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1 Introduction

1.1 Graph invariants and graph polynomials

A graph invariant is a function from the class of (finite) graphs G into some
domain D such that isomorphic graphs have the same picture. Usually such
invariants are meant to be uniformly defined in some formalism. If D is the
two-element boolean algebra we speak of graph properties. Examples are the
properties of being connected, planar, Eulerian, Hamiltonian, etc. If D consists
of the natural numbers, we speak of numeric graph invariants. Examples are the
number of connected components, the size of the largest clique or independent
set, the diameter, the chromatic number, etc. But D could also be a polyno-
mial ring Z[X̄ ] over Z with a set of indeterminates X̄. Here examples are the
characteristic polynomial, the chromatic polynomial, the Tutte polynomial, etc.

There are many graph invariants discussed in the literature, which are poly-
nomials in Z[X̄ ], but there are hardly any papers discussing classes of graph
polynomials as an object of study in its generality. An outline of such a study
was presented in [Mak06]. In [Mak04] the second author has introduced the
MSOL-definable and the SOL-definable graph polynomials, the class of graph
polynomials where the range of summation is definable in (monadic) second or-
der logic. He has verified that all the examples of graph polynomials discussed in
the literature, with the exception of the weighted graph polynomial of [NW99],
are actually SOL-polynomials over some expansions (by adding order relations)
of the graph, cf. also [Mak06]. In some cases this is straight forward, but in some
cases it follows from intricate theorems.

A proper k-vertex-colorings of a graph G = (V,E) with colors from a set
{0, . . . , k − 1} = [k] is a function from f : V → [k] such that no two distinct
vertices connected by an edge have the same value. A simple case of general-
ized colorings are the φ-colorings, k-vertex-colorings definable by a first order
formula φ(F ) over graphs with an additional function symbol F , and we allow
all functions f which are interpretations of F satisfying φ(F ). It will become
clearer later that to define a φ-coloring, the formula has to be subject to cer-
tain semantic restrictions such as invariance under permutation of the colors,
the existence of a bound on the colors used, and independence of the colors not
used. The general case arises by expanding the graph, allowing several color sets,
and replacing functions by relations. The associated counting function χφ(G, k)
counts the number of generalized colorings satisfying φ as a function of k.

Our first result is

Proposition A Let k̄ = (k1, . . . kα) be the cardinalities of the various color
sets. For φ subject to the conditions above, the counting function χφ(G, k̄) is a
polynomial in k̄.

The purpose of this paper is to present a framework, which we call counting
functions of generalized colorings, for defining graph invariants.

In particular we shall compare the counting functions of generalized color-
ings with the SOL-definable polynomials. A special case of these, the MSOL-
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definable polynomials were first introduced in [Mak04]. SOL-definable polyno-
mials define invariants of finite first order τ -structures for arbitrary vocabularies
(similarity types). In contrast to counting functions of generalized colorings,
they are polynomials by their very definition. The definability condition refers
to summation over definable sets of relations and products over definable sets of
elements of the underlying structure.

In order to relate the counting functions of generalized colorings to the SOL-
definable polynomials, we allow additional combinatorial functions as monomi-
als. We call the corresponding polynomials extended SOL-polynomials.

1.2 Main result

Our main results here are:

Theorem B Every extended SOL-definable polynomial is a counting function
of a generalized coloring of graphs definable in SOL.

Theorem C Every counting function of a generalized coloring of ordered graphs
definable in SOL is an extended SOL-definable polynomial.

1.3 Outline of the paper

We assume the reader is familiar with the basics of graph theory as, say, presented
in [Die96,Bol99]. We also assume the reader is familiar the basics of finite model
theory as, say, presented in [EFT94,EF95,Lib04]

Section 2 is a prelude to our general discussion, in which we discuss the
chromatic polynomial and explain how it fits into the various frameworks. In
Section 3 we introduce our notion of counting functions of generalized colorings
definable in SOL. We prove they are polynomials in the number of colors and
show examples of graph polynomials from the literature which fall under this
class of graph polynomials. In Section 4 we give precise definition of extended
SOL-definable polynomials. In Appendix A we give the full details skipped in
Section 4, and in Appendix B we give the full proofs of both Theorem B and
Theorem C.

An earlier version of some of the material of this paper was posted as [MZ06].

Acknowledgments The second author would like to thank I. Averbouch, A. Blass,

B. Courcelle, B. Godlin, E. Hrushovski, S. Shelah and M. Ziegler for valuable discus-

sions and suggestions. We would like to thank A. Blass for allowing us to incorporate

the simple proof of Theorem 1, which he suggested.

2 Prelude: The chromatic polynomial

Before we introduce our general definitions, we discuss the oldest graph polyno-
mial studied in the literature, the classical chromatic polynomial χG(k). It has
a very rich literature. For an excellent and exhaustive monograph, cf. [DKT05].
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We denote by G the set of graphs of the formG = ([n], E). A k-vertex-coloring
of G is a function f : [n] → [k] such that whenever (u, v) ∈ E then f(u) 6= f(v).
χG(k) denotes the number of k-vertex-colorings of G. χG(k) defines, for each
graph, a function χG(λ) : G → N which turns out to be a polynomial in λ.

