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Algorithm Properties

B Fits for many graph problem whose solution is a forest (cover like problems). For
example: shortest path(exact), MST(exact), Steiner tree(approx.)...
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Algorithm Properties

Fits for many graph problem whose solution is a forest (cover like problems). For

example: shortest path(exact), MST(exact), Steiner tree(approx.)...

B Gives a (2 — A) approximation for any of these problems (The value of A will be
detailed further).

B The algorithm time complexity is n? log n.
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The (IP) problem

MINIMIZE Z Cole
eck
S.t.
z(0(5))) = f(5)
re € {0,1}
Where:
B f(S)definedas f: 2IVI — {0, 1}.

6(S) denotes the set of edges, having exactly one endpoint in .S, namely the edges
that “cover” S.

B o(F)=), cpTe

We demand that each active set of vertices will be “covered” by an edge.
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function f characteristics

This function actually defines the problem, telling which sets of vertexes should be covered
by an edge. Possible functions are, for example:

Input f(9) Minimal forest
f(S)=1VS Spanning trees
1 1SN {s,t} =1
s,teV | f(S) =4 | {S’, /| s — t paths
\O otherwise
1 SAT £T
T CV | f(S) =1 b# _ 7 Steiner trees with terminals 7T’
\O otherwise

We deal only with proper functions, namely, the following properties should hold:

B Symmetry: f(S5) = f(V —295)
B Disjointness: If A and B are disjoint, then f(A) = f(B) = 0 implies f(AUB) =0
B f(V)=0
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The way to the solution:Dual Problem

| optimal IP
optimal LP feasible IP

| |
f%llﬂalble opti mal dual a(feasillle dual)
u

-~

We will construct in parallel feasible solutions for the dual and the IP problems, and show
that the IP solution is at most (2 — |A|) times greater then the dual solution, and, hence,

(IP) solutionis a (2 — |A|) approximation.

B A={veV:f({v}) =1}
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The dual problem

The relaxed primal problem The dual problem
minimize Z CeTe maximaize Z f(S) - ys
eck SCV
S.T. S.t.
2(5(5)) = £(S) S ys<e
Te > 0 S:e€d(S)
ys > 0

In the dual problem every set of vertices S is assigned a variable yg.
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The algorithm: informal description

maximize Z f(S) - ys

s.t.

Keeping in mind the dual problem we can think of the algorithm as of greedy construction
of a feasible solution to the dual problem.

B At the initialization each vertex becomes a separate segment

B At each iteration we find the minimal value that can be added to y g of each segment
S. This increase makes a constrain tight for some edge e. This e is remembered as a
candidate for the (IP) solution. The two components connected by e are merged.

B When no active components remain, we check which of the candidate edges are

sufficient and output them as a solution.
Constrained Forest Problems Presented by Boris Kapchits — 8 / 28



The Algorithm: formal description

1. F () [* the set of candidate edges. */

3 C— {{v}:veV}

4: forevery v € V

5 d(v) <0

6: while 3C € C: f(C) =1

7. Find edge e = (7, j) with¢ € Cp and j € C,, C), # C, that minimizes

_ ce—d(i)—d(j)
(i) = f<cp>+f<c§>

8. F+— FU {6}

oo forevery C, €C, f(Cy) =1
10: for every v € C,

11: d(v) «— d(v) + ¢

132 C—CU{C,uC,} —{Cy} —{C,}
14: F' «+ {e € F : For some connected component NV of (V, F' — {e}), f(N) = 1}
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The Algorithm: formal description

1. F«— () [* the set of candidate edges. */
2. LB — 0 /* The value of dual solution */
3 C— {{v}:veV}
4: forevery v € V
5 d(v) <0
6: while3C' e C: f(C) =1
7. Findedge e = (7, j) with¢ € C) and 5 € C,, C), # C, that minimizes
ce—d(1)—d(7
“(6) = FOH0N
g F «— FU{e}
oo forevery C, €C, f(C)) =1
10: forevery v € C,
11: d(v) «— d(v) + ¢
122 LB« LB+¢e) 0 f(C)
132 C—CU{C,ul,} —{C,} —{C,}
14: F' <« {e € F : For some connected component N of (V, F' — {e}), f(N) =1}
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feasibility proof for the dual solution

Claim:d(v) = ), cq¥s
Proof is by induction.

Claim: 25:665(5) ys < cg, in other words, the dual solution is feasible.

Proof is again, by induction.

Base: initially yg = 0 for every .S, therefore the claim holds.

