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Abstract. We discuss a generalization of Parikh’s Theorem for context-
free languages to classes of many-sorted relational structures which are
both definable in Monadic Second Order Logic and which are of bounded
patch-width. Patch-width is a generalization of both tree-width and
clique-width. This gives a powerful unifying tool to prove that certain
classes of graphs are of unbounded width.

For R. Parikh,
at the occasion of
his 70th birthday

1 Generalizing Parikh’s Theorem

R. Parikh’s celebrated theorem, first proved in [Par66], counts the number of
occurrences of letters in words of a context-free languages L over an alphabet of
k letters. For a given word w, the numbers of these occurrences is denoted by a
vector n(w) € N¥, and the theorem states

Theorem 1 (Parikh 1966). For a context-free language L, the set Par(L) =
{n(w) € N* :w € L} is semi-linear.

A set X C N® is linear in N® iff there is vector @ € N® and a matrix M € NS*"
such that X = A, y; = {b € N° : there is & € N” with b = a + M - u}. Single-
tons are linear sets with M = 0. If M = 0 the series is nontrivial. X C N* is
semi-linear in N° iff X is a finite union of linear sets A; C N°. For s = 1 the
semi-linear sets are exactly the ultimately periodic sets. The terminology is from
[Par66], and has since become standard terminology in formal language theory.
Several alternative proofs of Parikh’s Theorem have appeared since. D. Pilling
[Pil73] put it into a more algebraic form, and more recently, L. Aceto, Z. Esik
and A. Ingolfsdottir [AEIO2] showed that it depends only on a few equational
properties of least pre-fixed points. B. Courcelle [Cou95]. has generalized The-
orem 1 further to certain graph grammars, and relational structures which are
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definable in Monadic Second Order Logic (MSOL) in labeled trees, counting
not only letter occurrences but the size of MSOL-definable subsets. In [FM04]
a similar generalization was proven, inspired by a theorem due to Gurevich and
Shelah [GS03] on spectra of MSOL-sentences with one unary function symbol
and a finite number of unary relation symbols. The results of [FM04] are formu-
lated in a model theoretic framework rather than using the language of graph
grammars. But it turned out that some of their result could have been obtained
also using the techniques of [Cou95].

In this paper we explain discuss these generalizations of Parikh’s Theorem
without detailed proofs, but with the emphasis on the concepts involved and on
applications. Like in the well known characterization of regular languages using
Monadic Second Order Logic (MSOL) we also use MSOL, and an extension
thereof, CMSOL, which allows for modular counting quantifiers. However, the
languages in Parikh’s Theorem are replaced by arbitrary finite relational struc-
tures which are of bounded width. The most general notion of width we shall use is
patch-width, which was first introduced in [FMO04]. It generalizes both tree-width
and clique-width. The detailed discussion of these notions of width is given in
Section 4. Finally, like in Courcelle’s generalization of Parikh’s Theorem, rather
than counting occurrences of letters, we count cardinalities of CMSOL-definable
unary relations. We shall first explain this for the case where these relations are
given by unary predicates, where we speak of many-sorted spectra. The appli-
cations consist mostly in proving that certain classes of graphs and relational
structures have unbounded tree-width, clique-width or patch-width. These are
given in Section 5.

We assume the reader is familiar with the basics of Monadic Second Order
Logic MSOL, cf. [Cou92,EF95]. For convenience, we collect the basics in Section
2. Otherwise this paper is rather self-contained.

2 Monadic Second Order Logic and its Extension

First Order Logic FOL restricts quantification to elements of the structure,
Monadic Second Order Logic MSOL also allows for quantification over subsets,
but not over binary relations,, or relations of arity » > 2. The logic MSOL can be
extended by modular counting quantifiers C, ,,, where Cj, px ¢(x) is interpreted
as “there are, modulo m, exactly k elements satisfying ¢(z)”. We denote the
extension of MSOL obtained by adding, for all k£, m € N the quantifiers Cj, ,,,, by
CMSOL. Over structures which have a linear order the quantifiers Cy ymx ¢(x)
can be eliminated without loss of expressive power.

