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Problem definition

Introduction g |nput:

Problem definition :

Eariior results : M apossibly directed graph G = (V, F)

Additional problem . . .

variations : M acapacity function on edges

ngorms orure ¢ [ a set of requests which of them is a quadruple, consisting of two
Classical UFP - Strongly : terminals, s; and ¢;, a demand d; and profit r;.

Polynomial .

Additional results E OUtPUt:

B sub-set of requests, and a unsplited flow between the terminals of
each request, such that the capacity constrain is fully met.

Optimal solution maximizes the sum of profits of the routed requests.
The problem is known to be NP-hard.
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Unsplittable Flow Problem

The private case of the problem is the problem of Edge Disjoint Path,
EDP, where all the demands, profits and capacities are equal to 1.
However, this problem is also NP-complete.

Most of the results for UFP deal with the classical case, where the
maximum demand of a request is not greater than the minimum edge
capacity, dyaz < Umin.

The most popular approach is an LP rounding, which achieves a
O(y/m) approximation.

There were numerous attempts to find a combinatorial algorithm, but
for the best of authors knowledge, non prevailed. Some of the
previous works have failed to achieve the O(+/m) approximation ratio
and some solved only the restricted version of the problem.
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Introduction

The private case of the problem is the problem of Edge Disjoint Path,
R : EDP, where all the demands, profits and capacities are equal to 1.
Addflonal prodlem 3 However, this problem is also NP-complete.

B Most of the results for UFP deal with the classical case, where the
el UFE - Sty maximum demand of a request is not greater than the minimum edge
— capacity, dmaz < Umin.-

Additional results B The most popular approach is an LP rounding, which achieves a
' O(y/m) approximation.

B There were numerous attempts to find a combinatorial algorithm, but
for the best of authors knowledge, non prevailed. Some of the
previous works have failed to achieve the O(+/m) approximation ratio
and some solved only the restricted version of the problem.

Problem definition

Algorithms for UFP

The paper is the first to present a combinatorial algorithm with
approximation factor of O(+/m) for the classical UFP problem, which is
also the first strongly polynomial algorithm for this problem.
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Additional problem variations

Introduction

Problem definition

Earlier results

Additional problem
variations

Algorithms for UFP

Classical UFP - Strongly «

Polynomial

Additional results

Extended UFP, where the capacities and demands can be arbitrary.
Bounded UFP, where dynar < 7+ Unmin.

Online algorithm for U F' P, where the requests arrive one by one,
while the graph is given in advance.

The authors propose algorithms to all the problem variations, however, in
this presentation we will concentrate on the classical case.
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pair of terminals, d; is demand and rjis profit.
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Capacity function on edges is denoted by v : £ — R™.

Input request j is a quadruple (sj, ti,dj, frj) where s; and t, are the
pair of terminals, d; is demand and rjis profit.

T is the set of requests, |T'| = L.

In those algorithms, where the requests are ordered, L ;(e) denotes
the relative load of an edge e after request j is routed, namely the flow
through the edge divided by its capacity.
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G=(V,E), |E| =m
Capacity function on edges is denoted by v : £ — R™.

B Input request j is a quadruple (s;,;,d;, ;) where s; and t;, are the
pair of terminals, d; is demand and ris profit.

B 7T isthe set of requests, |T'| = I.

B In those algorithms, where the requests are ordered, L ;(e) denotes

the relative load of an edge e after request j is routed, namely the flow

through the edge divided by its capacity.

The following lemma will be used further:

, Gy, }, @ non-increasing
, by, } and two sets

Lemma 1. Given a sequence {a1,as, . ..
non-negative sequence {b1, ba, . ..
X, YC{1,....n},letX"=XN{l,...,i} and

Y= XnN{l,...,i}. Ifforeveryl < i < n holds that

Dojexij > Q) cyiajthen i v ajb; >a) iy ajb;
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eEPu (e)

The lower bound on F'is i, = 2. This is a lower bound,
since u(e) is always greater than d and the path length is at most
n.

The upper bound on F'is cvyy,q, = Tmaztimaz

dmzn
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T

eEPu (e)

O The lower bound on F'is i, = 2. This is a lower bound,
since u(e) is always greater than d and the path length is at most
n.