We note that χG(λ) really denotes a family of polynomials indexed by graphs
from G. This family is furthermore uniformly defined based on some of the
properties of the graph G. We are interested in various formalisms in which such
uniform definitions can be given. We isolate the following themes:

(i) A recursive definition of χG(k) (using an order on the vertices or edges).
(ii) A uniform explicit definition of χG(k) over the graph using a second order

logic formalism. In [Cou] it is called a static definition of the polynomial.
(iii) We associate with each k ∈ N a two-sorted structure Gk = 〈G, [k]〉 and

interpret χG(k) as counting the number of expansions 〈Gk, F 〉 satisfying some
first order formula φ(F ).

In [CGM07] the relationship between recursive and explicit definitions is stud-
ied. There, a framework is provided which allows to show that every recursive
definition of a graph polynomial also allows an explicit definition. The converse
is open but seems not to be true. Here we are interested in the relationship
between explicit definition, and counting expansions.

2.1 Recursive definition.

The first proof that χG(λ) is a polynomial used the observation that χG(λ) has
a recursive definition using the order of the edges, which can be taken as the
order induced by the lexical ordering on [n]2. However, the object defined does
not depend on the particular order of the edges. For details, cf. [Big93,Bol99].
The essence of the proof is as follows:

For e = (v1, v2), we put G − e = (V,E′) with E′ = E − {e}, and G/e =
(V ∗, E∗) V ∗ = V − {v2} and E∗ = (E ∩ (V ∗)2) ∪ {(v1, v); (v2, v) ∈ E}. The
operation passing from G to G − e is called edge removal, and the operation
passing from G to G/e is called edge contraction.

Lemma 1. Let e, f be two edges of G. Then we have (G− e)− f = (G− f)− e,
(G/e) − f = (G− f)/e, (G− e)/f = (G/f) − e and (G/e)/f = (G/f)/e.

Let En = ([n], ∅). We have χEn
(λ) = λn. Furthermore, for any edge e ∈ E

we have χG(λ) = χG−e(λ) − χG/e(λ). Let E = (e0, e1, . . . , em) be the enumera-
tion of the edges in this lexicographic order. Using the order on the edges, this
allows us to compute χG(λ). It also turns out, using Lemma 1, that the result
is independent of the ordering of the edges.

2.2 Explicit descriptions.

There are other proofs that χG(λ) is a polynomial.
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Proof. We first observe that any coloring uses at most n of the λ colors. For
any m ≤ n, let c(m) be the number of colorings, with a fixed set of m colors,
which are vertex colorings and use all m of the colors. Then, given λ colors, the
number of vertex colorings that use exactly m of the λ colors is the product of
c(m) and the binomial coefficient

(

λ
m

)

. So

χG(λ) =
∑

m≤n

(

λ

m

)

c(m)

The right side here is a polynomial in λ, because each of the binomial coefficients
is. We also use that for λ ≤ m we have

(

λ
m

)

= 0.
If both the set of colors and the set of vertices are initial segments of the

natural numbers with their order, we can also rewrite this in the following way:

χG(λ) =
∑

A:init(A,V )

∑

f :ontocol(f,A)

(

λ

card(A)

)

(chrom-1)

where init(A, V ) says that A is an initial segment of V , and ontocol(f,A) says
that f is a vertex coloring using all the colors of A.

Equation chrom-1 is an example of a explicit definition of the chromatic poly-
nomial.

In [DKT05, Theorem 1.4.1] another explicit description of χG(λ) is given:
Let a(G,m) be the number of partitions of V into m independent sets, and let

(λ)m = λ · (λ− 1) · . . . · (λ−m+ 1)

be the falling factorial. Then χG(λ) =
∑

m a(G,m) · (λ)m. This again be written
as

χG(λ) =
∑

P :indpart(P,AP ,V )

(λcard(AP )) (chrom-2)

where indpart(P,AP , V ) says that P is an equivalence relation on V and AP
consists of the first elements (with respect to the order on V = [n]) of each
equivalence class.

A third explicit description for χG(λ) is given in [DKT05, Theorem 2.2.1]. It
can be obtained from a two-variable polynomial ZG(λ, V ) defined by

ZG(λ, V ) =
∑

S:S⊆E





∏

v:fcomp(v,S)

λ ·
∏

e:e∈S

V



 =
∑

S:S⊆E

(

λk(S) ·
∏

e:e∈S

V

)

where fcomp(v, S) is the property ”v is the first vertex in the order of V of some
connected component of the spanning subgraph < S : V > on V induced by S”,
and k(S) is the number of connected components of < S : V >. Now we have

χG(λ) = ZG(λ,−1) (chrom-3)

The three explicit descriptions of the chromatic polynomial chrom-1, chrom-2,
chrom-3 have several properties in common:
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(i) They satisfy the same recursive definition, because they define the same
polynomial.

(ii) They are of the form
∑

k Ak(G)Pk(λ) where Pk(λ) is a polynomial in λ with
integer coefficients of degree k.

(iii) The coefficients Ak(G) are positive and have a combinatorial interpretation.
(iv) The coefficients can be alternatively obtained by collecting the terms Pk(λ)

of a summation over certain relations definable in second order logic over
the graph with an order on the vertices and interpreting k as the cardinality
of such a relation.

(v) Although the order on the vertices is used in the explicit description of the
polynomial, the polynomial is invariant under permutations of the ordering.

There are also significant differences.

(i) In chrom-1 it is important that the set of colors and the set of vertices
are initial segments of the natural numbers with their natural order. The
summation involves one unary relation and one unary function.

