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ABSTRACT. We show that the spectrum of a sentence ¢ in Counting Monadic
Second Order Logic (CMSOL) using one binary relation symbol and finitely many
unary relation symbols, is ultimately periodic, provided all the models of ¢ are of
clique width at most k, for some fixed k. We prove a similar statement for arbitrary
finite relational vocabularies 7 and a variant of clique width for 7-structures. This
includes the cases where the models of ¢ are tree width at most k. For the case
of bounded tree-width, the ultimate periodicity is even proved for Guarded Second
Order Logic GSOL. We also generalize this result to many-sorted spectra, which
can be viewed as an analogue of Parikh’s Theorem on context-free languages, and
its analogues for context-free graph grammars due to Habel and Courcelle.

Our work was inspired by Gurevich and Shelah (2003), who showed ultimate
periodicity of the spectrum for sentences of Monadic Second Order Logic where only
finitely many unary predicates and one unary function is allowed. This restriction
implies that the models are all of tree width at most 2, and hence it follows from
our result.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let 7 be a vocabulary, i.e., set of relation and function symbols, and ¢ be
a sentence in some fragment of second order logic SOL(7). The spectrum
spec(¢) of ¢ is the set of finite cardinalities (viewed as a subset of N), in
which ¢ has a model. In 1952 Scholz [Sch52] asked what are the spectra of
sentences of first order logic FFOL. In 1955 Asser [Ass55] asked whether the
complement N — spec(¢) is also a spectrum of some 'O L-sentence. We note
that for SO L-sentences Asser’s problem has a trivial solution!. For FOL
and MSOL, both problems are still open?. The second problem has been
positively answered for certain restricted vocabularies, cf. [DFL9T7].

In the seventies a series of papers related the first order spectra to com-
plexity theory, cf. [JS72, Fag74a, Fag74b, Fag75, Chr76, LG77, Lyn82].

In the nineties there was renewed interest in first order spectra. Initiated
by E. Grandjean’s work, [BS87, Gra90], the focus was now on restricted
vocabularies. It is known from [Fag74b] that there is a first order sen-
tence involving only one binary relation symbol the spectrum of which is
NEXPTIME-complete, hence NP;-complete when the natural numbers
are written in unary. It follows from [DR96] that this is also true if the
vocabulary consists of two unary function symbols.

It is an easy observation, however, that when the vocabulary contains
only unary relation symbols, the spectrum of an 'O L-sentence is ultimately
constant.

Definition 1.1. A set X C N is ultimately periodic if there are a,p € N
such that for each n > a we have that n € X iff n+p € X.

In [DFL97] the case with finitely many unary relation symbols and one
unary function is studied, and it is shown that those first order spectra are
ultimately periodic. In [GSO03] this is generalized to

Theorem 1.2 (Gurevich and Shelah). Let ¢ be a sentence of MSOL(T)
where T consists of finitely many unary relation symbols and one unary
function. Then spec(¢) is ultimately periodic,

Remark 1.3. Given any ultimately periodic function f : N — 2 it is easy
to construct a regular language L such that the lengths | w | of the words
w € L are exactly those n € N with f(n) = 1. Hence, by Biichi’s Theorem,
cf. [Str94], for every ultimately periodic f there is an existential M SOL-
sentence ¢ with spec(¢) = {n : f(n) = 1}. If we add the existentially
quantified set variables as unary predicates to the vocabulary, we also get a
FO L-sentence.

There seem to be a deeper phenomenon hidden here which we know from
infinite model theory, cf. [She90]. There one studies the generalized spec-
trum, i.e. number specr (k) of non-isomorphic models of a theory 7' (not

1IfT={R1,... ,Rn} and ¢ € SOL(7) put ¥y = 3Ry,... , Rn¢. Then

spec(¢p) ={n:{0,1,...n— 1} |= ¢}

hence the complement is defined by —.
2The Chinese logician S. K. Mo, [M091] announced some progress, but we could not
get hold of the paper.
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necessarily first order) as a function of the cardinality & of the model. Sta-
ble FO L-theories have, roughly speaking, slow growing generalized spectra,
and their models carry a kind of geometric structure. For unstable theories
the generalized spectrum grows fast, and no such geometry is available. In
the proof of Theorem 1.2 ultimate periodicity is achieved by showing that
the models of ¢ are disjoint unions of particularily simple structures. Hence
the ultimate periodicity of spec(¢) may be viewed as reflecting some struc-
tural properties of the models of ¢. The analogue of stability then may be
a necessary and sufficient model theoretic condition for the spectrum to be
ultimately periodic. Contrary to the case of Asser’s problem, looking at
larger fragments of SO L-logic makes the problem more interesting.

In this paper we study spectra of an extension of monadic second order
logic by modular counting quantifiers €, ,, denoted by CMSOL. Here
Crnzd(z) is interpreted as “there are, modulo m, exactly n elements satis-
fying ¢(z)”. Instead of restrictions on the vocabulary we look at restrictions
on the models. Let us explain this in the case of labeled possibly directed
graphs, i.e., models with one binary and finitely many unary relation sym-
bols. This includes words, viewed as finite linear orders with unary pred-
icates, and labeled trees. It follows from well known results in automata
theory, cf. [Str94] and [GS97], that the spectrum of an M SO L-sentence ¢,
where all the finite models of ¢ are words or labeled trees, is ultimately peri-
odic. In the case of words, one combines the fact that the regular languages
are exactly the M SO L-definable sets of words, with the pumping lemma
for regular languages. In the case of labeled trees, regular is replaced by
recognizable.

In the eighties the notion of tree-width of a graph became a central focus
of reserach in graph theory through the work of Robertson and Seymour
and its algorithmic consequences. The literature is very rich, but good
references and orientation may be found in [Die96, Bod93, Bod97]. Tree-
width is a parameter that measures to what extent a graph is similar to a
tree. Additional unary predicates do not affect the tree-width. Tree-width
of directed graphs is defined as the tree-width of the underlying undirected
graph®. Trees have tree-width 1. The clique K, has tree-width n — 1. It is
easy to see that the models of one unary function have tree-width at most
2. Furthermore, for fixed k, the class of finite graphs of tree-width atmost
k, TW(k), is MSOL-definable. We shall give the necessary definitions in
Section 3.

Our first result is:

Theorem 1.4. Let ¢ be an CMSOL sentence and k € N. Assume that all
the models of ¢ are in TW (k). Then spec(¢) is ultimately periodic.

3n [JRST03] a different definition is given, which attempts to capture the specific
situation of directed graphs. But the definition above is the one which is used when
dealing with hypergraphs and general relational structures.
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This generalizes® Theorem 1.2. Our proof uses Courcelle’s version of
the Feferman-Vaught Theorem, [Cou90], and very little of the properties of
TW (k). All we need is that TW (k) can be generated by some e NC'E graph
grammar, cf. [Kim97].

Theorem 1.4 follows from:

Theorem 1.5. Let K be a class of graphs which is generated by some
eNCE-grammar and let ¢ be a CMSOL sentence. Assume that all the
models of ¢ are in K. Then spec(¢) is ultimately periodic.

Special cases of classes of graphs generated by an eNCE-grammar are
TW (k) and the classes CW (k) of graphs ofclique-width at most k. The
notion of clique-width was introduced in [CER93] and studied more sys-
tematically in [CO00]. Cliques are in CW(2) and trees are in CW (3). In
[CER93] it is shown that for every k, TW (k) C CW (2k+! 4 1).