O The upper bound on F'is ayq, = Treztimaz

dmzn

The requests are divided into two sub-sets, according to their demand:

O Ty ={jldj < umin/2}
O 1o ={jldj > wmin/2}
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PROUTE
run Routines(T7), run Routines(T>) and choose the better solution.

Routines(S):
for every k = |10g aimin | 1o [log may |
run Routinel(Zl‘“, S) and remember the best of all runs.

Routiney(a, S):
sort the requests in .S according to non increasing order of fr'j/dj.
for all j € .S, according to above order
if 3 path P from s; to ¢; such that F'(j, P) > « and the request can
be routed on P without violating the capacity constrain
route the request j on P.
else
reject 7.
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More notations : . . . . .
Approximation : Algorithm running time is weakly polynomial

algorithm

Algorithm : W Routine; only sorts the requests and looks for an appropriate path,

approximation and

complexity which can be done using a shortest path algorithm — all this operations
LZZ;DSESZ:M ' are polynomial.
r(Q) : W But this routine is involved [10g ttyqz | — |10g Qimin | times, which is

Lower bound on the . . . . .
profit of approximated approximately log % which is polynomial, but not strongly

solution mn

First case: . p0|yn0m|al.
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Let us consider the set of requests Q , routed by the optimal solution. Let
us consider the sub-set of O that included into 77 and the sub-set of O
that included into 75

B Letus denote by Q' the sub-set that achieves greater profit among
QN Ty and Q NT5 and by 7’ the appropriate index, either 1 or 2.
B Let o/ denote the greatest o such that
r({j € QIF(.Qy) > o'}) > r(Q)/4.
B Let Q. =1i€QF(,Q;) >}
B Let Qlo,w — {j € Q|F(j,Q;) < 2/}

Q Q
Note that both 7(Qj,;.1,) > ( ) and (Qlow) = T4)
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IA

We also can express 7(9Q;,,,,) using the definition of F:

> (F(Q)) jz

J€ onw J€ Qlow eEQJ
d.
20/ —
Z (20 Z u(e))
]EQlow eer

Sl S

JEQZO’UJ GEQJ

2042 Z

N ]€Q|€€Qj

20’'m
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We also can express 7(Q;

Since (9],

Unsplittable Flow Problem
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IA

) using the definition of F:

low

Z T(j): Z( ]Q] jz
jEQEOU) ]EQlow BEQJ
d.:
Z (20 Z W‘;))
7€, . e€Q);
' Y Y Ly Y
JEQlow GEQJ € ]EQ|€€QJ
2a'm
(Q) , it follows that

r(Q) < 8a’'m
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solution
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First, we consider the case when | Eeqey| > VM

"(P) = ZwumZi)

JjeP ec P

DI

JjeEP ecP;

> O/Zm

'V

The last inequality follows from the assumption on the size of Eheavy,
namely it is assumed that at least /1 edges are loaded by at least quoter
of their capacity.
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First, we consider the case when | Eeqey| > VM

"(P) = ZwumZi)

jeP ec P

DI

JjeEP ecP;

> O/Zm

'V

The last inequality follows from the assumption on the size of Epequy,
namely it is assumed that at least 1/m edges are loaded by at least quoter
of their capacity.

Considering upper bound on r(Q) and lower bound on r(P), it is clear

that
r(Q)
r(P)

< 32¢ym = O(vm)
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Let R denote requests that are in Q’m-gh but not in the solution found
by the algorithm, R = Q}, , \ P.

By inventing an upper bound on the profit of K, an upper bound on the
approximation factor can be also found.

Each request j in R was not routed, because there was no feasible
path in (3, in particular the path Gj was not feasible. It means, that
there was at least one edge on this path that its capacity constrain
prevented the request from been routed. Let us denote this edge by
€j.
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Let R denote requests that are in Q’m-gh but not in the solution found

by the algorithm, R = Q}, , \ P.

B By inventing an upper bound on the profit of R, an upper bound on the
approximation factor can be also found.

B Eachrequest j in R was not routed, because there was no feasible

path in (3, in particular the path Gj was not feasible. It means, that

there was at least one edge on this path that its capacity constrain

prevented the request from been routed. Let us denote this edge by

€j.