(ii) In chrom-2 the summation involves a binary relation on the vertices which is
not a subset of the edge relation, but of its complement. The order relation
is only needed to identify equivalence classes.

(iii) In chrom-3 we actually use a two-variable polynomial and then substitute for
one variable −1. The summation involves a binary relation on vertices which
is a subset of the edge relation. It can be also viewed as a unary relation
on the set of edges. The order relation is only needed to identify connected
components.

2.3 Counting expansions.

Let F be a unary function symbol and let φ(F,E) be the formula which says that
F is a proper k-vertex coloring for the edge relation E. Then χG(k) = χφ(G, k)
is the number of interpretations F of F in 〈[n], [k], E, f〉 which satisfy φ(F,E).
We note that

(i) a coloring is invariant under permutations of the colors,
(ii) the number of colors is bounded by the size of V , and
(iii) the property of being a coloring is independent of the colors not used.

This is readily generalized to other formulas ψ(F,E) satisfying similar properties,
and will be the starting point for our notion of generalized coloring.

3 Generalized Chromatic Polynomials

3.1 Generalized colorings

Let M be a τ -structure with universeM . We say a two-sorted structure 〈M, [k], R〉
for the vocabulary τR is a generalized coloring of M with k colors. The set [k]
will be referred to as the color set. We denote relation symbols by bold-face
letters, and their interpretation by the corresponding roman-face letter.
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Definition 1 (Coloring Property). A class P of generalized colorings

P = {〈M, [k], R〉 | R ⊆M s × [k]}

of τR structures is a coloring property if it satisfies the following conditions:

Isomorphism property P is closed under τR-isomorphisms.
In particular, P is closed under permutations of the color set [k].

Extension property For every M, k, k′ and R, if k′ ≥ k and 〈M, [k], R〉 ∈ P
then 〈M, [k′], R〉 ∈ P.
In other words, the extension property requires that increasing the number
of colors of a generalized coloring does not affect whether it belongs to the
property.

We refer to the relation symbol R and its interpretations R as coloring predi-
cates. For fixed k, a specific interpretation is called a k-P-coloring.

Definition 2 (Bounded coloring properties).

(i) A coloring property is bounded, if for every M there is a number NM such
that for all k ∈ N the set of colors {x ∈ [k] : ∃ȳ ∈ MmR(ȳ, x)} has size at
most NM .

(ii) A coloring property is range bounded, if its range is bounded in the following
sense: There is a number d ∈ N such that for every M and ȳ ∈Mm the set
{x ∈ [k] : R(ȳ, x)} has at most d elements.

Clearly, if a coloring property is range bounded, it is also bounded.

Proposition 1 (Special case of Proposition A). Let P be a bounded coloring
property. For every M the number χP(M, k) is a polynomial in k of the form

Nm
∑

j=0

cP(M, j)

(

k

j

)

where cP(M, j) is the number of generalized k-P-colorings R with a fixed set of
j colors. If P is range-bounded then Nm ≤ d · |M |m.

Proof. We first observe that any generalized coloring R uses at most NM of
the k colors, if it is bounded. If R is range-bounded then Nm ≤ d · |M |m. For
any j ≤ NM , let cP(M, j) be the number of colorings, with a fixed set of j
colors, which are generalized vertex colorings and use all j of the colors. We use
the properties of the coloring property. So any permutation of the set of colors
used is also a coloring. Therefore, given k colors, the number of vertex colorings
that use exactly j of the k colors is the product of cP(M, j) and the binomial
coefficient

(

k
j

)

. So

χP(M, k) =
∑

j≤NM

cP(M, j)

(

k

j

)

The right side here is a polynomial in k, because each of the binomial coefficients
is. We also use that for k < j we have

(

k
j

)

= 0.
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We note that bounded properties which are not range-bounded lack in unifor-
mity. Therefore, for a range-bounded property P we call χP(M, k) a generalized
chromatic polynomial.

Remark 1. The restriction to coloring properties in Theorem 1 is essential. Let
χonto(G, k) be the number of functions f : V (G) → [k] which is onto. Clearly,
this is not a polynomial in k as for k >| V (G) | it always vanishes, so it should
be constantly 0.

3.2 Definability of generalized chromatic polynomials

We assume the reader is familiar with First and Second Order Logic, denoted
by FOL and SOL, as defined in, for example, [EF95]. The formulas of SOL(τ)
are defined like the ones of FOL, with the addition that we allow countably
many variables for n-ary relation symbols Un,α for α ∈ N, for each n ∈ N, and
quantification over these. Monadic second order logic MSOL(τ) is the restriction
of SOL(τ) to unary relation variables and quantification over these.

Definition 3. A generalized chromatic polynomial for τ -structures with coloring
predicate R is definable in SOL(τR), respectively in MSOL(τR), if it is of the
form χφ(M, λ̄), where φ ∈ SOL(τR), respectively in MSOL(τR), and defines a
range-bounded coloring property.

Definition 4 (Coloring formula). A first order (or second order) formula
φ(R) is a coloring formula, if the class of its models, which are of the form
〈M, [k], R〉, is a coloring property. If a coloring property P is definable by a
coloring formula φ then we denote the number of generalized k-P-colorings on
R by χφ(R)(M, k).

The coloring property of proper vertex colorings from example 3.3 is definable
by a FOL formula. We will discuss coloring formulas definable in second order
logic SOL in more detail in Subsection 3.2.