Typical graph theoretic concepts expressible in FOL are the presence or ab-
sence (up to isomorphism) of a fixed (induced) subgraph H, and fixed lower or
upper bounds on the degree of the vertices (hence also r-regularity). Typical
graph theoretic concepts expressible in MSOL but not in FOL are connectivity,
k-connectivity, reachability, k-colorability (of the vertices), and the presence or
absence of a fixed (topological) minor. The latter includes planarity, and more
generally, graphs of a fixed genus g. Typical graph theoretic concepts expressible



in CMSOL but not in MSOL are the existence of an Eulerian circuit (path),
the size of a connected component being a multiple of k, and the number of con-
nected components is a multiple of k. All the non-definability statements above
can be proved using Ehrenfeucht-Fraissé games. The definability statements are
straightforward.

3 Spectra of Sentences of Monadic Second Order Logic

Let ¢ be sentence of Monadic Second Order Logic MSOL over a vocabulary 7.
The spectrum SPEC(¢) is the set of finite cardinalities n € N of finite model of ¢.
We note that for unary languages, Parikh’s Theorem looks at the spectrum of
context-free languages. H. Scholz introduced spectra in [Sch52], where he asked
to characterize spectra. Spectra of first order sentences have been studied ever
since. For a history and survey of the study of spectra, cf. [DJMMO8].

3.1 Spectra of sentences with one unary function symbol

Let S C N be an ultimately periodic set. It is not difficult to construct even a
first order sentence ¢ such the sPEC(¢) = S. Surprisingly, ultimately periodic
sets are precisely the spectra of sentences with one unary function symbol, and
a finite set of unary relation symbols. [DFL97], [GS03].

Theorem 2 (Durand, Fagin, Loescher (1997), Gurevich, Shelah (2003)).
Let ¢ be a sentence of MSOL(7) where T consists of

- finitely many unary relation symbols,
- one unary function and equality only.

Then SPEC(¢) is ultimately periodic,

3.2 From one unary function to bounded tree-width

The finite structures which have only one unary function consist of disjoint
unions of components of the form given in Figure 1. They look like directed

e

Fig. 1. Models of one unary function

forests where the roots are replaced by a directed cycle. The unary predicates



are just colors attached to the nodes. The similarity of labeled graphs to labeled
trees can be measured by the notion of tree-width, and in fact, these structures
have tree width at most 2. The necessary background on tree-width will be given
in Subsection 4.1. Inspired by Theorem 2, E. Fischer and J.A. Makowsky [FM04]
generalized Theorem 2 by replacing the restriction on the vocabulary by a purely
model theoretic condition involving the width of a relational structure.

Theorem 3 (E. Fischer and J.A. Makowsky (2004)).
Let ¢ be an MSOL sentence and k € N. Assume that all the models of ¢ have
tree-width at most k. Then SPEC(¢) is ultimately periodic.

To prove Theorem 3, and its generalizations below, the authors use three tools:

(i) A generalization of the Feferman-Vaught Theorem for k-sums of labeled
graphs to the logic CMSOL, due to B. Courcelle, [Cou90], and further refined
by J.A. Makowsky in [Mak04].

(ii) A reduction of the problem to spectra of labeled trees by a technique first
used by B. Courcelle in [Cou95] in his study of graph grammars.

(iii) An adaptation of the Pumping Lemma for labeled trees, cf. [GS97].

The proof of Theorem 3 is quite general. However, the details are rather technical.
Its proof can be adapted to stronger logics, in particular to CMSOL introduced
in Section 2. Second, one observes that very little of the definition of tree-width is
used in the proof. The techniques used in the proof of Theorem 3 can be adapted
to other notions of width of relational structures, such as clique-width, which was
introduced first in [CER93] and studied more systematically in [CO00], and to
patch-width, introduced in [FMO04]. These notions will be discussed in detail in
Section 4. Before we get to the various definitions of width we refer to any of
these notions just as the width of a structure.

3.3 Many-sorted Spectra

We want to generalize Theorem 1 to spectra. Rather than counting occurrences
of letters, we look at many-sorted structures and the sizes of the different sorts,
which we call many-sorted spectra.