In [GMO3] the following is shown:

Theorem 1.6 (Glikson and Makowsky). Let K be a class of graphs which
is generated by some eNCE-grammar. Then there exists k € N such that
K C CW (k).

So Theorem 1.5 follows from the following:

Theorem 1.7. Let ¢ be an CMSOL(t) sentence and k € N. Assume that
all the models of ¢ are in CW (k). Then spec(¢) is ultimately periodic.

The most general form of Theorem 1.7 will be given in Section 6 as The-
orem 6.1. Theorem 1.7 gives also a new method to show that certain classes
of graphs or relational structures are not of bounded clique-width. Previous
methods for graphs only were introduced in [MR99].

The following example is noteworthy because the spectrum is easily com-
puted and exhibits the features which are at the heart of our main theorem.

Example 1.8. Let Grid, ., be the structure with four partial unary succes-

sor functions Sporth, Ssouths Swests Seast, Which cancel and commute in the
obvious way whenever they are defined:

Snorth (Ssouth(m)) = Ssouth (Snom‘h (r)) =7z,

Seast (Swest(m)) = Swest (Seast(‘r)) =7z,

Snorth(seast(x)) = (.ﬁ)),

Snorth (Swest(m)) = Swest (Snom‘h (.ﬂ)),

( )) = Sea.st(ssouth(‘r))7

Ssouth (Swest (.ﬂ)) = Swest (Ssouth (.ﬁ)) .

Seast (Snom‘h

Ssouth (Seast z

The north-boundary is the set where S,,mp s not defined. Similarly for
Ssouthy Swests Seast-

Let SGrid,, ,, obtained from G, ,, y identifying the west-boundary with
the east-boundary pointwise, and identifyng all points of the north-boundary
(south-boundary) into one point, the north pole (the south-pole). This is like

43. Shelah has obtained an equivalent result, [She]. Instead of the class TW (k) he looks
at structures which are hereditarily k-decomposable. It is not difficult to see that, in the
case of graphs, this is equivalent to having tree-width at most k. For general relational
structures this is equivalent to the corresponding notion of tree-width at most k.
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a grid on a sphere. All points different from the pole have in/out degree 2.
The poles have degree m.

Let TGrid, ,, obtained from G, ,, y identifying the west-boundary with the
east-boundary, and the south-boundary with the north-boundary, pointwise.
This is like a grid on a torus. All points different from the pole have in/out
degree 2.

We denote by Grid (SGrid, TGrid) the class of all grids (sphere grids,
torus grids), and by SGrid, the grids on the sphere where the poles have
exactly r-neighbors. They are all M SO L-definable, even as graphs where the
edge relation is the symmetric closure of the union of the successor relations.
Furthermore,

(i) SGridy is of tree-width at most 8 with spectrum {4n +2 :n € N}.
This is ultimately periodic.

(i) TGrid is of unbounded clique-width with spectrum {4mn : m,n € N}.
This is not ultimately periodic.

R. Parikh’s celebrated theorem, first proved in [Par66], counts the number
of occurences of letters in k-letter words of context-free languages. For
a given word w, the numbers of these occurences is denoted by a vector
n(w) € N¥, and the theorem states

Theorem 1.9 (Parikh 1966). For a context-free language L, the set
Par(L) = {n(w) € N* : w € L} is semilinear.

Detailed definitions of semilinear sets and related concepts are given in
Section 7.

B. Courcelle has generalized this further to context-free vertex replace-
ment graph grammars, [Cou95]. Our Theorems 7.4 and 7.15. give further
generalizations of Parikh’s Theorem. Rather than counting occurences of
letters we look at many-sorted structures and the sizes of the different sorts,
which we call many-sorted spectra. We prove that

Theorem 1.10. Let K be a class of C M SO L-definable many-sorted rela-
tional structures which are of patch-width at most k. Then the many-sorted
spectrum of K forms a semilinear set.

In [FMO03a], the relative strenght of the weaker assumption that all the
structures are of patch-width at most & is discussed in detail. Here we just
note that, for relational structures, there are classes of 7-structures K which
are of unbounded (relational) clique-width, but of bounded patch-width.

The proofs of all the main results have two ingredients:

e Reduction

e Pumping
If we wanted to prove the theorems only for graphs of bounded clique-width,
the reduction part of the proof could be shortened by using a theorem due
to B. Courcelle, [Cou95, Theorem 3.2]. On the other hand, using Courcelle’s
Theorem would require more prerequisites on graph grammars, which our
proof avoids.

Outline of the paper. The paper is organized as follows. In Section 2 we give
the necessary background for the logic CMSOL. In Section 3 we define tree-
with, clique-width and patch-width. In Section 4 we prove a reduction from
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finite models of a C'M SO L-sentence ® to labeled finite trees satisfying some
M SO L-sentence ¢. In Section 5 we state the Pumping Lemma for M SO L-
definable classes of labeled trees, In Section 6 we prove Theorem 6.1, from
which all the others follow, and give some applications. We also discuss
how our results compare to recent unpublished work of S. Shelah [She]. In
Section 7, finally, we look at many-sorted spectra, i.e spectra of definable
classes of many-sorted structures. This allows us to extend the results to
Guarded Second Order Logic GSOL, introduced first in [Mak99, GHOO00],
provided the the models are all of tree-width at most .

2. THE Locic CMSOL

We assume the reader is familiar with basic finite model theory and de-
scriptive complexity theory as described in, say, [EFT80, EF95, Tmm99,
Str94].

2.1. General background. A vocabulary 7 is a finite set of relation sym-
bols, function symbols and constants. FOL? () and MSOL?(r) denote the
set of 7-formulas in first order logic, respectively monadic second order logic,
of quantifier rank at most g. For the definition of quantifier rank we do not
distinguish between first order or second order quantification. If ¢ is omitted,
we mean all formulas. A sentence is a formula without free variables. For a
class of T-structures K, Th¥,; (K) is the set of sentences of FOL?(r) true
in all A € K. We write Th,; () for K = {}. Similarly, Th%,;s,; (K) de-
notes the corresponding sets of sentences for MSOL. For a set of sentences
Y C MSOL(t) we denote by Mod(¥) the class of T-structures which are
models of 3.

We treat free variables as uninterpreted constants. In particular, we tacitly
assume that whenever we write ¢(z,U) € MSOL(r) we think of ¢(a, P) €
MSOL(r U {a, P}) where @ are the uninterpreted constants corresponding
to # and P are the uninterpreted unary relation symbols corresponding to
U. This allows us to speak of theories with free variables without having to
deal with the free variables separately.

2.2. Modular counting quantifiers. We now add to the inductive def-
inition of MSOL the quantifiers C% ,,, where k,m € N and Cj ,z¢(z) is
interpreted as “there are, modulo m, exactly k elements z satisfying ¢(z)”.
This gives us the logic CMSOL.

The notion of quantifier rank extends naturally. C'MSOL?(t) denotes
the set of C'M SO L-formulas of quantifier rank at most ¢. For a class of
T-structures K, Thi ;607 (K) is the set of sentences of CMSOL?(7) true
inall A € K. Aset o CCMSOLY(r) is a g-complete theory if it is logically
equivalent to Thi ;507 () for some finite T-structure 2.

The following is folklore. It forms the basis of our argument in Section 4.

Lemma 2.1. Up to logical equivalence, CMSOLY(T) is finite and there are
only finite many g-complete theories.

2.3. Expressive power. We look at graphs ¢ = (V,F) as T;mph—
structures. The edge relation F is the interpretation of binary relation
symbol Rg, Tglraph = {Rg}. The cardinality of G is the cardinality of V.