Induction step: From the previous claim we know that for an edge e connecting pair of

vertexes ¢ and j from different segments C,, C, € C in the current algorithm iteration,
D _sweco(s) Ys = d(i) + d(j). Therefore, in a given iteration we can increase yc,, and
Yc, by € without violating the packing constrain for e if the following holds:

d(i) +d(j) +e- f(Cp) +e- [(Cp) < ce
Therefore, if we pick the € such that the packing constrain is not violated for any edge, the

yco of every active segment C' can be increased by this value.

B Note, thatif 2 and j are in the same segment of C the y¢ of this segment does not

appear in the summation, and, therefore, the constrain can not be violated.
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Example: shortest path.

Proper function is defined as follows:

0 otherwsise

{1 SN {s,t}] =1

B The input graph. Numbers indicate the
edge cost.
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Example: shortest path.

Proper function is defined as follows:

£(8) = {1 SN{s 1} =1

0 otherwsise

B Thick lines represent active compo-
nents (f(C') = 1). Numbers on the
nodes represent d(v). Numbers on
the edges represent the reduced cost

_ ce—d(i)—d(j)
(5@33‘) - f<cp>+f<ci>)
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Example: shortest path.

Proper function is defined as follows:

f(8) =

0 otherwsise

(

{1 SN {s,t}] =1

B Insufficient edges are removed, only
the shortest path left.

O
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IP solution feasibility: Observation 2.1

Observation 2.1: If f(S) = 0 and f(B) = 0 forsome B C S, then f(S — B) = 0.

If follows from the properties of f.

B By the symmetry property, f(V — S) = f(S) = 0.
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IP solution feasibility: Observation 2.1

Observation 2.1: If f(S) = 0 and f(B) = 0 forsome B C S, then f(S — B) = 0.

If follows from the properties of f.

B By the symmetry property, f(V — S) = f(S) = 0.

B Since B C S, Band (V — 9) are disjoint. By the disjointness property,
f(V-S)uB)=0.

mV—((V-S)UB)=S5— B, so, by the symmetry property,
f(S=B)=f(V-5SUB)=0

This observation will be used further.
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IP solution feasibility: Lemma 2.2

Lemma 2.2: For each connected component N of F', f(N) = 0.

B By the construction of F/, N C C for
some segment C of F.
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some segment C of F.

B Some edges of I was removed as in-
sufficient, and the segment C' was par-
titioned into number of sub-segments
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IP solution feasibility: Lemma 2.2

Lemma 2.2: For each connected component N of F', f(N) = 0.

B By the construction of F/, N C C for
some segment C of F.

Some edges of F' was removed as in-
sufficient, and the segment C' was par-
titioned into number of sub-segments
Let us denote the removed edges that
areind(N)asey,...,e,andthe sub-
segments different from N, created by
removing these edges as /Vq, . .., IVi.
Note that & can be also 0.
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IP solution feasibility: Lemma 2.2, cont.

Lemma 2.2: For each connected component N of F', f(N) = 0.

B Sincee; ¢ F’, we know that f(N;) =
0
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IP solution feasibility: Lemma 2.2, cont.

Lemma 2.2: For each connected component N of F', f(N) = 0.

B Sincee; ¢ F’, we know that f(N;) =
0

B C - N = UL, N, By the dis-

jointness property f(Ui?“:1 N;) = 0,

hence f(C' — N) =0

By the construction of F, f(C') = 0.

Therefore, from observation 2.1
f(N)=0.
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IP solution feasibility: Theorem 2.3

Theorem 2.3: The incidence vector z’, which sets z. to 1 iff e € F”, is a feasible solution
to (IP).

Assume in contradiction there are some S C V such that f(.S) = 1 and z'(§(S)) = 0.
Denote by Ny, ..., N, components of F’.
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IP solution feasibility: Theorem 2.3

Theorem 2.3: The incidence vector z’, which sets z. to 1 iff e € F”, is a feasible solution
to (IP).

Assume in contradiction there are some S C V such that f(.S) = 1 and z'(§(S)) = 0.
Denote by Ny, ..., N, components of F’.

B Since 2'(6(.5)) = 0 it must hold that for every N;, either N;N.S = ) or N;N.S = N;

B Therefore, we can write that S = N;, U ... UN;, .

B However, by the Lemma 2.2 f(N;) = 0 for every i, therefore, by the disjointness of f,
f(S) = 0, contradicting our assumption.