3.3 Examples and applications of Proposition 1

Let F be a unary function symbol which serves as the coloring predicate. A (not
necessarily proper) vertex coloring of a graph G = (V,E) is a map F : V → [k]
for some k.

(i) A vertex coloring F is proper, if it satisfies ∀u, v(E(u, v) → F(u) 6= F(v)).
Clearly, this does define a coloring property.

(ii) If we require that a vertex coloring F uses all the colors, then this is not a
coloring property. It violates the extension property in Definition 1.

(iii) A vertex coloring is pseudo-complete, if it satisfies

∀x, y∃u, v(E(u, v) ∧ F(u) = x ∧ F(v) = y).

For the same reason as above this is not a coloring property.
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Connected colorings. A vertex coloring is connected if each monochromatic
set induces a connected subgraph. We denote by χcc(G, k) the number of con-
nected colorings of G with k colors. Clearly, coloring all connected components
with the same color gives a connected coloring. However, it is not clear how
difficult it is to count such colorings.

Conjecture 1. For all k ∈ N with k ≥ 2, computing χcc(G, k) is ]P hard.

Harmonious colorings. Harmonious colorings are counterparts to complete
colorings. A vertex coloring is a harmonious coloring if it is a proper coloring
and every pair of colors appears at most once on an edge. In this case, the
extension property holds and the number of harmonious colorings χharm(G, k)
is a polynomial in k. Harmonious colorings are treated in [HK83], as well as
[Edw97] and [EM95].

mcc(t)-colorings. We say a vertex coloring f : V → [k] has small monochro-
matic connected components if f−1(a) induces a graph with each of its connected
components of size at most t. For a fixed t, this is a coloring property. Related
graph invariants were introduced in [LMST07] and in [ADOV03].

Proposition 2. χcc(G, k), χharm(G, k) and χmcc(t)(G, k) are generalized chro-
matic polynomials.

Complete colorings. A vertex coloring is complete, if it is both proper and
pseudo-complete. Complete colorings are studied in the context of the achromatic
number of a graph G which is the largest number k such that G has a complete
coloring with k colors. The achromatic number of G and the number of complete
colorings is a function of G but not of k. In other words, to be a complete coloring
is not a coloring property in our sense. Let χcomplete(G, k) denote the number of
complete colorings of G with k colors. Using the same argument as in Remark 1
we see that χcomplete(G, k) ultimately vanishes for large enough k, and therefore
is not a polynomial in k.

The achromatic number was introduced in [HHR67]. For a survey of recent
work, cf. [HM97].

3.4 Generalized multi-colorings

To construct also graph polynomials in several variables, we extend the defi-
nition to deal with several color-sets, and also call them generalized chromatic
polynomials.

Let M be a τ -structure with universe M . We say an (α+1)-sorted structure
〈M, [k1], . . . , [kα], R〉 for the vocabulary τα,R with R ⊂Mm×[k1]

m1×. . .×[kα]mα

is a generalized coloring of M for colors k̄α = (k1, . . . , kα). By abuse of notation,
mi = 0 is taken to mean the color-set ki is not used in R.

Definition 5 (Multi-color Coloring Property). A class of generalized multi-
colorings P is a coloring property if it satisfies the following conditions:
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Isomorphism property : P is closed under τα,R-isomorphisms.
Extension property : For every M, k1 ≤ k′1, . . . , kα ≤ k′α, and R,

if 〈M, [k1], . . . , [kα], R〉 ∈ P then 〈M, [k′1], . . . , [k
′
α], R〉 ∈ P.

Non-occurrence property : Assume R ⊂ Mm × [k1]
m1 × . . . × [kα]mα with

mi = 0, and 〈M, [k1], . . . , [kα], R〉 ∈ P, then for every k′i ∈ N,
〈M, [k1], . . . , [k

′
i], . . . , [kα], R〉 ∈ P.

The extension property and the non-occurrence property require that increasing
the number of colors respectively adding unused color-sets does not affect whether
the generalized coloring belongs to P.

We denote by χP(M, k1, . . . , kα) the number of generalized k̄α − P-multi-
coloring R on M. If P is definable by some formula φ(R) we also write χφ(R)(M, k1, . . . , kα).

The notions of bounded and range-bounded multi-coloring properties are de-
fined as for the coloring properties with respect to each color-set.

Proposition 3 (Special case of Proposition A). Let P be a bounded multi-
coloring property with bound N . In the case of range bounded multi-colorings
N ≤ d· | M |m. For every M the number χP(M, k1, . . . , kα) is a polynomial in
k1, . . . , kα of the form

∑

j̄α≤[N ]α

cφ(R)(M, j̄α)
∏

1≤β≤α

(

kβ
jβ

)

where cφ(R)(M, j̄α) is the number of generalized k̄α − φ-colorings R with fixed
sets of jβ colors respectively.

Proof. Similar to the one variable case.

Example 1. Recall in example 3.3 we denoted by χmcc(t)(G, k) the number of
vertex colorings for which no color induces a graph with a connected component
larger than t. Let χmcc(G, k, t) = χmcc(t)(G, k) be the counting function of gen-
eralized multi-colorings satisfying the above condition, where t is considered a
color-set. We note for every t ≥ |V |, every vertex coloring has only connected
components of size no more then t. So, if χmcc(G, k, t) were a polynomial in t
then by interpolation χmcc(G, k, t) would be the number of vertex colorings, so
the function χmcc(G, k, t) is must not be a polynomial in t. The set of such vertex
colorings does not satisfy the non-occurrence condition. This example shows the
motivation for requiring this condition of coloring properties.