SPECTRA OF CMSOL-SENTENCES 7

Sometimes graphs are made into T;Taph—structures U,V,FE,S with universe
U =V UF, two unary relation V and F and a ternary incidence relation 5,
hence T;mph = {Py, Pg, Rs}. The cardinality of such a graph is the sum of
the cardinalities of V' and F, which is unnatural for the spectrum problem.
But in Section 7 we shall look at this case more closely.

All the non-definability statements in the examples below can be proved
using Ehrenfeucht-Iraissé games. The definability statements are straight-
forward.

Example 2.2. Typical graph theoretic concepts expressible in FOL are

(i) The presence or absence (up to isomorphism) of a fized subgraph H.
(ii) The presence or absence (up to isomorphism) of a fized induced sub-
graph H.
(ili) fized lower or upper bounds on the degree of the vertices (hence also
r-reqularity).
Example 2.3. Typical graph theoretic concepts expressible in MSOL but
not in FOL are

(i) Connectivity, k-connectivity, reachability.

(i) k-colorability (of the vertices).

(iii) The classes of grids Grids, SGrids, TGrids, when considered as sim-
ple graphs.

(iv) The presence or absence of a fized topological minor. This includes
planarity.

(v) The presence or absence of a fized minor. This includes planarity.
and more generally, graphs of a fized genus g.

Example 2.4. Typical graph theoretic concepts expressible in CMSOL but
not in MSOL are

(i) The existence of an Fulerian circuit (path),
(ii) The size of a connected component is a multiple of k.
(iii) The number of connected components is a multiple of k.

Example 2.5. The following are not M SO L-definable classes of graphs:

(i) The existence of a Hamiltonian circuit or path is not definable in

CMSOL(7,,,,1), but it is in MSOL(72., 1)
(i) The class of partial grids, i.e., spanning subgraphs of the grids Grid,

is not MSLO(r! . )-definable, and not even CMSOL(7?  .)-

graph graph

definable, cf. [Rot98].

2.4. Complete theories of disjoint unions. The disjoint union of two
T-structures 2 and B is denoted by 2 L B.

In [Cou90], Courcelle showed that an analogue of a Theorem of Beth,
[Bet54]® holds for CM SOL.

Theorem 2.6 (Courcelle 1990).
For every ¢ € N and every sentences ¢ € CMSOLY(T) one can compute in

This is a very special case of the Feferman-Vaught Theorem from [FV59], and its
generalizations by Gurevich and Shelah, cf. [She75, Gur79] . But this special case suffices
for our applications. For a history of the precursors of the Feferman-Vaught Theorem,
and its algorithmic applications , cf. [Mak01].
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polynomial time in the size of ¢ a sequence of sentences
(. P, By € CMSOLY(r)*™
and a boolean function By : {0,1}*™ — {0,1} such that
AUDB E ¢
if and only if
By(bf, .. .bi b7, B =1
where b;-‘:l zﬂ%l):Qb]A andbf:l zﬂiB):zb]B
A detailed proof is found in [Cou90, Lemma 4.5, page 46ff].
From Theorem 2.6 we get

Corollary 2.7. Let A U and B B be r-structures such that
ThZCMSOL(Q’[) = TthMS[?L(Q’[I) ‘“’fd Th/qCMSOL(‘B) = Thipsor(B'). Then
Thepsor (A UB) = Thoysor (A UB)

3. TREE-WIDTH, CLIQUE-WIDTH AND PATCH-WIDTH

Here we define the notions of tree-width and clique-width, and a further
generalization, the patch-width®. The reader not so familiar with graph
theory may consult the encyclopedic [BLS99] for the terminology used in
the examples. However, to understand our main result, this is not needed.

3.1. Tree-width. For a survey on tree-width see [Bod98] or [DF99].
Definition 3.1 (Tree-width). A k-tree decomposition of a graph G = (V, F)
is a pair ({X; |1 € I}, T = (I, F)) with {X; | i € I} a family of subsets of
V', one for each node of T, and T a tree such that

(i) UieI‘Yi =V.

(ii) for all edges (v, w) € F there exists ani € I withv € X; and w € X;.

(iii) for alli,j, k € I: if j is on the path from i to k inT, then X;N X} C

X;.

(iv) forallie I, | X;| <k+1.
A graph G is of tree-width at most k if there exists a k-tree decomposition
of G. A class of graphs K is a TW (k)-class iff all its members have tree
width at most k.

Given a graph G and k € N there are efficient algorithms which determine
whether G has tree-width &, and if yes, produce a tree decomposition, cf.
[Bod97].

We can easily modify this definition for relational structures by that (ii)
in the above definition is replaced by

(ii-rel): For each r-ary relation R, if v € R, there exists an ¢ € I with
v e X/
Example 3.2. The following graph classes are of tree-width at most k:

(i) Planar graphs of radius r with k = 3r.
(i) Chordal graphs with mazimal clique of size ¢ with k=c — 1.
(ili) Interval graphs with mazimal clique of size ¢ with k =c — 1.

5The first author has defined this some time ago, and it appears implicitely in [CMRO01]
and [CMO02]. A slightly more general notion appears in [Mak01].
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Example 3.3. The following graph classes have unbounded tree-width and
are all M SO L-definable.

(i) All planar graphs and the class of all planar grids G, ..
Note that if n < ng for some fized ng € N, then the tree-width of the
grids G, n,n < ng, is bounded by 2ng.

(i) The regular graphs of degree 4 have unbounded tree-width.
The grids Grid, SGrid, TGrid considered as simple graphs, have un-
bounded tree-width, but the grids in SGridy have bounded tree-width.

3.2. Clique-width. A k-coloured 7-structuresis a 7, = 7U{P,..., Pp}-
structure where P;,7 < k are unary predicate symbols the interpretation of
which are disjoint (but can be empty).

Definition 3.4. Let A be a k-coloured T-structure.

(i) Let R € T be an r-ary relation symbol. NR,P), ..., P;, () denotes the
k-coloured T structure B with the same universe as %, and for each
S € 1, S # R the interpretation is also unchanged. Only for R we
put

RP=RAU{A€ A" 1a, € P}}.

We call the operation n hyper edge creation, or simply edge creation
in the case of directed graphs. In the case of undirected graphs we
assume that the result is again a symmetric relation.

(ii) ps,; () denotes the k-coloured T structure B with the same universe
as U, and all the relations unchanged but for Pf‘ and P]-A. We put

PP =0 and PP = P} u PP

We call this operation recolouring.

(ili) More generally, for S € 1 of arity r and B(zy,...,z,) a quantifier
free Ti-formula, 65 p(2) denotes the k-coloured T structure B with
the same universe as 2, and for each S" € 1., S" # S the interpre-
tation is also unchanged. Only for S we put

SB={Ac A" :ae B4}

The operations of type p and n are special cases of the operation of type §.
Definition 3.5 (Clique-Width, [CO00, Mak01]).

(i) Here 1 ={Rpg} is symbol for the edge relation. Given a graph G =
(V, E), the clique-width of G (cwd(G)) is the minimal number of
colours required to obtain the given graph as an {Rpg}-reduct from
a k-coloured graph inductively from coloured singletons and closure
under the following operations:

(i.a) disjoint union (U)
(i.b) recoloring (pi—;)
(i.c) edge creation (g p, p,)

(ii) For T containing more than one binary relation symbol, we re-
place the edge creation by the corresponding hyper edge creation
NR,P;, ..., P, Jor each R € 7.

