f(2)xa(2)

@) f(x
-0 )

xT

1 am@ f(a)
= : 2—n'L—TXa(9C)

1
>
X(l<x) - 48

Note that the last expectation is over the uniform distribution, which means that if we see the under-bracec
part as a new function(z), then the whole expression can be rewritterigas > +. It would have been

great if we could find this fourier-coefficient using [KM]. The “only” problem is that we can not estimate
L., and therefore we do not know f§(z)| is polynomially bounded (which is a prerequisite for using
[KM]). We shall now see that we should not knaly in-order to find thisg,. We achieve this by taking
constant parts of(z) (that are not a function af) out of the expectation

5L ol o]
= | By {a"f”)-lﬂf(@ xa<:c>H > QLL; 2 gL W (4.1)

Let ¢’(x) be the function under-braced above. Then the whole expression is the fourier-coe’fﬁgient

Note that there might be somg that satisfies the lower-bound f{tyl but not for|g,|, meaning we can

not just use [KM] to find such g, for ‘g}z’. Nevertheless, thg, thatmaximizes*gzl’ necessarily maximizes
alsolg,|, since we have only taken a constant out of the expectation. Thus, we may use [KM] to find the
maximal‘gzl‘, which is greater-tham, and by this we also find the maximgj,| that, as we have

seen, is also greater-thm , as requ’ired.
What we should still prové, in-order to be able to use [KM], is tlgdtr)| is polynomially bounded.

Claim 8 Vz € X, |¢'(z)| < poly (1, s)

Proof: By definition of¢/(z), and the observation that (z) > |

N3
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since(1+ £)" < e”, we have
k 1 1 1 1 1 1
lg'(2)| < = = ~—-In— = In- = Siln— = poly (—, 3)
€ € € €

as desired. [ ]

Therefore we can use [KM] and weak-legfover the near-uniform distributions,., thus getting from
AdaBoosta set of hypotheses such that

r|\f # Maj(ﬁk) <e
which completes the proof of lemma 7. [ ]

We shall now prove that the additional error we get from ignoring some of the instances (the ones with
less thanng — A correct hypotheses) is small, which means that the erra¥/af(H;) as the output
hypothesis (instead dﬂaj(ﬁk)) is also small, as desired.

More specifically, we have proven above tifat | f # Maj(ﬁk) < ¢, and we shall now prove that

Pr [Maj(ﬁk) + Maj(Hk)] < ¢, from which we deduce thatPr [f # Maj(Hy)] < 2¢ (see figure 4.3
for a graphical demonstration of the proof steps).

S & (already proved)
<2¢& Maj (H,)
(corollary)
%ﬁ‘ (to be proved)
Maj (H )

Figure 4.3: The “error-distances” betwegmnd the hypotheses.

Lemma9 Prp | Maj(Hy) # Maj(Hk)} <e

Proof: ~ Summing over all the sets of instances, for which we have “wrongly assumed” wef hgixes
us an upper bound for the difference betwéén;(H,) andMaj(Hy,)

Prp [Maj(Hk) # Maj(Hy) ] = Zk:D ( LTT A)
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By the definition ofD,.(z):

=D ( X&T-a) _ OALﬁ D, ( X(LT;JI—)A) (4.2)

and thus we get

Prp [Maj(ﬁk) # Maj(Hk)] < Xk: LLJT_ADT (X(T—T_)A>

sinceD, is a probability distribution (i.e. its values are1)

<k- L’: A
aLfJ
SinceL; < (1 — 2+)* (Claim 6), we get that;, < ( =2 sl 15], and so we can drop the™:
<k-o®
— k.o o (nktng) (substituteA)
4 11—% Ink
—k-(1- 2 (substituten)
1+ 2y

and (again) sincél + £)" < e®, we get:

=€

Prp [Maj(ﬁk) ”] Maj(Hk)} <k-

> o

As desired. [ |
Corollary 10 Prp [f # Maj(Hy)] < 2¢

Thus, by running the algorithm withl = £, we get are-approximation of the target function.

5
Corollary 11 DNF is PAC-learnable with membership-queries over the uniform distribution.

For the sake of completeness, the final algorithm is detailed below. We dené®ldax (t(z), )
the algorithm that uses [KM] algorithm to find timeaximalfourier-coefficient of the function(x) - f(x),
which has access to the membership oracl¢ ahd can efficiently calculatéz) (and thus can calculate
t(z) - f(zx) efficiently). The algorithm detailed below receiweand) as its input:

Hy — {ho}
H1<—{h0}
Forr=1,...,(k—1)do

gk
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7. VeeX, n(z)® ‘{/& e H,: h(z) = f(z)}

8 VrelX, t(r)= o @-L5]
9:  h, — KM-Max (t(x),d)
100V 0<i<r, X" ¥{zecXn(z)=1}

. . c X(’”)
1 veeX, hon® /@ TEX
h, otherwise
12:  H,y < H.\J{h}
13:  H,y < H.U{h}
14: end For

15: OutputMaj(Hy)
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