For our purposes, a k-sorted T-structure is a structure of the form

A= (A,Pr,..., P, Ri,...Rp)

where A is a finite set, P, C A, Ule P, = A and for all 4,5 < k,i # j we have
that P, N P; = 0. The sets P, are the sorts of «A. Furthermore, the relations
Ry, f < m are typed. 7 now consists of the relation symbols P;, Ry, which are
interpreted in 2 in the obvious way. For a finite k-sorted 7-structure 2 we denote
by MCARD(2) the k-tuple (n1,...,ng) of the cardinalities n; of P;. The many-
sorted spectrum MSPEC(¢) of a k-sorted 7-sentence ¢ € CMSOL(7) is the set

MSPEC(¢)) = {MCARD(21) € NF : 2 |= ¢}.



These definitions can be extended to MSOL augmented by the modular counting
quantifiers Cy ,, where Ci .z ¢(z) is interpreted as “there are, modulo m,
exactly k elements satisfying ¢(x)”. We denote the extension of MSOL obtained
by adding, for all k,m € N the quantifiers Cj, ,,,, by CMSOL.

In [FMO04] the following theorem is proved:

Theorem 4 (E. Fischer and J.A. Makowsky (2006)).
Let ¢ be a many-sorted CMSOL(T)-sentence, such that all of its models have
width at most k. Then the many-sorted spectrum MSPEC(¢) is a semi-linear set.

Recall that width stands here for any of the notions, tree-width, clique-width,
patch-width to be discussed next.

4 Structures of Bounded Width

4.1 Tree-width

In the eighties the notion of tree-width of a graph became a central focus of
research in graph theory through the monumental work of Robertson and Sey-
mour on graph minor closed classes of graphs, and its algorithmic consequences
[RS86]. The literature is very rich, but good references and orientation may be
found in [Die96,Bod93,Bod97]. Tree-width is a parameter that measures to what
extent a graph is similar to a tree. Additional unary predicates do not affect the
tree-width. Tree-width of directed graphs is defined as the tree-width of the
underlying undirected graph'.

Definition 1 (Tree-width). A k-tree decomposition of a graph G = (V, E) is
a pair {X; |i €I}, T = (I, F)) with {X; |i € I} a family of subsets of V, one
for each node of T, and T a tree such that

(Z) UieIXi =V.

(i1) for all edges (v,w) € E there exists an i € I with v € X; and w € X;.
(i) for alli,5,k € I:if j is on the path from i to k in T, then X; N X, C X, in

other words, the subset {t | v € X;} is connected for all v.
() foralliel, |X;| <k-+1.

A graph G is of tree-width at most k if there exists a k-tree decomposition of
G. A class of graphs K is a TW (k)-class iff all its members have tree width at
most k.

Given a graph G and k € N there are polynomial time, even linear time, algo-
rithms, which determine whether G' has tree-width k, and if the answer is yes,
produce a tree decomposition, cf. [Bod97]. However, if k is part of the input, the
problem is NP-complete [ACP8&7]

Trees have tree-width 1. The clique K, has tree-width n — 1. Furthermore,
for fixed k, the class of finite graphs of tree-width at most k denoted by TW (k),
is MSOL-definable.

Y In [JRSTO1] a different definition is given, which attempts to capture the specific

situation of directed graphs. But the original definition is the one which is used when
dealing with hyper-graphs and general relational structures.
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Fig. 2. A graph and one of its tree-decompositions

Example 1. The following graph classes are of tree-width at most k:

(i) Planar graphs of radius r with k = 3r.
(ii) Chordal graphs with maximal clique of size ¢ with k = ¢ — 1.
(iii) Interval graphs with maximal clique of size ¢ with k = ¢ — 1.

Ezxample 2. The following graph classes have unbounded tree-width and are all
MSOL-definable.

(i) All planar graphs and the class of all planar grids G, ,.
Note that if n < ng for some fixed ng € N, then the tree-width of the grids
Gmn,n < ng, is bounded by 2ng.