(iii) A class of T-structures is a C'W (k)-class if all its members have
clique-width at most k.
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Remark 3.6. If 7 contains a unary predicate symbol U, the interpretation
of U is not affected by the operations recoloring or edge creation. Only the
disjoint union affects it.

A description of a graph or a structure using these operations is called
a clique-width parse term (or parse term, if no confusion arises). Every
structure of size n has clique-width at most n. The simplest class of graphs
of unbounded tree-width but of clique-width at most 2 are the cliques. Given
a graph G and k € N, determining whether G has clique-width k is in NP.
A polynomial time algorithm was presented for & < 3 in [CHLT00]. It
remains open whether for some fixed & > 4 the problem is NP-complete.
The recogniztion problem for clique-width of relational structures has not
been studied so far even for k = 2.

Theorem 3.7 (Courcelle and Olariu, Glikson and Makowsky). Let K be a
TW (k)-class. Then
(i) If K is class of graphs, then K is a CW (m)-class with m < 25141,
(ii) In general, K is a CW (m')-class with m' < f(k) for some function
f(k) = O2°®)Y where p is a polynomial in k.
Remark 3.8. In contrast to TW k), we do not know whether the class of
all CW (k)-graphs is M SO L-definable.

The following examples are from [MR99, GRO0].
Example 3.9. The following graph classes are of clique-width at most k:

(i) The cographs with k = 2.
(i) The distance-hereditary graphs with k = 3.
(iii) The cycles C,, with k = 4.
(iv) The complement graphs C,, of the cycles C,, with k = 4.

The cycles C), have tree-width at most 2, but the other examples have un-
bounded tree-width.

Example 3.10. The following graph classes have unbounded of clique-width:

(i) The class of all finite graphs.

) The class of unit interval graphs.
ii) The class of permutation graphs.

) The regular graphs of degree 4 have unbounded clique-width.
The grids Grid, SGrid, TGrid considered as simple graphs, have un-
bounded clique-width, but, as stated before, the grids in SGridy have
bounded tree-width, hence bounded clique-width.

For more non-trivial examples, cf. [MR99, GR00].
To find more examples it is useful to note, cf. [MMO03]:

Proposition 3.11. If a graph is of clique-width at most k and G' is an
induced subgraph of G, then the clique-width of G' is at most k.

3.3. Patch-width. Here is a further generalization of clique-width for
which our theorem still works. The choice of operation is discussed in detail
in [CMO02].

Definition 3.12. Given a T-structure 2, the patch-width of G (pwd(G)) is
the minimal number of colours required to obtain & as an {r}-reduct from
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a k-coloured T-structure inductively from fixed finite number of T-strcutures
and closure under the following operations:
(i) disjoint union (L),
(ii) recoloring (pi—;) and
(iii) modifications (8sR).
A class of T-structures is a PW (k)-class if all its members have patch-width
at most k.

A description of a 7-structure using these operations is called a patch
term.

Example 3.13.

(i) In [COO00] it is shown that if a graph G has clique-width at most k
then its complement graph G has clique-width at most 2k. However,
its patch-width is also k as G can be obtained from G by 6 -f.

(ii) The clique K,, as a Tgl -structure has clique-width 2. Considered

raph
as a T;mph-
where c¢(n) and p(n) are functions which tend to infinity. This will
easily follow from Theorem 7.4. For the clique-width of K, as a

T;Mph-structure this was already shown in [Rot98].

Problem 3.14. In [CMO02] it is shown that a class of graphs of patch-width
at most k is of clique-width at most f(k) for some function f. It is shown
in [FMO03a] that this is not true for relational structures in general.

structure it has clique-width c(n) and patch-width p(n)

As in the operation dg g the formula B is quantifier free we have directly.
Lemma 3.15. Let 2 and B be two T-structures such that ThE ;s07 (%) =
Thearsor(B)- Then Thiyrsor, (9s,8(%) = Thiasor(9s,5(B)).

As there are, up to logical equivalence, only finitely many quantifier free
r-formulas with a fixed number of free variables, we get:

Lemma 3.16. For fized finite relational 7, there are only finitely many
operations ds B.

Remark 3.17. In the definition of patch-width we allowed only unary pred-
icates as auziliary predicates (colours). We could also allow r-ary predicates
and speak of r-ary patch-width. The theorems where bounded patch-width is
required are also true for this more general case. The relative strength of
clique-width and the various forms of patch-width are discussed in [FMO03a].

3.4. Classes of unbounded patch-width. Theorem 6.1 will give us a
method to show that certain classes K of graphs have unbounded patch-
width. Hence, as this is also true for every K’ O K, the class of all graphs
is of unbounded patch-width.

Without Theorem 6.1 there was only a conditional proof of unbounded
patch-width available. This used the following:

(i) Checking patch-width at most k of a structure 2, for k fixed, is in
NP. Given a structure 2, one just has to guess a patch-term of size
polynomial in the size of 2.

(ii) Using the results of [Mak01] one gets that checking a CMSOL-
property ¢ on the class PW (k) is in NP, whereas, by [MP96], there
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are YP_hard problems definable in MSOL for every level P of the
polynomial hierarchy.

(iii) Hence, if the polynomial hierarchy does not collapse to NP, the class
of all T-structures is of unbounded patch-width, provided 7 is large
enough.

Problem 3.18. What is the complexity of checking whether a T-structure
A has patch-width at most k, for a fizved k?

3.5. Clique-width and graph grammars. It follows from [GMO03], that
in the case of graph languages generated by eNCFE-grammars, an upper
bound of the clique-width of a graph can be computed in polynomial time
from a derivation tree of the graph. On the one hand the upper bound ob-
tained does not depend on the particular derivation (only on the grammar),
but on the other hand, the upper bound may be far from optimal.

In [CMO02] the classes of graphs generated by C' — NCFE-grammars
(context-free VR-grammars) are characterized as those defined as the
least solution of systems of recursive set equations based on the opera-
tions used in the definition of clique-width. Also in [CM02], based on
[CE95, Cou95, Cou92, EvO97], a characterization of context-free Hyperedge
Replacement grammars (HR-grammars) is given in similar terms adapted
to the operations used in computing a graph from its tree decomposition
(disjoint union, renaming and fusion).

4. REpDUCTION TO M SOL-DEFINABLE CLASSES OF LABELED TREES

In this section we prove the main lemma needed for the proof of Theorem
1.7 and its generalizations. The lemma is a generalization of a theorem due
to B. Courcelle, [Cou95, Theorem 3.2], which is phrased in terms of graph
grammars, M SO L-definable transductions of recognizable trees, cf. also
[Cou97]. Our presentation is purely model theoretic and self-contained.

Let ® € CMSOLA(r). For each mp-structure A of patch-width at most
k with patch-width parse term t(A) we construct a labeled ¥-tree ¢(t(A)),
where ¥ depends only on 7, ¢ and k.

Lemma 4.1 (Main Lemma). Let & € CMSOLY(t). There is a set of
labels X¢, and sentence ¢ € MSOL over Yg-trees, such that for every 2 of
patch-width at most k

A b iff (1)) = 6
The proof has two parts: the construction of the labeling and the con-
struction of ¢.

4.1. The labelings. The parse term t(A) is itself a labeled binary tree
where

(i) the leaves are each labeled with one of finitely many 7i-structures
A, 1 a € A for some finite set A;
(i) the internal nodes of degree 2 are all labeld by L
(iii) the internal nodes of degree 1 are labeled by one of the finite many
possibilities of the versions of &,b € 7 x FOL%(r3) .
(iv) We denote the set of labels used so far by X.
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By Lemma 3.16 we note that g is finite.

