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On Scope Dominance With Monotone
Quantifiers

GILAD BEN-AVI AND YOAD WINTER

ABSTRACT. We characterize pairs of monotone generalized quantifiersQ1 andQ2 that give
rise to an entailment relation between their two relative scope construals. This result is used
for identifying entailment relations between the two scopalinterpretations of simple sentences
of the form NP1-V-NP2. The general characterization that we give turns out to cover more
examples of such entailments besides the familiar type where the NPs are headed bysomeand
every.

1.1 Introduction

Scope ambiguity in simple transitive sentences of the form NP1-V-NP2 is one of
the well-studied areas in natural language semantics. It has been often observed
that whether this kind of ambiguity is manifested in natural language may depend
on entailment relations between the readings of such sentences. For instance, Zim-
mermann (1993) characterizes the class ofscopeless(“name like”) noun phrases –
the class of NP2s for which the two readings of the sentence NP1-V-NP2 are equiv-
alent for any noun phrase NP1 and transitive verb V. A more general notion, first
addressed by Westerståhl (1986), involves uni-directional entailment between the
two readings, which is referred to here asscope dominance. A sentence NP1-V-
NP2 exhibits scope dominance if one of its readings entails the other. A familiar
case is when the subject (or object) denotes an existential quantifier (e.g.,some stu-
dent) and the object (or subject, respectively) denotes a universal quantifier (e.g.,
every teacher). Westerst̊ahl shows that in the class of non-trivial upward monotone
(simple) quantifiers over finite domains, scope dominance appears if and only if
the subject or object are existential or universal.

Altman et al. (2002) generalize Westerståhl’s result, and show a full charac-
terization of scope dominance witharbitrary upward monotone quantifiers over
countabledomains. In this paper we generalize Westerståhl’s result in another way,
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and characterize scope dominance between simple upwardor downwardmonotone
quantifiers over finite domains. This result is based on the numerical presentation
of quantifiers over finite domains as recently proposed by Vään̈anen and West-
erst̊ahl (2001). It leads to a general characterization of entailments over finite do-
mains between readings of sentences with (potential) scope ambiguity as in the
following cases, where both subject and object are monotone.

(1) Less than five referees read at least one of the abstracts.

(2) Less than five referees read each of the abstracts.

In sentence (1), the object narrow scope reading entails the object widescope read-
ing. In (2) the entailment between the two readings is in the opposite direction.
Note that the definite noun phrasethe abstractsleads in both sentences to the pre-
supposition that abstracts exist, which is crucial for the respective entailments to
hold. Similarly to Westerståhl’s result about upward monotone quantifiers, in both
examples scope dominance is created by the presence of an existential or universal
quantifier. However, as we shall see, our extension of Westerståhl’s characteriza-
tion also reveals cases of scope dominance with monotone quantifiers other than
everyor some.

1.2 Background

This section briefly reviews some notions from generalized quantifier theory, which
will be used in our characterization of scope dominance. A (generalized) quanti-
fier over a domainE is a setQ ⊆ ℘(E). A quantifierQ overE is upward (down-
ward) monotoneiff wheneverA ∈ Q andA ⊆ A′ (A′ ⊆ A), thenA′ ∈ Q. In
the sequel, we sometimes use the abbreviations “MON↑” and “MON↓” for “up-
ward/downward monotone”. A quantifierQ is calledtrivial iff either Q = ∅ or
Q = ℘(E).

Given a binary relationR ⊆ E2 andx ∈ E we write Rx
def
= {y ∈ E :

R(x, y)} andRy def
= {x ∈ E : R(x, y)}. The Object Narrow Scope(ONS)

reading of a simple transitive sentence is naturally interpreted in a domainE as the
propositionQ1Q2R as defined below, whereQ1 andQ2 are the subject and object
quantifiers (respectively) overE, and the relationR ⊆ E2 is the denotation of the
verb.

(3) Q1Q2R
def
⇔ {x ∈ E : Rx ∈ Q2} ∈ Q1.

Similarly, theObject Wide Scope(OWS) reading is interpreted asQ2Q1R
−1, which

by (3) is equivalent to the requirement{y ∈ E : Ry ∈ Q1} ∈ Q2.
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Given two quantifiersQ1 andQ2 we say thatQ1 is scopally dominantoverQ2

iff for every R ⊆ E2: Q1Q2R ⇒ Q2Q1R
−1.

Thedual of a quantifierQ overE is the quantifierQd = {X ⊆ E : E \ X /∈
Q}. The following fact summarizes some simple properties of quantifier duality.