(ii) The regular graphs of degree r,r > 3 have unbounded tree-width.

Tree-width for labeled graphs can be generalized to arbitrary relational struc-
tures in a straightforward way. Clause (ii) in the above definition is replaced
by

(ii-rel) For each r-ary relation R, if o € R, there exists an ¢ € I with v € X

This was first used in [FV99].

4.2 Clique-width

A k-colored 7-structures is a 7, = 7 U { Py, ..., Py}-structure where P;,i < k
are unary predicate symbols the interpretation of which are disjoint (but can be
empty).

Definition 2. Let A be a k-colored T-structure.



(i) (Adding hyper-edges) Let R € T be an r-ary relation symbol.
NR,Pj, ..., P;, () denotes the k-colored T structure B with the same universe
as A, and for each S € T, S # R the interpretation is also unchanged. Only
for R we put
RB:RAU{ELGAT:CLZ-EPJ-‘?}.

We call the operation n hyper edge creation, or simply edge creation in the
case of directed graphs. In the case of undirected graphs we denote by np,, .p;,
the operation of adding the corresponding undirected edges.

(i1) (Recoloring) p; ;(A) denotes the k-colored T structure B with the same uni-
verse as U, and all the relations unchanged but for PZ-A and PjA. We put

PP =0 and PP = P U P/

We call this operation recoloring.

(iii) (modification via quantifier free translation) More generally, for S € 1 of
arity v and B(x1,...,z,) a quantifier free Ti-formula, dg () denotes the
k-colored T structure B with the same universe as %A, and for each S’ € T,
S" £ S the interpretation is also unchanged. Only for S we put

SB —{aec A" :aec B}
where BA denotes the interpretation of B in 2.

Note that the operations of type p and n are special cases of the operation of type
d.

Definition 3 (Clique-Width, [CO00,Mak04]).

(i) Here 7 = {Rg} consist of the symbol for the edge relation. Given a graph
G = (V, E), the clique-width of G (cwd(G)) is the minimal number of col-
ors required to obtain the given graph as an {Rg}-reduct from a k-colored
graph constructed inductively from colored singletons and closure under the
following operations:

(i.a) disjoint union (U)
(i.b) recoloring (pi—;)
(i.c) edge creation (g, p, p;)

(i) For T containing more than one binary relation symbol, we replace the edge
creation by the corresponding hyper edge creation g, p;, ,....p;. for each R € 7.

(iii) A class of T-structures is a CW (k)-class if all its members have clique-width
at most k.

If 7 contains a unary predicate symbol U, the interpretation of U is not affected
by the operations recoloring or edge creation. Only the disjoint union affects it.

A description of a graph or a structure using these operations is called a
clique-width parse term (or parse term, if no confusion arises). Every structure
of size n has clique-width at most n. The simplest class of graphs of unbounded
tree-width but of clique-width at most 2 are the cliques. Given a graph G and



k € N, determining whether G has clique-width k is in NP. A polynomial time al-
gorithm was presented for k& < 3 in [CHLT00]. It was shown in [FRRS05,FRRS06]
that for fixed £ > 4 the problem is NP-complete. The recognition problem for
clique-width of relational structures has not been studied so far even for k = 2.
The relationship between tree-width and clique-width was studied in [CO00],
and for relational structures in [GMO03].

Theorem 5 (Courcelle, Olariu (2000), Glikson, Makowsky (2003)). Let
K be a TW(k)-class. Then

(i) If K is a class of graphs, then K is a CW (m)-class with m < 281 + 1.
(i) For arbitrary T-structures, K is a CWr(m')-class with m’ < f(k) for some
function f(k) = O(2P*)) where p is a polynomial in k.

The following examples are from [MR99,GR00].
Ezample 3 (Classes of clique-width at most k).

(i) The cographs with k = 2.
(ii) The distance-hereditary graphs with k& = 3.
(iii) The cycles C,, with k = 4.
(iv) The complement graphs C,, of the cycles C,, with k = 4.

The cycles C), have tree-width at most 2, but the other examples have unbounded
tree-width.

Ezample 4 (Classes of unbounded clique-width,).