3.5 The most general case

We shall also allow several simultaneous coloring predicates R1, . . . , Rs. The
notion of coloring properties for this situation extends naturally. We shall call
multi-coloring properties and multi-coloring simply also coloring properties and
colorings, if the situation is clear from the context. The notion of definability of
multi-colorings with several coloring predicates is analogous to the simple case.
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3.6 Closure properties

Proposition 4 (Sums and products). The sum and product of two general-
ized chromatic polynomials χφ(R)(G, λ) and χψ(R)(G, λ) is again a generalized
chromatic polynomial.

Proof. For the sum we take chiθ1(G, λ) with

θ1(R,R
′, U) =((U = ∅) ∧ φ(R) ∧ (R′ = ∅))∨

((U = M) ∧ (R = ∅) ∧ ψ(R′)).

For the product we take χθ2(G, λ) with θ2(R,R
′) = (φ(R) ∧ ψ(R′)).

3.7 More examples of generalized chromatic polynomials

We now show how many graph polynomials can be viewed as generalized chro-
matic polynomials.

Combinatorial polynomials. The following combinatorial polynomials can
be thought of as generalized chromatic polynomials:

(i) For the polynomial λn we take all maps [n] → [k] for λ = k. So λn = χtrue(f)

where true(f) is ∀v(f(v) = f(v)). It is a first order definable range-bounded
coloring property.

(ii) Similarly, for λ(n) = λ·(λ−1)·. . . ·(λ−n+1) we take all injective maps, which
is easily expressed by a first order formula which defines a range-bounded
coloring property.

(iii) Finally, for
(

λ
n

)

we take the ranges of injective maps. This is a range-bounded
coloring property of a second order formula φ(P) which says that P ⊆ [k] is
the range of an injective map f : [n] → [k].

Connected components. We denote by k(G) the number of connected com-
ponents of G. The polynomial λk(G) can be written as χφconnected

(G, λ) with
φconnected(f) the formula

((u, v) ∈ E → f(u) = f(v)).

Matching polynomial. Let G = (V,E) be a graph. A subset M ⊆ E is a
matching if no two edges in E have a common vertex. The matching polynomial
of G is given by

g(G, λ) =
∑

j

µ(G, j)λj

where µ(G, j) is the number of of matchings of size j.
We look at the structureGk and at pairs (M,F ) withM ⊂ E and F : E → [k]

such that M is a matching and the domain of F is M , which can be expressed
by a formula match(M,F ). We have

χmatch(M,F )(G, k) =
∑

j

µ(G, j)kj = g(G, k)
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which shows that it is a generalized chromatic polynomial.
There are two close relatives to the matching polynomial, cf. [God93].

(i) The acyclic polynomial

m(G, k) =
∑

j

(−1)jµ(G, j)kn−2j = kng(G,−k−2)

(ii) The rook polynomial, which is defined for bipartite graphs only:

r(G, k) =
∑

j

µ(G, j)kn−j = kng(G,−x−1).

The rook polynomial does not look like a generalized chromatic polynomial, but
it is a substitution instance of g(G, k). Similarly, the acyclic polynomial is a
product of kn with a substitution instance of g(G, k).

Tutte polynomial. We use the Tutte polynomial in the following form:

Z(G, q, v) =
∑

A⊆E

qk(A)v|A|

where conn(A) is the number of connected components of the spanning subgraph
(V,A). This form of the Tutte polynomial is discussed in [Sok05]. For this purpose
we look at the three-sorted structure

Gk,l = 〈V, [k], [l], E〉

and at the triples (A,F1, F2) with A ⊆ E, F1 : V → [k] whose interpretation
depends on A, and F2 : A → [l] such that, simultaneously, for (u, v) ∈ A →
F1(u) = F1(v). This is expressed in the formula Tutte(A,F1, F2). Now we have

χTutte(A,F1,F2)(G, k, l) =
∑

A⊆E

kconn(A)l|A|

which is the evaluation of Z(G, q, v) for q = k, v = l.

4 SOL-definable graph polynomials

4.1 SOL(τ)-polynomials

We are now ready to introduce the SOL-definable polynomials. Let R be a
commutative semi-ring, which contains the semi-ring of the integers N. For our
discussion R = N or R = Z suffices, but the definitions generalize. Our polyno-
mials have a fixed finite set of variables (indeterminates, if we distinguish them
from the variables of SOL), X.
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Definition 6 (SOL-monomials). Let M be a τ -structure. We first define the
SOL-definable M-monomials. inductively.

(i) Elements of N are SOL-definable M-monomials.

(ii) Elements of X are SOL-definable M-monomials.

(iii) Finite products of monomials are SOL-definable M-monomials.

(iv) Let φ(ā) be a τ ∪ {ā}-formula in SOL, where ā = (a1, . . . , am) is a finite
sequence of constant symbols not in τ . Let t be a M-monomial. Then

∏

ā:〈M,ā〉|=φ(ā)

t

is a SOL-definable M-monomial.

The polynomial t may depend on relation or function symbols occurring in φ.

We note that the degree of a M-monomial is polynomially bounded by the
cardinality of M.

Definition 7 (SOL-polynomials). The M-polynomials definable in SOL are
defined inductively:

(i) M-monomials are SOL-definable M-polynomials.