Fact 1 For any quantifiersQ, Q1, Q2 overE:

1. (Qd)d = Q

2. Q1 is scopally dominant overQ2 iff Qd
2 is scopally dominant overQd

1

3. Q = ∅ ⇔ Qd = ℘(E)

4. Q is MON↑ (MON↓) iff Qd is MON↑ (MON↓).

A determinerover a domainE is a functionD that assigns to everyA ⊆ E
a quantifierD(A). In this paper we concentrate onsimplequantifiersQ: quanti-
fiers that satisfyQ = D(A), for someA ⊆ E and aconservativeandpermutation
invariant determinerD. Standardly, by saying that a determinerD overE is con-
servativewe mean that for allA, B ⊆ E: B ∈ D(A) ⇔ B ∩ A ∈ D(A). Also
standardly, a determinerD overE is calledpermutation invariantiff for every per-
mutationπ onE, and for allA, B ⊆ E: B ∈ D(A) ⇔ πB ∈ D(πA), where for a
setX ⊆ E, πX = {π(x) : x ∈ X}. In the sequel, whenever a quantifierQ can be
interpreted asD(A) for suchA andD, we say thatQ is CPI-based.

As pointed out by V̈aän̈anen and Westerståhl (2001), every monotone CPI-
based quantifierQ over a finite domainE can be represented as follows, for some
A ⊆ E andn ≥ 0.

(4) a. Q = {X : |A ∩ X| ≥ n}, if Q is MON↑

b. Q = {X : |A ∩ X| < n}, if Q is MON↓

The duals of such CPI-based quantifiers can be represented as follows, respec-
tively.1

(5) a. Qd = {X : |A ∩ X| ≥ |A| − n + 1}

b. Qd = {X : |A ∩ X| < |A| − n + 1}

In table 1.1 we give some examples of monotone CPI-based quantifiersD(A) over
a finite domainE for various determinersD and arbitrary setsA ⊆ E, together
with their presentation according to the scheme in (4). In these examples, forany
real numberr, the notations⌊r⌋ and ⌈r⌉ standardly stand for the integer value
closest tor from below and from above, respectively.

1Provably, a dual of a CPI-based quantifier is also CPI-based.
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every′(A) = {X ⊆ E : |A ∩ X| ≥ |A|}

not every′(A) = {X ⊆ E : |A ∩ X| < |A|}

some′(A) = {X ⊆ E : |A ∩ X| ≥ 1}

no′(A) = {X ⊆ E : |A ∩ X| < 1}

more than half ′(A) = {X ⊆ E : |A ∩ X| ≥ ⌊ |A|
2 ⌋ + 1}

at least half ′(A) = {X ⊆ E : |A ∩ X| ≥ ⌈ |A|
2 ⌉}

less than half ′(A) = {X ⊆ E : |A ∩ X| < ⌈ |A|
2 ⌉}

Table 1.1: CPI-based Quantifiers

1.3 Scope dominance with monotone CPI-based quanti-
fiers over finite domains

This section characterizes the pairs of CPI-based quantifiersQ1 andQ2 over finite
domains, whereQ1 is scopally dominant overQ2. Proposition 3 below first ad-
dresses the case whereQ1 is MON↑ andQ2 is MON↓. Its proof uses the following
simple combinatorial lemma, whose proof is given here for sake of completeness.

Lemma 2 Let ℓ, m, k, n ∈ NN s.t.ℓ, k > 0, m ≥ 0 and0 < n ≤ k. LetX be a set
with |X| = k. Then 1 and 2 below are equivalent:

1. There areℓ subsets ofX: X1, . . . , Xℓ, s.t. |Xi| = n, 1 ≤ i ≤ ℓ, and every
x ∈ X is in at mostm of theXis.

2. ℓn ≤ mk.

Proof. Let X = {x1, . . . xk}. For everyX1, . . . , Xℓ ⊆ X let mi = |{Xj : 1 ≤
j ≤ ℓ ∧ xi ∈ Xj}|.
(1)⇒ (2):
Let X1, . . . , Xℓ ⊆ X such that for everyj s.t.1 ≤ j ≤ ℓ: |Xj | = n, and for every
i s.t.1 ≤ i ≤ k: mi ≤ m. Thus,

ℓn =
k∑

i=1

mi ≤ mk

(2)⇒ (1):
Assume thatℓn ≤ mk. ConstructX1, . . . , Xℓ ⊆ X as follows:

X1 = {x1, . . . , xn}
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...

Xj = {x((j−1)n+1) mod k, . . . , x(jn) mod k}

...