We conclude that no such S exists, and therefore the solution, found by the algorithm, is
feasible.
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The approximation factor

_ optima IP
optimal LP l feasible IP

| |

1 -

f%ils;lble optimal dual o (feasible dual)
“\/

B The value of the feasible dual problem solution is the value of L B by the end of the

execution.
B The value of the (IP) solution is the sum of all the edges weights in F”.

We will show that at every algorithm step the contribution to the value of the (IP) solution is
bounded by the (2 — ﬁ) times the contribution to the dual problem solution, and

therefore, at the end, the (IP) solution is at most (2 — |—i|) times greater than the dual
problem solution.
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2

Theorem 2.3: the algorithm is a (2 — |A|)-approximation

Let us denote by Z7 , the value of the optimal solution of the Linear Program and by Z7  the value
of the optimal solution to the Integer Program.

Theorem 2.3: The algorithm produces a set of edges F’ and a value LB such that

S e _<2—%>LB 2—— S s < (2 2|>ZLP <2—&>pr

ecF’

Hence the algorithmis a (2 — |A|) approximation algorithm for the constrained forest
problem for any proper function f.

Since Y cpr Ce = D ecrr Xsces(s) YS We can write that
> ek Ce = 2 gy Ys|F' N 5(5)] To prove the theorem we will show that in each

iteration:

AD yslF na(9)] < A2 Zys

SCV SCV
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How each of the sums change?

B Lets us denote by C! all the active components of C in the current iteration

In each iteration loop the left-hand side of the inequality increase by

Y eF na(S) =Y |F NS

CecClt Ceclt
While the right-hand side increases by

5-|Cl|

Let us build a new graph, H. We present each segment of C as a vertex in graph, and each
edge of F” that connects two different segments of the current iteration becomes an edge
in H. Now we remove all vertexes of degree 0, that correspond to inactive components of
C. We need to prove that the average degree of an active component is at most (2 — %)
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Why inactive component can not be a leaf in H: construction

Notice that H is a forest. Assume in contradiction there is a passive component C', that

turns to a leaf in H. N _
B Initially this component C, was part of

I — some component C of F'.
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Why inactive component can not be a leaf in H: construction

Notice that H is a forest. Assume in contradiction there is a passive component C', that
turns to a leaf in H.

B Initially this component C, was part of
_— some component C' of F'.

C B Some of the edges adjacent to (', in
F was removed, making C,, a leaf. Let
Q CV & us denote the only edge that left in I
| 2O
| e

- ‘ase
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Why inactive component can not be a leaf in H: construction

Notice that H is a forest. Assume in contradiction there is a passive component C', that

turns to a leaf in H.
N

Constrained Forest Problems

Initially this component C', was part of
some component C' of F'.

Some of the edges adjacent to C,, in
F was removed, making C,, a leaf. Let
us denote the only edge that left in F’

‘ase
~If we remove e from the graph, C' will

be divided into two components. De-
note the component C', belongs to as
N and the other as C' — V. After the
edges adjacent to C,, were removed
from F', N is partitioned into compo-
nents once again. Let us denote them
by C',...,C. Note that C, is a com-

ponent by itself.
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Why inactive component can not be a leaf in H: proof

B Since the edges
T (Cy,CY),...,(Cy,Cr) are not
C - in H, we know that f(C1) = ... =
/S f(Cr) = 0 (by the construction of
).
\\\\\\\\\\
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Why inactive component can not be a leaf in H: proof

Since the edges
T (Cy,Ch),y...,(Cy,C) are  not
C - in H, we know that f(C}) = ... =
f(Cg) = 0 (by the construction of
F).
B Therefore, by disjointness of f,
\\ . f (U,]f:l Ci) = 0.

Constrained Forest Problems Presented by Boris Kapchits — 22 / 28



Why inactive component can not be a leaf in H: proof

Since the edges
T (Cy,Ch),y...,(Cy,C) are  not
C - in H, we know that f(C}) = ... =
f(Cg) = 0 (by the construction of
F).
B Therefore, by disjointness of f,
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B f(C,) = 0 by assumption, hence,
again by disjointness of f, f(IN) = 0.
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Why inactive component can not be a leaf in H: proof

Constrained Forest Problems

Since the edges
(Cy,C1),...,(Cy,Ck) are  not
in H, we know that f(C1) = ... =
f(Cg) = 0 (by the construction of
.

Therefore, by disjointness of f,
F(UiZ,Ci) = 0.

f(Cy) = 0 by assumption, hence,
again by disjointness of f, f(IN) = 0.