Let 01,09 be g-complete theories. So there are 2y, %y with o; logically
equivalent to Thl,,,co; (), i = 1,2 respectively. We denote by oy U oy the
g-complete C'M SO L-theory of 2y U %l5. This is well defined, by Corollary
2.7. We proceed similarly for s g(2). This is justified by Lemma 3.15.

We now add inductively new labels to £(A). The set of new labels will be
denoted by >;. The labels o € 3, are ¢g-complete C'M SO L-theories. Here
we use Lemma 2.1. Recall that Let & € CMSOLY(T).

(i) the leaves with X label 2 are each labeled with Th{ ;557 ().
(ii) the internal nodes d of degree 2 where s;(d) has ¥;-label o1 and
s2(d) has ¥;-label og, have ¥;-label o1 U 03.
(iii) the internal nodes d of degree 1 where d has Yg-label ¢, and s;(d)
has ¥;-label o, have ¥;-label & (o).

We put X = Xg X 2. The labeled tree £(t(A)) is now the X g-tree obtained
from t(A) as defined above.

4.2. The MSOL-sentence. ¢ is the conjunction of the following state-
ments:
(i) tis a Yg-tree.
(ii) The leaves have one of the finitely many labels (2, oy) with
oa =Thinrsor(%)-

(iii) The finite set of 'O L-sentences describing inductively the labeling.
(iv) The ¥;-label of the root is one of the ¢’s with o = ®.

Only (i) is an M SO L-sentence, all the others are 'O L-sentences.
Clearly every ¢ with ¢t = ¢ is a parse tree of some structure 2 which
satisfies ®. This completes the proof of Lemma 4.1. O
For further use we note

Lemma 4.2. Let 2 be a 1-structure with patch-term t(A). Then the size
of AU is the sum of the sizes of the structures which are labels of the leaves

of t(A).
5. THE PUMPING LEMMA FOR M SOL-DEFINABLE CLASSES OF TREES

In this section we present a pumping lemma for M SO L-definable classes
of trees as we need it in the sequel. We take the material from [GS97]. But
we eliminate some automata theoretic terminology, namely the notion of
recognizable sets of labeled trees. In [GS97], Proposition 12.2 states that a
class of labeled trees T' (viewed as relational structures) is M SO L-definable
iff T (viewed as terms) is recognizable. But Proposition 5.2. states that
a class of recognizable labeled trees T" has the pumping property. So here
we state the pumping property directly for binary trees viewed as relational
structures.

Definition 5.1.
(i) A labeled (binary) tree structure is a structure of the form
t= <D7<7517527{PZ HEAAS E}>

where D is the domain of the tree, < is a partial order, sy and sy are
(binary) successor relations, Y is a finite set of labels, and for every
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z € 33, P, are disjoint unary predicates. We call these structures Y-
trees and denote the the set of Y-trees by Tx. The unary predicates
P,,z € X are the labels.

) The partial order is the transitive closure of s1 U sg.

ii) The root is the only element which is not a successor.

v) The leaves are the elements which have no successor.

v) The height of t, denoted by hg(t), is defined inductively: leaves have
height 0, and hg(d) = 1+ max{hg(si(d)), hg(s2(d))}. This includes
the case when d has only one successor.

(vi) t' is a subtree of t, if it is a substructure which is closed under the

successor relation.

ii

(
(i
(i
(

We want to define an analogue to concatenation of words for trees. The
idea is to mark a distinguished leaf and attach a new tree at this leaf. We
make this precise:

Definition 5.2.

(i) Let & ¢ ¥. A Y-context is a (X U {{})-tree, where P; consists of a
unique leaf. We denote the set of Y-contexts by C'ty.

(i) Let p € Cty UTx and q € Ctyx. We denote by p - q the X-context or
Y. -tree obtained by substituting the & appearing in q by p. If p € Cty
we obtain a context, if p € Ts we obtain a tree.

(iii) For p € Cts we denote by p* the contextp-p-...-p.

e —

k
(iv) p’ is subcontext of p if it is a subtree with the same interpretation of

&.
As we shall use some details of the following Pumping Lemma in Section
7, we have to set up some terminology.

Definition 5.3. Let K be a class of finite YX-trees. A context p € Cty with
1 < hg(p) is a pump for a tree t € K if there are s € Ty, and q € Cty such
that

(1) t=s-p-q;

(ii) for every k € N the treet' = s-p*-q € K.
A pump p for T € K is minimal if it does not have a subcontex p’ which is
also a pump for t. We denote by MinPump(K) the set of minimal pumps
for K.
If no ambiguity arises, we just speak of a pump for K.
Proposition 5.4 (Pumping lemma). Let K be a class of finite ¥-trees de-
fined by an M SOL-sentence ®.

(i) Then there is a number n € N,n > 1 which depends only on &
such that, if t € K and hg(t) > n, then t has a pump for K with
hg(p) < n.
(il) MinPump(K) is finite.
Proof. (i) is Proposition 5.2 from [GS97].
(ii) follows easily from (i) and the fact that the number of trees of height
< 7 is finite. O

We shall need in Section 7 a stronger version of the Pumping Lemma,
where we have several independent pumps.
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Definition 5.5. Let K be a class of finite YX-trees and t € K. The contexts
P1, P2, - -« Pm € Cty are independent pumps in ¢ for K if there exist contexts
1,92, -- ,qm € Cty and trees sy, 89,...,8, € Ty such that for each i < m
we have t = s; - p; - q;, the vertices of the p;’s int are pairwise disjoint, and
the p;’s are simultaneous pumps for t, i.e. if t' is the tree obtained from t
by replacing p1,pa, ... ,pm by plfl,p];?, oo, pEm simultaneously, then t' € K
iffte K.

Remark 5.6. Without making it clearer, one should really define the occur-
rences of the p;’s in t, possibly as multiple contexts, and then proceed with
an inductive definition of simultaneous substitution.

Theorem 5.7 (Independent Pumping Lemma). Let K be a MSOL-
definable class of ¥-trees. Let t € K with m independent pumps p1, ..., Pm
int for K. There is a number n = n(K,p1,...,pm) such that if hg(t) > n
then there is another pump p in t such that p,p1,...,p, are independent
pumps in t for K.

Proof. Same techniques as for Theorem 5.4. O

6. THE MAIN THEOREM AND SOME APPLICATIONS

6.1. Main theorem. Our most general theorem can now be stated:

Theorem 6.1. Let & € CMSOLY(7) be such that all its finite models have
patch-width at most k. Then there is an ng € N and a p € N such that if ¢
has a model of size n > ng then ® has also a model of size n + p.

Proof. W.l.o.g., we can assume that ® has arbitrarily large models. Using
Lemma 4.1, there are Yg-trees t |= ¢ of arbitrarily large height.

We now apply the Pumping Lemma (Proposition 5.4). There is a number
n1 € N,ny > 1 such that, if ¢ = ¢ and hg(t) > n4, then for some s € Ty,
and p,q € Cty, with hg(p) > 1 we have

(1) t=s-p-q,
(i) hg(p) < m,

(iii) for every k € N the tree t* = s-p* - ¢ |= 6.

Let n be the size of A with t = t(t(A)). Let p be the sum of the sizes of the
structures which are labels of the leaves of p, i.e., all the leaves but the one
labeled &.