(ii) Let φ(ā) be a τ ∪ {ā}-formula in SOL where ā = (a1, . . . , am) is a finite
sequence of constant symbols not in τ . Let t be a M-polynomial. Then

∑

ā:〈M,ā〉|=φ(ā)

t

is a SOL-definable M-polynomial.

(iii) Let φ(R̄) be a τ ∪ {R̄}-formula in SOL where R̄ = (R1, . . . , Rm) is a finite
sequence of relation symbols not in τ . Let t be a M-polynomial definable in
SOL. Then

∑

R̄:〈M,R̄〉|=φ(R̄)

t

is a SOL-definable M-polynomial.

The polynomial t may depend on relation or function symbols occurring in φ.

An M-polynomial pM(X) is an expression with parameter M. The family of
polynomials, which we obtain from this expression by letting M vary over all
τ -structures, is called, by abuse of terminology, a SOL(τ)-polynomial.

Among the SOL-definable polynomials we find most of the known graph
polynomials from the literature.
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4.2 Properties of SOL-definable polynomials

The proofs of the following properties are in Appendix A.

Proposition 5. (i) If we write an SOL-definable polynomial as a sum of mono-
mials, then the coefficients of the monomials are in N.

(ii) (Normal Form, Lemma 2) Let Ψ(M) be an SOL-monomial viewed as a
polynomial. Then Ψ(M) is a product of a finite number s of terms of the
form

∏

ā:〈M,ā〉|=φi
ti, where i ∈ [s], ti ∈ N ∪X and φi ∈ SOL.

(iii) (Proposition 6) The product of two SOL(τ)-polynomials is again a SOL(τ)-
polynomial.

(iv) (Proposition 7) The sum of two SOL(τ)-polynomials is again a SOL(τ)-
polynomial.

(v) (Proposition 8) Let P : Str(τ) → N[X̄] be of the form

P (M, X̄) =
∑

R̄:〈M,R̄〉|=χR

∏

b̄:〈M,R̄,b̄〉|=ψ

∑

ā:〈M,R̄,ā,b̄〉|=φ

Φ(〈M, R, ā, b̄〉, X̄),

where Φ(A, X̄) is a SOL-definable monomial, then P (M, X̄) is a SOL-
definable polynomial.

4.3 Combinatorial polynomials

As for the generalized chromatic polynomials, it is note-worthy to see which
combinatorial polynomials are SOL-definable polynomials. The following are all
SOL-definable generalized chromatic polynomials. We denote by cardM,v̄(ϕ(v̄))
the number of v̄’s that satisfy ϕ.

Cardinality, I: The cardinality of a definable set cardM,v̄(ϕ(v̄)) =
∑

v∈ϕ(v) 1
is an evaluation of a SOL-definable polynomial.

Cardinality, II: The cardinality as the exponent in a monomial
XcardM,v̄(ϕ(v̄)) =

∏

v:ϕ(v)X is an SOL-definable polynomial.
Cardinality, III: Exponentiation of cardinalities

cardM,v̄(ϕ(v̄))cardM,v̄(ψ(v̄)) =
∏

v:ψ(v)

∑

u:ϕ(u) 1 is equivalent to an evalua-
tion of a SOL-definable polynomial by proposition 8.

Factorials: The factorial of the cardinality of a definable set
cardM,v̄(ϕ(v̄))! =

∑

π:ϕ(v)→ϕ(v) 1 is an evaluation of a SOL-definable poly-
nomial.

Binomial coefficients: The binomial coefficient
(

X
cardM,v̄(ϕ(v̄))

)

=
(X)|ϕ|

|ϕ|! is not

an evaluation of a SOL-definable polynomial. It contains terms involving
division, which contradicts Proposition 5

Falling factorial: The falling factorial (X)cardM,v̄(ϕ(v̄)) =
(

X
|ϕ|

)

· |ϕ|! is not a

SOL-definable polynomial, because it contains negative terms, which con-
tradicts Proposition 5 However, if the underlying structure has a linear order,
then it is an evaluation of an SOL-definable polynomial.
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In the next sub-section we will show how the SOL-definable polynomials are
related to the SOL-definable generalized chromatic polynomials via the addi-
tion of

(

X
cardM,v̄(ϕ(v̄))

)

. This example shows the motivation for this addition, as

currently the SOL-definable polynomials are not expressible enough to include
basic combinatorial functions.

4.4 Extended SOL(τ)-polynomials

Motivated by the discussion in Subsection 4.3 we define now the extended SOL-
polynomials.

Definition 8 (Extended SOL-polynomials).

(i) For every φ(v̄) ∈ SOL(τ) we define the cardinality of the set defined by φ:

cardM,v̄(φ(v̄)) =| {ā ∈ Mm : 〈M, ā〉 |= φ(ā)} | .

(ii) The extended SOL(τ)-monomials are defined inductively as:

(ii.a) SOL(τ)-monomials are extended SOL(τ)-monomials.

(ii.b) For every φ(v̄) ∈ SOL(τ) and for every X ∈ X,

(

X

cardM,v̄(φ(v̄)

)

is an extended SOL(τ)-monomial.

(ii.c) Finite product of extended SOL(τ)-monomials are extended SOL(τ)-
monomial.

Note that
(

X
cardM,v̄

)

may not occur within the scope of
∏

.

(iii) The extended SOL(τ)-polynomials are defined as in definition 7 with respect
to extended SOL(τ)-monomials.

(iv) Similarly, we define also extended MSOL-polynomials.