Xℓ = {x((ℓ−1)n+1) mod k, . . . , x(ℓn) mod k}

It is not hard to verify that for alli, j s.t.1 ≤ i, j ≤ k: mj − 1 ≤ mi ≤ mj + 1.
Assume for contradiction that for somei s.t.1 ≤ i ≤ k: mi = m′ > m. Thus,

ℓn =
k∑

i=1

mi ≥ m′ + (m′ − 1)(k − 1) = (m′ − 1)k + 1 > mk

in contradiction to the assumption thatℓn ≤ mk. Hence, for alli s.t.1 ≤ i ≤ k:
mi ≤ m.

Proposition 3 LetQ1 andQ2 be two CPI-based quantifiers over a finite domainE
s.t.Q1 is MON↑ andQ2 is MON↓. According to the presentation in (4), assume
that for someA, B ⊆ E and n, m ≥ 0: Q1 = {X : |A ∩ X| ≥ n} and Q2 =
{Y : |B ∩ Y | < m}. ThenQ1 is scopally dominant overQ2 iff one of the following
holds:

(i) |A| < n + n
m

and both0 < n ≤ |A| and0 < m ≤ |B| (both quantifiers are
not trivial.)

(ii) n > |A| (Q1 = ∅).

(iii) m > |B| (Q2 = ℘(E)).

(iv) n > 0 andm = 0 (Q2 = ∅ andQ1 6= ℘(E)).

Proof. It is easy to verify that if at least one ofQ1 andQ2 is trivial, thenQ1 is
scopally dominant overQ2 iff one of the clauses (ii)-(iv) holds. Thus, we assume
that both quantifiers are not trivial, i.e.,0 < n ≤ |A| and0 < m ≤ |B|. Now Q1

is notscopally dominant overQ2 iff the following condition holds:

C1. There existsR ⊆ E2 such that| {x ∈ A : |Rx ∩ B| < m} | ≥ n and
| {y ∈ B : |Ry ∩ A| ≥ n} | ≥ m.

We claim that C1 is equivalent to the following condition.

C2. There existT ⊆ E2 andB′ ⊆ B with |B′| = m (B′ = {b1, . . . , bm}) such
that|A \

⋂m
i=1 T bi | ≥ n and∀b ∈ B′ |T b ∩ A| = n.
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To see that, assume first that C1 holds, and considerB′ = {b1, . . . , bm}
⊆ {y ∈ B : |Ry ∩ A| ≥ n}. For eachbi, let Ai ⊆ Rbi ∩ A, |Ai| = n. Define
T =

⋃m
i=1(Ai × {bi}), and observe that from the assumptions about theAis it

follows that{x ∈ A : |Rx ∩ B| < m} ⊆ A \
⋂m

i=1 Ai.
As for the other direction, if C2 holds, defineR = T ∩ (A × B′).

Now, C2 is equivalent to the requirement that there existm + 1 subsets ofA:
A1, . . . , Am, Am+1 such that|Ai| = n, 1 ≤ i ≤ m + 1, and

⋂m+1
i=1 Ai = ∅. To

see that, letAi corresponds toT bi ∩ A for any i s.t. 1 ≤ i ≤ m, and letAm+1

corresponds toA\
⋂m

i=1 Ai. By Lemma 2, this requirement holds iff|A| ≥ n+ n
m

.

The dual of the kind of scope dominance that is characterized in Proposition
3 is the case in whichQ1 is MON↓ and Q2 is MON↑. Using Fact 1 and the
observation in (5), we get the following corollary of Proposition 3.

Corollary 4 Let Q1 andQ2 be two CPI-based quantifiers over a finite domainE
s.t.Q1 is MON↓ andQ2 is MON↑. According to the presentation in (4), assume
that for someA, B ⊆ E and n, m ≥ 0: Q1 = {X : |A ∩ X| < n} and Q2 =
{Y : |B ∩ Y | ≥ m}. ThenQ1 is scopally dominant overQ2 iff one of the following
holds:

(i) |B| > (m− 1)(|A| − n + 2) and both0 < n ≤ |A| and0 < m ≤ |B| (both
quantifiers are not trivial.)

(ii) n = 0 (Q1 = ∅).

(iii) m = 0 (Q2 = ℘(E)).

(iv) n > |A| andm ≤ |B| (Q1 = ℘(E) andQ2 6= ∅).

Proposition 5 below covers the case in which both quantifiers areMON↓. The
proof is similar to the proof of Proposition 3, and is omitted here.

Proposition 5 Let Q1 andQ2 be twoMON↓ CPI-based quantifiers over a finite
domainE. According to the presentation in (4), assume that for someA, B ⊆ E
andn, m ≥ 0: Q1 = {X : |A ∩ X| < n} andQ2 = {Y : |B ∩ Y | < m}. Then
Q1 is scopally dominant overQ2 iff one of the following holds:

(i) 2− |B|
m

> n−1
|A|−n+1 and both0 < n ≤ |A| and0 < m ≤ |B| (both quantifiers

are not trivial.)