Let B with t* = t(t(B*)). Then the size of Bt is n+ (k — 1)p. a

From this we get immediately:

Corollary 6.2. Let ® € CMSOL(t) be such that all its finite models have
patch-width at most k. Then spec(®) is ultimately periodic.

Theorems 1.4 and 1.7 now follow immediately, as the parse terms for
tree-width or clique-width are also parse terms for patch-width.

6.2. Applications.

Definition 6.3. Let f : N — N be a function. A spectrum is an f-spectrum
if it is of the form {f(n) : n € N}. A spectrum is polynomial if it is an
f-spectrum for some polynomial g € Z[x] with all its values in N.

Clearly, a polynomial spectrum is ultimately periodic iff f is a linear
function.
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Example 6.4.

Let ¢s4(7) be with relation symbols T = {U,S}, U unary and S
ternary. Let ¢y say in a structure 2 that S4 is a bijection between
(U2 and A — UA. The the spectrum of ¢s, is an f-spectrum with
f(n) =n? +n.

(fi) The FOL-sentence axiomatizing fields of characteristic p has an f-
spectrum with p"t!.

In [Mor94] it is shown:

Theorem 6.5. Let g € Z[z] with all its values in N. Then there is an
FOL-sentence ¢, with spectrum spec(¢,) = {g(n) : n € N}.

From this and Theorem 6.1 we get immediately a criterion for classes of
structures to have unbounded patch-width.

Corollary 6.6. Let ¢ be FOL(T)-sentence with a non-linear polynomial
spectrum. Then Mod(¢) is of unbounded patch-width (resp. clique-width,
tree-width).

6.3. k-decomposability. S. Shelah in [She] looks at decomposability con-
ditions to obtain an analysis of the spectrum. We give here the definitions
which allow us a comparison of the results.

Definition 6.7. Let 2 be a T-structure and k < m € N.

(i) A is (k, m)-decomposable, if it has size at least k + 2 and there are
T-structures B, €, (both of size at least m), such that A = BUC and
B NC has at most k elements. We write for this A =B LU €

(ii) A is hereditarily k-decomposable if every A € K of size at least k +
2 is (k,k + 1)-decomposable with A = B Uy ¢ and both B and ¢
are hereditarily (k, k + 1)-decomposable into (k, k + 1)-decomposable
factors.

(ili) A class K of t-structures is an HD(k)-class, if each 2 € K is
hereditarily k-decomposable.

(iv) A class K of T-structures is weakly k-decomposable, or is a W D(k)-
class, if for every m € N there is an n € N such that every 2 € K
of size at least n is (k, m)-decomposable.

Example 6.8. (i) Trees are an H D(1)-class.
(ii) If K is a TW (k)-class then it is a HD(k)-class.
(iii) Fvery HD(k)-class is a W D(k)-class.
(iv) The class of graphs which are cliques is not a W D(k)-class for any
k, but its is a CW (2)-class.

The following is easy:

Proposition 6.9. A class K of T-structures is a HD(k)-class iff it is a
TW (k)-class.

We first state a lemma which follows easily from the definition of tree-
decompositions.

Lemma 6.10. Let 2 be a T-structure of size at least k42 and of tree-width
at most k. Then there is a k-tree-decomposition of %l with tree T and root
r such that the root has exactly two sons ty and ty which are roots of trees
Ty and Ty and such that A = 2y Uy Ay where A;, (1 = 1,2) is the structure
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defined by the k-tree-decomposition given by the tree T; with the root r of T
attached to it.

Proof of Proposition 6.9. 1f we have a k-tree decomposition of A € TW (k)
we can use it, together with Lemma 6.10, to form successiv decompositions
into structures which overlap in at most & elements and are again in TW (k).

Conversely, if A € HD(k), we form a tree of successive decompositions
till we reach structures which are small enough. 0

S. Shelah in [She] studies the spectrum of ¢ € MSOL where all the models
are in W D(k) for some k. However, he does not prove ultimate periodicity
for this case, but does gain some structural information concerning the gaps
in the spectrum.

Definition 6.11. Let ¢ € CMSOL. We define the function
gaps(n) = Mindt € spec(¢) 1t > n}

Theorem 6.12 (Shelah 2003). If ¢ € MSOL(1) such that its finite models
are in WD(k), and o > 0 is a real number, then for n € N large enough

gaps(n)
n+1
In comparison to Shelah’s Theorem, we get the following immediately

from Lemma, 4.1, Lemma 5.4 and the proof of Theorem 6.1 for classes of
bounded patch-width.

Corollary 6.13. If ¢ € MSOL(7) such that ¢ has arbitrarily large finite
models in PW(k), then there is a real § > 0 such that for n € N large
enough

< (14 a)n.

gaps(n)
n+1
Additionally to this, we get ultimate periodicity for cases not covered by
Shelah’s analysis.

Problem 6.14. Assume ¢ € MSOL where Mod(¢) C W D(k) for some k
and the spectrum is ultimately periodic. Is Mod(¢) C HD(k) =TW (k)?

Remark 6.15. [t follows from results of graph minor theory, cf. [RS90],
that the class of TW (k)-graphs is definable by excluding a finite set of graph
minors, because it is closed under taking graph minors. This can be used
to show that, for fized k, the property TW (k) is MSOL-definable. For

accessible presentations in monographs, cf. [Die96, DF99].

Question 6.16. Are the classes of H D(k)-structures or W D(k)-structures
M SO L-definable for arbitrary relational vocabularies?

<s+old.

7. MANY-SORTED SPECTRA

In this section we want to analyze spectra of many-sorted structures. Our
motivation stems from the representation of graphs as two-sorted structures
with vertices and edges as elements and an incidence relation. The vocabu-
lary corresponding to this was denoted in Section 2.3 by T;mph.
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7.1. Many-sorted structures. Let s € N. An s-sorted vocabulary 7 is
a relational vocabulary which contains s unary relation symbols Uy, ...Us.
The U; : ¢ < s are called sort predicate symbols. To simplify notation
we represent s-sorted 7-structures % as structures with one universe A, s
unary (sort)-predicates U{l,...UA with (J_, U = A and for each i # j
UAn U]A = 0. As A # () at least one U; has to be non-empty. 2 is finite if A
is finite. A structure is many-sorted if it is s-sorted for some s > 2. The size
msizes(?A) of an s-sorted structure is the vector (| UM |,| U |,...,| U2 ).

k-coloured many-sorted structures have additionally &£ unary relation sym-
bols which are different from sort predicate symbols. The definition of tree-
width, clique-width, and patch-width can now be applied verbatim.

7.2. Many-sorted spectra.

Definition 7.1. (i) Let A be a finite s-sorted structure. The many-
sorted size msize(2A) is the s-vector n = (ny,...ng) with n; =| UA |.
(i) The s-sorted spectrum of a T-sentence ¢ is the set of s-tuples

mspecs(¢) = {n € N° : there is A |= ¢ with msize(A) = n}
(iii) For j < s we denote by spec;(¢) the set
spec;(¢) = {n € N: there is A |= ¢ with | U]A |=n}
(iv) A set X C N?® is an arithmetic ray in N° if there are a,b € N° with
X=A5={(a1+k-by,...,a5+Fk-bs) € N°: k € N}
Singletons are arithmetic rays with b = 0. If b # 0 the ray is non-
trivial.
(v) A set X C N° islinear in N® iff there is vector a € N° and a matriz
M € N**" such that
X=A, 5 ={beN°: thereisue N withb=a+ M -u}

Singletons are linear sets with M = 0. If M # 0 the series is
nontrivial.
(vi) X C N* is semilinear in N® iff X is a finite union of linear set
A; CN°,
Example 7.2. For p € N the set

X, ={(m,n): thereisk € N withm =k -p,m <n}

is a countable union of arithmetic rays and also a linear set.
Note that every linear set is a countable union of arithmetic rays, but not
conversely.