Lemma 2. ¢; € Ejeqpy-
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If / = 1, it is immediate, since in this case j € R C Q' C T3 and
hence dj < umm/Q. If the request could not be routed, the edge €;
was loaded by at least half of its capacity and hence it certainly
belongs t0 Lpequy-

If ¢/ = 2, two additional options should be considered:

1. Ifu(e) > 2uUmin, the only way to overflow it by 7 is to have e
loaded by more than ,;,,, hence € is in Epeqyy-

2. ifu(e) < 2umin, note that only requests from 75 are routed, and
hence the edge has at least umm/Q flow and therefore is in

lgheavy-
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requests in Routine; are ordered according to 7;/d,;
Let R* = RN {1,...,i}
Let P* = PN {1,...,3}
Let E* denote the set of edges e; from the Lemma 2, such that
= {ejlj € R¥}.
Since each request in R¥ is routed through an edge in E* and the
capacity constrain always holds, d(R*) < >~ _ 1 u(e).

d(P*) > (f) , where f is the highest capacity edge of E*.
Since | E¥| § \Eheavyl by Lemma 2 and | Epeqpy| < +/m by
assumption, it holds that: d(R*) < /mu(f) < 4y/md(P*).
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bounded. This can be done by following steps:

Unsplittable Flow Problem Presented by Boris and Tomer — 20/ 24



Making the algorithm strongly polynomial

In order to make the algorithm polynomial, the ratio avy,qz / Qpin = 172t Zmez should be
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B For all the edges, whose capacity is greater than [ - d,,,.., the capacity should be
changed to [ - d,,q.. This is the maximum flow that can be needed to serve all the
requests and hence the action does not change the optimal solution.
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B Each request, whose profit is below 7,44 / [ should be thrown away. The profit of all
this requests together is at most 7,,,4.. Hence, the profit of the optimal solution is no
less than half the original optimal solution, and the approximation factor of the
algorithm is still the same.
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In order to make the algorithm polynomial, the ratio avy,qz / Qpin = 172t Zmez should be
bounded. This can be done by following steps:

B For all the edges, whose capacity is greater than [ - d,,,.., the capacity should be
changed to [ - d,,q.. This is the maximum flow that can be needed to serve all the
requests and hence the action does not change the optimal solution.

B Each request, whose profit is below 7,44 / [ should be thrown away. The profit of all
this requests together is at most 7,,,4.. Hence, the profit of the optimal solution is no
less than half the original optimal solution, and the approximation factor of the
algorithm is still the same.

B Take the requests whose demand is not greater than ., / [ and route them through
any simple path. This requests can not interfere each other. The rest of requests are
treated as before. One of this solutions will supply the required approximation.
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Strongly polynomial - proof

Introduction B The additional steps themselves are strongly polynomial.
Algorithms for UFP B The first preprocessing phase limits w40 10 |+ iz
gc')?yssfri'iatllFP-Strong'y N Zmaf” is now at most [ by the second preprocessing phase.
main

Making the algorithm B After these two phases the number of iterations is at most
strongly polynomial E 2d
Strongly polynomial - E 10g( l :;jz)

f . . .
WS =T, dpar < 252 and dypin > 3
Additional resul : ’

B For S =15, dymazr < Umin and dyin > Um%

Hence, there are at most O(logn + log[) iterations.
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The authors also present a strongly polynomial approximation
algorithm for Extended UFP problem, which is a rather simple
extension of algorithms presented so far. In addition an algorithm for
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The authors also present a strongly polynomial approximation
algorithm for Extended UFP problem, which is a rather simple
extension of algorithms presented so far. In addition an algorithm for
K-bounded UFP is presented.

Separate analysis shows that in general, an approximation for
extended case is more difficult than approximation for the classical
UFP. For the directed graphs, the authors present a lower bound on
the approximation factor.
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The authors also present a strongly polynomial approximation
algorithm for Extended UFP problem, which is a rather simple
extension of algorithms presented so far. In addition an algorithm for
K-bounded UFP is presented.

Separate analysis shows that in general, an approximation for
extended case is more difficult than approximation for the classical
UFP. For the directed graphs, the authors present a lower bound on
the approximation factor.

For a special case of the problem, where r; = d; for any request, and
hence the requests do not need to be sorted, the algorithm for
K-bounded UFP can be turned to an online algorithm in a very simple
way, achieving an approximation factor of O( K - D%), which meets
the lower bound on the approximation factor.
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