(i) The class of all finite graphs.

(ii) The class of unit interval graphs.

(iii) The class of permutation graphs.

(iv) The regular graphs of degree 4 have unbounded clique-width.
(v)

v) The class grids Grid, consisting of the graphs Grid, «n.

For more non-trivial examples, cf. [MR99,GR00]. In contrast to TW (k), we do
not know whether the class of all CW (k)-graphs is MSOL-definable.
To find more examples it is useful to note, cf. [MMO3]:

Proposition 1. If a graph is of clique-width at most k and G’ is an induced
subgraph of G, then the clique-width of G’ is at most k.

In [FMO04] the following is shown:

Theorem 6 (E. Fischer and J.A. Makowsky (2004)).

Let ¢ € CMSOL(7) be such that all its finite models have clique-width at most
k. Then there are mg,ng € N such that if ¢ has a model of size n > ng then ¢
has also a model of size n + my.

From this we get immediately a further generalization of Theorem 3.

Corollary 1. Let ¢ € CMSOL(7) be such that all its finite models have clique-
width at most k. Then spec() is ultimately periodic.



4.3 Patch-width

Here is a further generalization of clique-width for which our theorem still works.
The choice of operation is discussed in detail in [CMO02].

Definition 4. Given a 7-structure 2, the patch-width of G (pwd(G)) is the
minimal number of colors required to obtain & as a {7}-reduct from a k-colored 7-
structure inductively from fixed finite number of Ty -structures and closure under
the following operations:

(i) disjoint union (U),
(i1) recoloring (pi—;) and
(i1t) modifications (3s,B).

A class of T-structures is a PW.(k)-class if all its members have patch-width at
most k.

A description of a 7-structure using these operations is called a patch term.

Ezample 5.

(i) In [COOQ] it is shown that if a graph G has clique-width at most & then its
complement graph G has clique-width at most 2k. However, its patch-width
is also k as G can be obtained from G by 0B ~E-

(ii) The clique K,, has clique-width 2. However if we consider graphs as struc-
tures on a two-sorted universe (respectively for vertices and edges), then
K, has clique-width ¢(n) and patch-width p(n) where ¢(n) and p(n) are
functions which tend to infinity. This will easily follow from Theorem 4. For
the clique-width of K, as a two-sorted-structure this was already shown in
[Rot98].

In [CMO2] it is shown that a class of graphs of patch-width at most & is of
clique-width at most f(k) for some function f. It is shown in [FMO00] that this
is not true for relational structures in general.

In the definition of patch-width we allowed only unary predicates as auxiliary
predicates (colors). We could also allow r-ary predicates and speak of r-ary
patch-width. The theorems where bounded patch-width is required are also true
for this more general case. The relative strength of clique-width and the various
forms of patch-width are discussed in [FMO00].

In [FMO04] the following is shown:

Theorem 7 (E. Fischer and J.A. Makowsky (2004)).

Let ¢ € CMSOL(7) be such that all its finite models have patch-width at most
k. Then there are mg,ng € N such that if ¢ has a model of size n > ng then ¢
has also a model of size n + my.

From this we get yet another generalization of Theorem 3.

Corollary 2. Let ¢ € CMSOL(7) be such that all its finite models have patch-
width at most k. Then spec(@) is ultimately periodic.

More recent work on spectra and patch-width may be found in [She04,DS06].



5 Applications of Theorem 7

In this paper we give several applications of Theorem 7 showing that certain
classes of graphs have unbounded clique-width or patch-width.

5.1 Classes of unbounded patch-width

Theorem 7 gives a new method to show that certain classes K of graphs have
unbounded tree-width, clique-width or patch-width.

To see this we look at the class Grid of all grids Grid,«,. They are known
to have unbounded tree-width, cf. [Die96], and in fact, every minor closed class
of graphs of unbounded tree-width contains these grids. They were shown to
have unbounded clique-width in [CO00,GR00]. However, for patch-width these
arguments do not work. On the other hand Grid is MSOL-definable, and its
spectrum consists of the numbers n2, so by Theorems 6 and 7, the unboundedness
follows directly.