Inspecting the proof of Theorem 6.1 and using Remark 3.6 we get imme-
diately:

Proposition 7.3. Let 7 be an s-sorted vocabulary and ¢ € CMSOL(T)
with all its models of patch-width at most k. Then the many-sorted spectrum
mspecs(¢) is a countable union of arithmetic rays.

To get the following characterization one has to work a bit harder.
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Theorem 7.4. Let 7 be an s-sorted vocabulary and ® € CMSOL(t) with
all its models of patch-width at most k. Then the many-sorted spectrum
mspecs(P) is a semilinear set.

In particular, for every s’ C s, all the spectra specy (@) are semilinear sets

in N*'.
Proof. We use Lemma 4.1. Let ¢ the M.SO L-sentence over ¥Xg-trees encod-
ing the models of @, and let K = Mod(¢). MinPump(K) is finite by Lemma
5.4(ii). Let A be the finite set of structures with t(t(A)) € MinPump(K).
Finally, let

P ={peN°:p=sizes(B) and t(t(B)) € MinPump(K)}

with | P |=rp. Let X be the s-spectrum of ®. Let X" be the set of maximal
linear sets Y C X of the form Az as, defined by @ € N° and M € NsX"' with
r’ < rp, which result from pumping in a single structure the independendent
pumps p1, ..., p, corresponding to the column vectors of M, which are from

P U{0}.
Claim 1. There are only finitely many such matrices M.
Define Xy C X by
{Y € X : thereis a € N° such that Y = Aj p}
Obviously we have
Claim 2. X =JA&X.
Claim 3. X is finite.

Assume otherwise. Using Claim 1, we conclude that for some M also Xy
is infinite. Using Theorem 5.7, there is some 2 |= & such that size,(A) = a
with Az pr = Xar such that t = t(t(A)) = s’ - p- ¢’ has a pump p, such that
P,P1,...,pr are independent pumps in ¢ for K.

Let B be a structure such that ¢(¢(B)) = p. Denote by p = size,(B)

Case 1. p is a linear combination of column vectors of M with coefficients
in N.
Let 2" be the structure such that
tHA) =t =s"p" ' =5 ¢
and a’ = sizes(A'). Then A as is a proper subset of Az a7, which contradicts

the maximality of Az as.

Case 2. p is not a linear combination of column vectors of M with coeefi-
cients in N.

Then r' < Rp, Let M’ be the matrix obtained from M by adding p as a
new column to M. Then Ag as is a proper subset of A; ar/, which contradicts
the maximality of Az as. O

The converse is also true, even for FOL-definable classes where all the
models are of bounded tree-width. As we have in general specs(¢) U
specs() = specs(¢V 1)) it suffices to show that every linear set is a spectrum.
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Theorem 7.5. let k,s € N and a € N°, M € N**", and M linear. There
is an s-sorted FOL(T)-sentence ¢ such that

(i) All sufficiently large models of ¢ of have tree-width exactly k.
(ii) specs(¢) = Aam
This follows immediately from the following

Lemma 7.6. Let G1,Gy,...,Gs and Hy, Hy, ..., Hs be two finite set of
pairwise distinct connected graphs and K be that class of s-sorted structures
with one binary edge relation, where the universe of sort j consists of exactly
one copy of H; and of finitely many disjoint copies of graphs isomorphic to
G;. Then K is FOL-definable.

Proof. Let g(j),h(j) be the size of V(G;) and V(H;) respectively. For a
graph G with | V(G) |= n let g (vo, v1, ... ,v,—-1) be a FOL-formula which
says that the graph induced by the vertices v = (vg,v1,...,v,-1) is iso-
morphic to G. For each sort j we write down a formula ¢; which is the
conjunction of the following:

Vg (Eth cee 7vn(j)—1ftz/)GJ (ﬁ) \ Elvh cee 7vh(j)—1¢HJ (ﬁ))
Yoo, 015+ (i) -1 V() | Y6, (0) = I\ —E(vy(5),05)
i<g(5)-1
Vg, v1, - - 3y Uh(5)—1 Uh(j) ¢H] (v) = ﬁE(Uh(j)an)
J<h(j)-1

Clearly the models of /\j<s ¢; consist, in each sort, of finite unions of the
graphs G; and H;.

Finally, let 6; say that there is exactly one copy of H;. Then /\j<s(¢j/\0j)
is the required formula. O

Proof of Theorem 7.5. Fix k for the tree-width. If needed, we list the models
for the small values of the spectrum explicitely with sentences describing
them up to isomorphisms.

For large enough values of the required spectrum, choose the graphs G;
and H; all of tree-width exactly k. O

7.3. Many-sorted spectra and Parikh’s Theorem. Spectra of many-
sorted structures are similar to Parikh Mappings in the case of words,
cf. [Hab92, Chapter 1V.4]. Parikh Mappings associate with each word
w over an alphabet ¥ = {aq,...,as} with s letters a vector n(w) =
(n1(w),...ns(w)) € N° where n;(w) denotes the number of occurences of
a; in w. For a language L € ¥*, we define Par(L) = {n(w) : w € L}. This
definition is easily adapted to vertex-labeled graphs.

Parikh’s Theorem (Theorem 1.9) from the introduction asserts that for a
context-free language L, the set Par(L) is semilinear. A. Habel generalized
Parikh’s Theorem to hyperedge-replacement graph languages, [Hab92], and
B. Courcelle extended this to context-free vertex-replacement graph lan-
guages, [Cou95]. Our Theorem 7.4 can be viewed as another variation of
Parikh’s Theorem, as stated in the introduction as Theorem 1.10.
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7.4. Application to graph theory. Here we want to compare spectra of
graphs viewed as Tglraph and as T;mph—structures7. We call the many-sorted
spectrum here the vertez-edge spectrum, and the spectra of the particular
sorts vertex-spectrum and edge-spectrum respectively. From Courcelle’s and
our work we know the following, cf. [CMRO1]:

Let G = (V, E) be a graph viewed as a 7, ,-structure. Let tr(G) = 2
be the T;mph—structure with universe U4 = V U E, P{} =V, Pﬁ = F and
RA = {(u,e,v) € VX ExXxE :e= (u,v) € F}. Let K; be a class of

1

Tyrapn-Structures and let Ky = {tr(G) : G € K1} the corresponding class of

T2

gmph—structures.

Proposition 7.7.

(i) If Ky is MSOL-definable (CM SO L-definable), so is K.

(ii) The class of Hamiltonian graphs is MSOL-definable as a class of
T;mph-structures, but not CMSOL-definable as a class of Tglmph'
structures.

(iii) If Ky is of bounded tree-width, so is K.

(iv) The class of cliques is of clique-width at most 2 as a class of
T;mph-structures, but of unbounded patch-width as a class of T;mph-

structures, cf. Frxample 6./.

Hence we get from Theorem 7.4 and Proposition 7.7
Corollary 7.8.
(i) Let K be a class of graphs as T2

gra
patch-width. Then the spectra mspec,.(¢), spec,(¢), spec.(p) are all
semilinear, respectively ultimately periodic.