We know, by construction of F' that
f(C) = 0, therefore, by Observation
2.1, f(C' — N) = 0. Butin this case
e must not be in /. Contradiction.
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Sum of the degrees of all active components in H

B Since H is a forest the sum of all degrees of all the vertexes is at most 2(|C| — 1).
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B Since H is a forest the sum of all degrees of all the vertexes is at most 2(|C| — 1).
B The degree of a vertex that corresponds to inactive component is at least 2.
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Sum of the degrees of all active components in H

Since H is a forest the sum of all degrees of all the vertexes is at most 2(|C| — 1).
The degree of a vertex that corresponds to inactive component is at least 2.
Therefore, the sum of the degrees of all active components is at most

2(IC] = 1) = 2(/c] — ')

number of inactive components
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Sum of the degrees of all active components in H

Since H is a forest the sum of all degrees of all the vertexes is at most 2(|C| — 1).
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Therefore, the sum of the degrees of all active components is at most
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Sum of the degrees of all active components in H

Since H is a forest the sum of all degrees of all the vertexes is at most 2(|C| — 1).
The degree of a vertex that corresponds to inactive component is at least 2.
Therefore, the sum of the degrees of all active components is at most

2(IC] = 1) = 2([c] = [C]) = 2(IcH [+ [C[ = €] = 1) = 2(|c| = [C*]) = 2IC| - 2

We conclude that:

2 2
e Y [F'Na(S) <e2Ct-2) =¢lct](2 - W) <elct(2 - W)
Cecl

Since |A| > |C1].
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The algorithm implementation

B Computation of f(S) can be done in O(n) time for any problem of interest, so the
computation need to be performed at most O(n) times.
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B Components can be maintained as a union-find structure, hence all merging takes at
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The algorithm implementation

B Computation of f(S) can be done in O(n) time for any problem of interest, so the
computation need to be performed at most O(n) times.

B Components can be maintained as a union-find structure, hence all merging takes at
most O(na(n,n)) time. (« is the inverse Ackermann function, the function grows
very slowly )

B To find a minimum edge and to check whether this edge connects two different
components we need

0 O(na(m,n)) steps in each iteration under a naive approach, resulting the overall
running time of O(nma(m, n))for the main loop.

[1 Managing a special data structure of edges and reducing the number of candidate
edges, we can reduce the iteration complexity to O(n log n) and, therefore, the
main loop complexity will become O(n2 log n), which is preferable for dense
graphs.
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B Computation of f(S) can be done in O(n) time for any problem of interest, so the
computation need to be performed at most O(n) times.

B Components can be maintained as a union-find structure, hence all merging takes at
most O(na(n,n)) time. (« is the inverse Ackermann function, the function grows
very slowly )

B To find a minimum edge and to check whether this edge connects two different
components we need

0 O(na(m,n)) steps in each iteration under a naive approach, resulting the overall
running time of O(nma(m, n))for the main loop.

[1 Managing a special data structure of edges and reducing the number of candidate
edges, we can reduce the iteration complexity to O(n log n) and, therefore, the
main loop complexity will become O(n2 log n), which is preferable for dense
graphs.

B Computation of F’ from F takes O(n) time.
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A list of problems were the system is applicable

Minimum spanning tree problem: the algorithm is accurate.

The shortest path problem: the algorithm is accurate

The generalized Steiner tree problem: approximation factor of 2 — % where

k=|UT

B The minimum weight perfect matching problem. Approximation factor of 2 — % when
the edge costs obey the triangle inequality. However, the problem can be solved in
polynomial time, but for practical purposes less accurate but faster algorithm is
preferable.

B Point-to-Point connection problem. Approximation factor of 2 — % Is achieved, where p
IS the number of pairs

B Exact partitioning problem. For instances that satisfy the triangle inequality

approximation factor of 2 — % IS achieved.

Constrained Forest Problems Presented by Boris Kapchits — 27 / 28



Exstensions

Weakening the conditions for proper function enables using the algorithm for solving
additional problems. However, algorithm should be changes appropriately. For
example, if symmetry is not required, one of the vertexes should be defined as a root.
B Also a variation of disjointness is considered.

The same technique used in the algorithm can be applied to additional problems. Two
examples are considered:

B Prize-Collecting Steiner tree and
B Prize collecting travelling salesman

As before, the problems are presented as Integer Programs, the dual problem is formulated
and the algorithm that behaves in the same greedy way is proposed. In these problems
there are two groups of constrains on the dual variable, one comes for the edge cost and
the other for vertexes prizes. While making the former constrain tight leads to a merge
between two segments, the other constrain de-constructs them. However, it is proven that

the algorithm still achieves (2 — —2-) approximation.
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