In particular, as this is also true for every K’ D K, the class of all graphs is
of unbounded patch-width.

Without Theorem 7, there was only a conditional proof of unbounded patch-
width available. It depends on the assumption that the polynomial hierarchy XF
does not collapse to NP. The argument then proceeds as follows:

(i) Checking patch-width at most k of a structure 2, for k fixed, is in NP. Given
a structure 2(, one just has to guess a patch-term of size polynomial in the
size of .

(ii) Using the results of [Mak04] one gets that checking a CMSOL(7)-property
¢ on the class PW, (k) is in NP, whereas, by [MP96], there are XF-hard
problems definable in MSOL for every level £F of the polynomial hierarchy.

(iii) Hence, if the polynomial hierarchy does not collapse to NP, the class of all
T-structures is of unbounded patch-width, provided 7 is large enough.

5.2 The patch-width of incidence graphs

We look at two presentation a graph G. The first consists of a set of vertices
V(G) and a binary symmetric relation E(G). The second is the incidence graph
I(G), which consists of two sorts, V(G) and E(G) and an incidence relation
R(G) CV(G) x E(G) with (u,e) € R(G) iff there is v € V(G) with (u,v) =e.

It is well known that if G has tree-width at most k, so has I(G). This is not
so for clique-width. The cliques K, have clique-width 2, but the clique-width of
I(K,) grows with n. This follows immediately from Theorem 4. The cliques are
definable by an MSOL-sentence ¢ejique Whose spectrum MSPEC(Pelique) cOnsists
of the pairs (n, @), which is not semi-linear.

Similarly, the class of square grids Grid,x, and the class of its incidence
graphs I(Grid,,x,) are known to be definable by MSOL-sentences ¢sqgrids and
Vsqgrids, respectively. But their spectra are of the form n? and (n?,2n? + 2n),
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respectively, which are not semi-linear. Hence they are not of bounded patch-
width.

Our main result in this section is a new proof of the following theorem,
implicit in papers by B. Courcelle and J. Engelfriet [CE95,Ev097,Cou03].

Theorem 8. Let K be a class of graphs and I(K) be the class of its incidence
graphs. Assume I(K) is defined by an CMSOL-sentence ¢ and has bounded
clique-width. Then K and I(K) have bounded tree-width.

5.3 Proof of Theorem 8

The proof of Theorem 8 combines Theorem 4 with the fact, taken from [GWO00]:

Proposition 2. Graphs of clique-width at most k which do not have the com-
plete bipartite graph K, ,, as a subgraph, have tree-width at most 3k(n — 1) — 1.

The clique-width of I(K) and K are related as follows:
Proposition 3. If I(K) has bounded clique-width, so has K.

This is a consequence of results in [EvO97], formulated for graph grammars.

Furthermore, when we expand a 7-structure 2 by adding new unary predi-
cates Pi,..., P,, whether definable or not, the width (tree-width, clique-width,
patch-width) does not change.

Proposition 4. Let 2 be a T-structure of width k. Then (A, Py,...,Py) as a
TU{Py,... Py} has also width k.

Now assume I(K) is defined by an CMSOL-sentence ¢ and has bounded
clique-width. Then, by Proposition 3, K has bounded clique-width. Assume fur-
ther, for contradiction, that K has unbounded tree-width. Then, by Proposition
2, K contains all the complete bipartite graphs K, ,, is subgraphs of graphs
in K, and hence all the graphs I(K, ) as subgraphs of graphs of I(K). Let
K’ C K be the subclass of K of graphs which do contain a copy of K, ,,. Clearly,
I(K") is CMSOL-definable. We now show that I(K’) C I(K) has unbounded
clique-width. We expand each graph of I(K') by three disjoint unary predicates
P, : i =1,2,3, one for each vertex set of I(K, ,) and one for the edge set of
I(K, ). The many-sorted spectrum of I(K') with respect to these predicates is
of the from (n,n, (")), which is not semi-linear. Using Theorem 7, we conclude

2
that I(K’) and hence I(K) has unbounded clique-width.