We note that all of the combinatorial functions from sub-section 4.3 are express-
ible by extended SOL-definable polynomials.

5 Proof of Theorems B and C

To prove Theorem B we proceed by induction, proving it first for SOL-monomials,
and then we use the normal form for SOL-polynomials (Proposition 5). To prove
Theorem C we code the color sets inside the graph. Using that the coloring is
bounded, we can code the color sets in a fixed Cartesian product M d·m of the
domain of the structure M. The details are spelled out in Appendix B.
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6 Conclusions

Starting with the classical chromatic polynomial we have introduced generalized
multi-colorings. We have shown that the corresponding counting functions are
always polynomials, which we called generalized chromatic polynomials.

We have then shown that the class of generalized chromatic polynomials is
very rich and covers virtually all examples of graph polynomials which have been
studied in the literature.

We presented the class of SOL-definable graph polynomials which were in-
troduced in [Mak04], and extended them by allowing generalized binomial co-
efficients as monomials. We have then shown that the class of extended SOL-
definable graph polynomials coincides with the class of SOL-definable general-
ized chromatic polynomials. This, along with the extensive scope of the class,
suggests that the frameworks presented in this paper are natural to the study
of graph polynomials.

Theorems B and C can also be used to analyze the complexity of evalua-
tions of SOL-definable polynomials at integer points. They fit nicely into the
framework developed by S. Toda in his unpublished thesis and in [TW92].

Generalized chromatic polynomials first occurred in model theory, in Zilber’s
study of ω-stable ℵ0-categorical theories [Zil84a,Zil84b,Zil93]. The connection to
our present work is described in [MZ06].
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A SOL-definable graph polynomials

A.1 Properties of SOL-definable polynomials

Lemma 2 (Normal Form). Let Ψ(M) be a SOL−monomial. Then Ψ(M) is
a product of a finite number s of terms of the form

∏

ā:〈M,ā〉|=φi
ti, where i ∈ [s],

ti ∈ N ∪X and φi ∈ SOL.

Proof. By induction:

(i) Let i ∈ N and Ψ(M) = i. Then Ψ(M) =
∏

ā:ā⊆[n]0 i.

(ii) Let Ψ(M) be a finite product of monomials, then clearly it is of the desired
form.

(iii) Let X ∈ X and Ψ(M) = X. Then Φ(M) =
∏

ā:ā⊆[n]0 X.

(iv) Let φ(M, ā) be a SOL formula. Let t(b̄) be a M−monomial. Let Ψ(M) =
∏

b̄:〈M,b̄〉|=φb
t(b̄). Then by the induction hypothesis,

Ψ(M) =
∏

b̄:〈M,b̄〉|=φb





∏

ā1:〈M,b̄,ā1〉|=φ1

t1 · · ·
∏

ās:〈M,b̄,ās〉|=φs

ts



 =

=
∏

b̄:〈M,b̄〉|=φb

∏

ā1:〈M,b̄,ā1〉|=φ1

t1 · · ·
∏

b̄:〈M,b̄〉|=φb

∏

ās:〈M,b̄,ās〉|=φs

ts.

We note
∏

b̄:〈M,b̄〉|=φb

∏

āi:〈M,b̄,āi〉|=φi

ti =
∏

āi,b̄:〈M,āi,b̄〉|=φb∧φi

ti,

so Ψ(M) is of the desired form.

Proposition 6. The product of two SOL(τ)-polynomials is again a SOL(τ)-
polynomial.

Proof. Let P1(M) and P2(M) be SOL−definable polynomials. Every SOL−definable
polynomial is of the form

∑

R1:φ1(R1)

. . .
∑

Rs:φs(Rs)

Φ(M, R̄),

where Φ(M, R̄) is a monomial. Without loss of generality, we may assume P1

and P2 have the same number of sums (by adding sums of the form
∑

U :U=∅).
Base: P1(M) · P2(M) is a SOL−polynomial.
Step: For i ∈ {1, 2} , let Pi(M) =

∑

Ri:φi(Ri)
Φi(〈M, Ri〉). Then P1(M) ·

P2(M) =
∑

R1,R2:φ1(R1)∧φ2(R2) Φ1(〈M, R1〉) ·Φ2(〈M, R2〉). By the induction hy-
pothesis, this is a SOL−polynomial.

Proposition 7. The sum of two SOL(τ)-polynomials is again a SOL(τ)-polynomial.
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Proof. Let P1(M) and P2(M) be as in the previous proposition.
Base: Let P1(M) and P2(M) be either:

(i) Pi(M) =
∑

Ri:φ(Ri)
Φi(M, Ri), where Φi is a monomial, or

(ii) Pi(M) = Φi(M), where Φi is a monomial.

We may assume w.l.o.g that Pi is of the first form, since it holds that Φi(M) =
∑

S:S=∅ Φi(M). We set

P (M) =
∑

S:S∈{∅,M}

∑

R1,R2:θch(R1,R2)

(P ′
1(M, S) · P ′

2(M, S)) ,

where

θch(R1, R2) = (φ1(R1) ∧ (S = ∅) ∧ (R2 = ∅)) ∨

(φ2(R2) ∧ (S = M) ∧ (R1 = ∅)) ,

and P ′
1(M, S) respectively P ′

2(M, S) are the corresponding Pi(M) with every
formula φ replaced with φ ∧ (S = ∅) respectively φ ∧ (S = M). Then P (M) =
P1(M) + P2(M).
Step: For i ∈ {1, 2}, let Pi(M) =

∑

Ri:φi(Ri)
Φi(M, Ri) such that Φi(M, Ri) =

∑

R′
i
:ψi(R′

i
)Θi(M, Ri, R

′
i).