(ii) n = 0 (Q1 = ∅).

(iii) m > |B| (Q2 = ℘(E)).
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The same method that we use in the proof of Proposition 3, can also be used
for the case in which the two quantifiers areMON↑, which is the case dealt with
in Westerst̊ahl (1986). This result is also mentioned here without proof.

Proposition 6 Let Q1 andQ2 be twoMON↑ CPI-based quantifiers over a finite
domainE. According to the presentation in (4), assume that for someA, B ⊆ E
andn, m ≥ 0: Q1 = {X : |A ∩ X| ≥ n} andQ2 = {Y : |B ∩ Y | ≥ m}. Then
Q1 is scopally dominant overQ2 iff one of the following holds:

(i) n = 1 or n > |A| (Q1 = some′(A) or Q1 = ∅).

(ii) m = |B| or m = 0 (Q2 = every′(A) or Q2 = ℘(E)).

(iii) n = 0 andm ≤ |B| (Q1 = ℘(E) andQ2 6= ∅).

(iv) n > 0 andm > |B| (Q2 = ∅ andQ1 6= ℘(E)).

Examples: Let us consider some examples for scope dominance between CPI-
based quantifiers over a finite domainE. For the representation of each quantifier,
refer back to Table 1.1.

First, note that by Corollary 4, for every non-emptyA ⊆ E, everyMON↓
CPI-based quantifier is scopally dominant oversome′(A) (=(every′(A))d). This
accounts for the fact that the ONS reading of sentence (1), paraphrased in (6a)
below, entails its OWS reading, paraphrased in (6b). Both readings are paraphrased
with a presupposition about the existence of abstracts.2

(6) a. |{x : referee′(x)∧∃y[abstract′(y)∧read′(x, y)]}| < 5∧∃y[abstract′(y)]

b. ∃y[abstract′(y)∧|{x : referee′(x)∧read′(x, y)}| < 5]∧∃y[abstract′(y)]

Analogously to this scope dominance with existential quantification, Proposition3
entails that for every non-emptyA ⊆ E, every′(A) is scopally dominant over
everyMON↓ CPI-based quantifier. This accounts for the entailment from the OWS
reading of (2), with theevery–less-than-5order of quantifiers, to its ONS reading,
with the less-than-5–everyorder of quantifiers.

Such examples with existential and universal quantifiers do not exhaustthe
cases of scope dominance with monotone quantifiers. By Proposition 3,
more than half ′(A) is scopally dominant overno′(B) for all A, B ⊆ E. By
Corollary 4,not every′(A) (=(no′(A))d) is scopally dominant over
at least half ′(B) (=(more than half ′(B))d), for all A, B ⊆ E. Consider for
instance the following sentences.

2Plausibly, plurality in sentence (1) leads to the presupposition that there areat leasttwoabstracts.
However, we do not use this presupposition here, since the relevant entailment also appears with the
weaker presupposition that is assumed above.
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(7) a. More than half of the referees read no abstract.

b. No abstract was read by more than half of the referees.

Our characterization accounts for the entailment from the ONS interpretationof
(7a) to its OWS interpretation, and for the opposite relation in (7b). However,
for many speakers both sentences are unambiguous, and have only an ONS read-
ing. Under this unambiguous interpretation, our characterization accountsfor the
entailment from (the unambiguous) sentence (7a) to (the unambiguous) sentence
(7b). Note that themore than/at least half ofquantifiers that are involved in these
examples are not first order definable, so these entailments cannot be derived by
any axiom system of the first order Predicate Calculus.

As an example in which both quantifiers areMON↓, note that Proposition 5
entails thatless than half ′(A) is scopally dominant overnot every′(B), for
anyA ⊆ E and non-emptyB ⊆ E.

1.4 Concluding remarks

In this paper we characterized scope dominance between upward/downward mono-
tone CPI-based quantifiers over finite domains. This work is part of a wider project
that aims to study ambiguity in natural language by way of characterizing entail-
ments between readings of ambiguous sentences. This kind of entailments is a
promising area for studying inference in natural language, where high express-
ibility requires strong restrictions on inferential structures. Moreover, with Van
Deemteer (1998) we believe that a characterization of “semantically spurious” am-
biguity may lead to improved underspecification methods, and to better techniques
for reasoning with underspecified representations. This is of course amajor task,
and even the characterization of scope dominance that was presented in this paper
still leaves some obvious questions open. Most notably, the behavior of non-CPI-
based and non-monotone quantifiers, and of quantifiers over infinite domains needs
to be further explored. These problems are currently under research.
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