6 Conclusions and Open problems

We have seen how Parikh’s Theorem can be extended to arbitrary relational
structures, provided they are of bounded width. Classes of structures of bounded
patch-width share all of the interesting algorithmic properties which were proven
for classes of bounded clique-width. In particular, membership in CMSOL-
definable classes of structures of bounded patch-width can be decided in polyno-
mial time, whereas for classes of unbounded patch-width this can arbitrarily hard

11



within the polynomial hierarchy. As a matter of fact all the theorems proven for
clique-width in [Mak04] are also valid for patch-width. But this is only interest-
ing, if the structures carry more relations than graphs. For graphs, it was shown
in [CMO02] that any class K of graphs bounded patch-width is also of bounded
clique-width.

The true usefulness of patch-width as a structural parameter of relational
structures still has to be explored. A first step is done in [FMO00], where it is
shown that there are classes of relational structures with unbounded clique-
width but of bounded patch-width.

Open Question 1 What is the complezity of checking whether a T-structure 2
has patch-width at most k, for a fized k? What is the complezity, if k is part of
the input?

We conclude with some directions of further research. Proposition 3 actually
is a special case of a more general theorem dealing with MSOL-transductions of
graphs. A transduction T is, roughly speaking, a (possibly partial) map which, in
a uniform way, associates with a T-structure a 7;-structure where the new atomic
relations are replaced by MSOL(7)-definable relations. The transductions here
are scalar, i.e., the universe may be duplicated by taking disjoint copies of it,
but the arities of the relations may not be changed. For details, the reader may
consult [Cou94,Mak04]. In [EvO97] it the following is shown:

Theorem 9. Let K be a class of graphs of bounded clique-width, and let T be
a MSOL-transduction of graphs into graphs. Then T(K) = {T(G) : G € K} is
also of bounded clique-width.

By Proposition 4 this holds also for unary expansions of graphs. Therefore we
have the following corollary to Theorem 7:

Corollary 3. Let K be a many-sorted class of graphs of bounded clique-width,
and let T' be a MSOL-transduction of graphs into graphs. Let ¢ be a CMSOL-
sentence such that all its models are in T(K). Then mspec(p) is semi-linear.

This suggest the following questions:

Open Question 2 Are the grids Grid,, ,, distinctive for unbounded patch-width
in the following sense:

(S-1): Let K be a class of many-sorted T-structures of unbounded patch-
width. Does there exist a CMSOL-transduction T of T-structures into
graphs, such for all n € N the grid G, ,, € T(K)?

One could also ask for a weaker version of (S-1) where we only require in the
conclusion that

(S-2): (...) for infinitely many n € N the grid G, € T(K)?

Open Question 3 Can we generalize Theorem 9 to the following:

12



(S-2): Let K be a class of many-sorted 7-structures of bounded patch-
width, and let T be a CMSOL-transduction of T-structures into -
structures. Then the class of 11 -structures T (K) is also of bounded patch-
width.

Open Question 4 Can we generalize Corollary 3 to

(S-3): Let K be a many-sorted class of T-structures bounded patch-width,
and let T be a CMSOL-transduction of T-structures into T -structures.
Let ¢ be a CMSOL(7)-sentence such that all its models are in T(K).

Then mspec(¢) is semi-linear.

Open Question 5 Is there a converse to Corollary 372 More precisely, is the
following true?

(S-4): Let K be a many-sorted class of T-structures such that for every
CMSOL-transduction T of T-structures into T1-structures, and for every
CMSOL(r)-sentence ¢ such that all its models are in T(K ), mspec(@)
is semi-linear. Then K is of bounded patch-width.

Note that trivially, the class of all graphs has unbounded patch-width, but it
spectrum consists of N which is semi-linear. So the closure under definable classes
in T(K) is essential here. The statements (S-i) (i=1,2,3,4,5) are not independent.
(S-3) together with Theorem 7 implies (S-4). Also (S-1) and (S-3) implies (S-5).
Note that (S-2) and (S-3) are not enough to get (S-5), unless we know that T'(K)
is CMSOL-definable.
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