Let ΦS,Ai (M, Ri, S) =
∑

R′
i
:ψi(R′

i
)∧(S=A)Θi(M, Ri, R

′
i). We note

ΦS,Ai (M, Ri, S) =

{

Φi(M, Ri) S = A

0 S 6= A
.

Set

P (M) =
∑

S:S∈{∅,M}

∑

R1,R2:θch

(

ΦS,∅1 (M, R1, S) + ΦS,M2 (M, R2, S)
)

.

By the induction hypothesis, ΦS,∅1 + ΦS,M2 is a SOL−polynomial. So, the claim
holds.

Proposition 8. Let P : Str(τ) → N[X̄] be of the form

P (M, X̄) =
∑

R̄:〈M,R̄〉|=χR

∏

b̄:〈M,R̄,b̄〉|=ψ

∑

ā:〈M,R̄,ā,b̄〉|=φ

Φ(〈M, R, ā, b̄〉, X̄),

where Φ(A, X̄) is a SOL-definable monomial, then P (M, X̄) is a SOL-definable
polynomial.

Proof. We note by expanding the product
∏

b̄:〈A,b̄〉|=ψ

∑

ā:〈A,ā,b̄〉|=φ

Φ(A, X̄) =
∑

f :A|=ϑ

∏

ā,b̄:〈A,ā,b̄〉|=ϕ

Φ(A, X̄),

where ϑ says f is a function f : {b̄ | 〈A, b̄〉 |= ψ} → {ā | 〈A, ā, b̄〉 |= φ}, and
ϕ =

(

f(b̄) = ā
)

∧ ψ ∧ φ. So the proposition holds.

By induction the last proposition holds for functions defined by alternating
∏

and
∑

, as long as all
∑

within the scope of a
∏

iterate over elements (and not
over relations).
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B Proof of Main Theorems

B.1 Proof of Theorem B

We now turn to prove the equivalence of extended SOL−definable polynomials
and SOL-definable generalized chromatic polynomials. For the proof we need a
normal form lemma for SOL-definable polynomials.

We now turn to prove Theorem B for SOL-definable polynomials, first for
monomials only, then for polynomials.

Lemma 3. Every extended SOL−monomial Ψ(M) is a SOL−definable gener-
alized chromatic polynomial.

Proof. The binomial coefficients are generalized chromatic polynomials as shown
in Subsection 3.7. Next, we look at a term

∏

ā:〈M,ā〉|=φ t in the finite product that

Ψ(M) consists of, as guaranteed by the normal form lemma. For t = c ∈ N we
note

∏

ā:〈M,ā〉|=φ

c = |{F |F : {ā : 〈M, ā〉 |= φ} → [c]}| = χθ(R1...Rdlog ce),

where θ(R̄) = (
∧

i ∀ā (Ri(ā) → φ(ā))) ∧
(

∀ā φ<c0(ā, R̄)
)

, and φ<c(ā, R̄) says
the vector fR1

(ā) . . . fRdlog ce
(ā) is in [c], where fRi

is the characteristic function
of Ri. We note also that

∏

ā:〈M,ā〉|=ā

Xi = χψ(F ),

where ψ(F ) = ”F : {ā : φ(ā)} → [Xi]”. The lemma follows by the closure of
SOL−definable generalized chromatic polynomial under finite product.

Theorem B Every extended SOL(τ)-polynomial over some τ -structure A is a
counting function of a generalized coloring definable in SOL(τ) in a suitable
expansion of A.

Proof. Let Ψ(M) =
∑

R̄:〈M,R̄〉|=φ(R̄) t(R̄), where t(R̄) is a SOL-polynomial, and

therefore a SOL-definable generalized chromatic polynomial, t(R̄) = χθ(S̄)(〈M, R̄〉, k̄).
Then Ψ(M) = χθ(S̄,R̄)∧φ(R̄)(M). Similarly for sums over tuples of elements. The
theorem follows from the previous lemma.

B.2 Proof of Theorem C

Now we can prove the converse of Theorem B.

Theorem C Every generalized chromatic polynomial definable in SOL on or-
dered τ -structures M is an extended SOL-definable polynomial.
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Proof. From Theorem 1 we know that for every M the number of elements given
by χφ(R)(M, k) is a polynomial in k of the form

d·|M |m
∑

j=0

cφ(R)(M, j)

(

k

j

)

where cφ(R)(M, j) is the number of generalized k − φ-colorings R with a fixed
set of j colors. Furthermore the total number of colors used is bounded by N =
d· |M |m. By assumption M has a linear order <M . Therefore the lexicographic
order on Md·m is definable in SOL. We interpret the set of colors used inside
M by the set Md·m.

We replace R by a new relation where each occurrence of a color is replace
by a (d ·m)-tuple, and call this new relation S. We also modify the formula φ
to a formula ψ by adding the requirement that all the colors used by S form an
initial segment in the lexicographic order. Let us denote by IS the initial segment
of this lexicographic ordering of the colors used by S. Clearly IS is definable in
SOL in the expanded structure.

The extended SOL-polynomial we look for now is

∑

S:ψ(S)

(

λ

card(IS)

)

.
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