(i) In particular, this is true for Ky, a class of graphs (as T;

ph-Structures which is of bounded

raph”
structures) which is of bounded tree-width with Ko, the corresponding
class as T;mph-structures, where Ky is C’MSOL(T;mph)-deﬁnable by

,w A

7.5. Guarded Second Order Logic. As we have seen concerning the dif-
ference between Tglraph and T;mph, MSOL as a logic is very sensitive to
the choice of representations of graphs and the choice of vocabulary in gen-
eral, cf. also [Cou97]. A more stable version is Bounded Second Order
Logic BSOL, introduced in [Mak99], which also appears under the name
of Guarded Second Order Logic GSOL in [GHOO00]. Here we can quantify
over subsets of the basic relations as well. More precisely, GSOL (CGSOL)
is obtained from M SOL (CMSOL) by adding in the inductive definition of

formulas the clause:

e For R € 7 and S a second order variable of the same arity as R,
1S C R¢ is an CGSOL(7)-formula whenever ¢ is an CGSOL(T)-

formula.

By changing the vocabulary such that tuples of the old relations become
elements of the new structure and by introducing many binary relations for
the projections of these tuples we can reduce GSOL to MSOL. In the case

"B. Courcelle has studied the difference in expressive power of MSOL for these two
vocabularies in [Cou94].
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of the binary edge relation of graphs G = (V| F) this corresponds to the
passage from G to the incidence graph I(G).

Definition 7.9. The incidence graph of G = (V| E) is a bipartite graph
I(G) = I(V),I(F)) of edges and vertices of G with I(V) =V UFE and for
e= (v,w) (v,w) € E iff (v,e) € I(F) and (w,e) € I(F). In other words we
replace every edge in F by a path of length 2.

Remark 7.10. If we replace the binary edge relation E? of 1(G) by the
ternary relation relation RE defined by (u,e,w) € RE iff both (u,e), (w,e) €
EIG, we get exactly the passage from tau;mph -structures to tau?

graph’
Furthermore, it was shown in [CMRO1, Section 3.3] that

Proposition 7.11. If G is an undirected graph and has tree-width at most
k, then its incidence graph I(G) has tree-width at most k + 1.

Remark 7.12. Using Theorem 7.4} we see that patch-width of the incidence
graphs of cliques is unbounded, because the edge spectrum grows quadrat-
ically. But the clique-width of the cliques is 2. In fact, in general, the
clique-width cw(I(G)) of 1(G) is not bounded by a function of cw(G).

For arbitrary relational structures we proceed as follows:

Definition 7.13. Let T{Ry,..., R} be a vocabulary and denote by p(R;)
the arity of R; € 7. Denote by 77{S1,...,Sn} the vocabulary obtained from
T with p(S;) = p(R;)+1. Theincidence structure of a 7-structure 2 is a two-

sorted Tr-structure 1() = (I(A), Pi(A), PI(A)7 SIA < m) of hyperedges

rel z

and vertices with [(A) = AU| |,.,, AP(Ri), Pfl(A) = A, PI(A) =Licm AP(Ri),

rel

and for e € PTI(A) we have e = a € RiA iff (@,e) € Sz'I(A)'

el

Using this definition we get easily:

Proposition 7.14. (i) For every formula ¢ € CGSOL(T) one can
compute a formula tr(¢) € MSOL(rr) such that

A= ¢ iff I(A) = tr(9)
(ii) If the tree-width of A is at most k, the tree-width of () is at most
k4 1.

We note that a similar argument as in Remark 7.12 shows that in general
the clique-width cw(/(2)) of I(2) is not bounded by a function of cw().
Using Theorem 7.4 and Proposition 7.14 we get

Theorem 7.15. Let ¢ € CGSOL(7) be such that all its models are of tree-
width at most k. Then the spectrum of ¢ is ultimately periodic.

8. CONCLUSIONS AND OPEN PROBLEMS

We have shown that the many-sorted spectra of C'M SO L-sentences ¢ are
ultimately s-periodic provided the models of ¢ are all of bounded patch-
width, a generalization of tree-width and clique-width known from graph
theory.

Our proofs are quite non-constructive, although very unfeasible bounds
for the ultimate periodicity can be computed. These bounds depend only on
the vocabulary 7, the quantifier rank ¢ and the width under consideartion,

k, but are the same for all & € CMSOLY(T).
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Problem 8.1. Find better estimates, exploiting features of ® as well.

We have also shown that every ultimately s-periodic set X C N° can be
realized as an s-sorted FO L-spectrum with all large enough models of given
tree-width exactly k.

We could think of sharpening this. Assume & is an FOL(T)-sentence
with s-ultimately periodic spectrum. Is there a finite axiomatizable theory
interpretable in the deductive closure of ® with the same spectrum, and
all its models of bounded tree-width (clique-width or patch-width)? More
precisely:

Problem 8.2. Assume ® is an FOL(T)-sentence with an s-ultimately pe-
riodic spectrum. Is there a vocabulary o = {S1,52,...,5n,} with S; of arity
pi, an FOL(o)-sentence ¥, and FOL(t)-formulas 0;(z1,...,z,,) such that
(i) mspec, (@) = mspec, (V);
(ii) All models of U are of tree-width at most k for some k depending on
d;

(iii) @ =W [%.

Here the 0;’s define the interpretation and ¥ |gll is the result of substituting
the S;’s by the 8;’s with appropriate choices of free variables.

For one-sorted spectra we have that the complement of an ultimately
periodic set X C N is also ultimately periodic. Hence Asser’s question has
a positive answer for F'O L-sentences ¢ where all its models are of bounded
patch-width.

For semilinear sets in N°, s > 2, the following was shown by S. Ginsburg

and E.H. Spanier in [GS66]:

Proposition 8.3. The family of semilinear sets in N° is closed under finite
boolean operations.

Hence we have, using Proposition 8.3 together with Theorem 7.5:

Corollary 8.4. The complement N* — mspec(¢) of an s-sorted spectrum of
an FOL-sentence ¢, where all its models are of patch-width at most k, is
also a many-sorted spectrum. In fact it may be taken from an FO L-sentence
where alle the models are of tree-width at most 1.

However, without the assumption on patch-width, the following remains
open:
Problem 8.5. Is the complement of a many-sorted spectrum of an FOL-
sentence also a many-sorted spectrum of an FO L-sentence?

Finally, we may want to count the number Ny(n) of labeled models of
¢ of fixed cardinality n, rather than look at the spectrum. A remarkable
Specker-Blatter Theorem, [Spe88], says that for every m € N the function
Ng(n) is ultimately periodic modulo m, provided ¢ € MSOL(r) where T
contains only unary and binary relation symbols.

Theorem 8.6 (Specker and Blatter, 1981). Let ¢ € MSOL(t) where T
contains only unary and binary relation symbols. For every m € N, there

(
J
relation Ny(n) =

periodic modulo m.

™ € N such that the function Ny satisfies the linear recurrence

E?:l ag-m)N(b(n — j) (mod m), and hence is ultimately

are d,,a
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Fischer showed that this does not hold even for FOL-sentences if we
allow quaternary relation symbols, [Fis03]. In [FM03b] we showed that it
does hold for ¢ € CMSOL for arbitrary relational vocabularies provided
the relations have all bounded degree. For structures of size n of tree-width
at most k the number of hyperedges is bounded by a function O(n). This
is not true for bounded clique-width. Hence we ask

Problem 8.7. Does the Specker-Blatter Theorem hold for ¢ € CMSOL
provided all its models are of tree-width at most k?
ok sk ok ok ok ok ok ok o
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