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Abstract—This paper presents an average case denoising per-
formance analysis for the Subspace Pursuit (SP), the CoSaMP
and the IHT algorithms. This analysis considers the recovery of
a noisy signal, with the assumptions that (i) it is corrupted by
an additive random white Gaussian noise; and (ii) it has a K-
sparse representation with respect to a known dictionary D. The
proposed analysis is based on the Restricted-Isometry-Property
(RIP), establishing a near-oracle performance guarantee for each
of these algorithms. The results for the three algorithms differ
in the bounds’ constants and in the cardinality requirement (the
upper bound on K for which the claim is true).

Similar RIP-based analysis was carried out previously for the
Dantzig Selector (DS) and the Basis Pursuit (BP). Past work also
considered a mutual-coherence-based analysis of the denoising
performance of the DS, BP, the Orthogonal Matching Pursuit
(OMP) and the thresholding algorithms. This work differs from
the above as it addresses a different set of algorithms. Also,
despite the fact that SP, CoSaMP, and IHT are greedy-like
methods, the performance guarantees developed in this work
resemble those obtained for the relaxation-based methods (DS
and BP), suggesting that the performance is independent of the
sparse representation entries contrast and magnitude.

I. INTRODUCTION
A. General — Pursuit Methods for Denoising

The area of sparse approximation (and compressed sensing
as one prominent manifestation of its applicability) is an
emerging field that has recieved much attention in the last
decade. In one of the most basic problems posed in this field,
we consider a noisy measurement vector y € R™ of the form

(1.1)

where x € RY is the signal’s representation with respect to
the dictionary D € R™*N where N > m. The vector e € R™
is an additive noise, which is assumed to be an adversial
disturbance, or a random vector — e.g., white Gaussian noise
with zero mean and variance o2. We further assume that the
columns of D are normalized, and that the representation
vector x is K-sparse, or nearly so.! Our goal is to find the
K -sparse vector x that approximates the measured signal y.
Put formally, this reads

y=Dx+e,

min |y — Dx||, subject to [x|, = K, (L.2)

'A more exact definition of nearly sparse vectors will be given later on

where ||x||, is the ¢y pseudo-norm that counts the number
of non-zeros in the vector x. This problem is quite hard and
problematic [1], [2], [3], [4]. A straight forward search for
the solution of (I.2) is an NP hard problem as it requires
a combinatorial search over the support of x [5]. For this
reason, approximation algorithms were proposed — these are
often referred to as pursuit algorithms.

One popular pursuit approach is based on ¢; relaxation and
known as the Basis Pursuit (BP) [6] or the Lasso [7]. The BP
aims at minimizing the relaxed objective

(P1): miny ||x]||; subjectto |y — Dx||§ <eékp, (13)

where egpp is a constant related to the noise power. This
minimizing problem has an equivalent form:

, 1
(BP): ming o |ly = Dx|; +ypp x[;,  (04)

where vgp is a constant related to egp. Another ¢;-based
relaxed algorithm is the Dantzig Selector (DS), as proposed
in [8]. The DS aims at minimizing

(DS) : min ||x[|; subject to [|[D*(y —Dx)|| < eps, (I.5)

where epg is a constant related to the noise power.

A different pursuit approach towards the approximation of
the solution of (I.2) is the greedy strategy [9], [10], [11],
leading to algorithms such as the Matching Pursuit (MP) and
the Orthogonal Matching Pursuit (OMP). These algorithms
build the solution x one non-zero entry at a time, while
greedily aiming to reduce the residual error ||y — Dx |§

The last family of pursuit methods we mention here are
greedy-like algorithms that differ from MP and OMP in
two important ways: (i) Rather than accumulating the de-
sired solution one element at a time, a group of non-zeros
is identified together; and (ii) As opposed to the MP and
OMP, these algorithms enable removal of elements from the
detected support. Algorithms belonging to this group are the
Regularized OMP (ROMP) [12], the Compressive Sampling
Matching Pursuit (CoSaMP) [13], the Subspace-Pursuit (SP)
[14], and the Iterative Hard Thresholding (IHT) [15]. This
paper focuses on this specific family of methods, as it poses an
interesting compromise between the simplicity of the greedy
methods and the strong abilities of the relaxed algorithms.
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B. Performance Analysis — Basic Tools

Recall that we aim at recovering the (deterministic!) sparse
representation vector x. We measure the quality of the approx-
imate solution x by the Mean-Squared-Error (MSE)

MSE(%) = E ||x — x5, (1.6)

where the expectation is taken over the distribution of the
noise. Therefore, our goal is to get as small as possible
error. The question is, how small can this noise be? In
order to answer this question, we first define two features
that characterize the dictionary D — the mutual coherence
and the Restricted Isometry Property (RIP). Both are used
extensively in formulating the performance guarantees of the
sort developed in this paper.

The mutual-coherence p [16], [17], [18] of a matrix D is
the largest absolute normalized inner product between different
columns from D. The larger it is, the more problematic the
dictionary is, because in such a case we get that columns in
D are too much alike.

Turning to the RIP, it is said that D satisfies the K-RIP
condition with parameter dx if it is the smallest value that
satisfies

(1= 6z) x]2 < |IDx|2 < (1 +6x) x|z @7

for any K-sparse vector x [19], [20].

These two measures are related by 05 < (K —1)u [21]. The
RIP is a stronger descriptor of D as it characterizes groups
of K columns from D, whereas the mutual coherence “sees”
only pairs. On the other hand, computing p is easy, while the
evaluation of df is prohibitive in most cases. An exception
to this are random matrices D for which the RIP constant
is known (with high probability). For example, if the entries
of y/mD are drawn from a white Gaussian distribution’> and
m > CKlog(N/K)/e?, then with a very high probability
o <€ [19], [22].

We return now to the question we posed above: how small
can the error MSE(%X) be? Consider an oracle estimator that
knows the support of x, i.e. the locations of the K non-zeros in
this vector. The oracle estimator obtained as a direct solution
of the problem posed in (I.2) is easily given by

Xoracle = D;)ﬂ (L.3)

where T is the support of x and Dy is a sub-matrix of D that
contains only the columns involved in the support 7. Its MSE
is given by [8]

2
MSE(%oracte) = E||% — Xoraciel? = E HDTTeH2 )

In the case of a random noise, as described above, this error
becomes

2

MSE (Xoraete) = EHDTTeH2
trace { (D5Dr) "'} o

K 2

T 5K0’ .

(1.10)

2The multiplication by /m comes to normalize the columns of the effective
dictionary D.

This is the smallest possible error, and it is proportional to
the number of non-zeros K multiplied by 2. It is natural to
ask how close do we get to this best error by practical pursuit
methods that do not assume the knowledge of the support.
This brings us to the next sub-section.

C. Performance Analysis — Known Results

There are various attempts to bound the MSE of pursuit
algorithms. Early works considered the adversary case, where
the noise can admit any form as long as its norm is bounded
[23], [24], [2], [1]. These works gave bounds on the recon-
struction error in the form of a constant factor (Const > 1)
multiplying the noise power,

|x — %||3 < Const - ||e||3 . (I11)

Notice that the cardinality of the representation plays no role
in this bound, and all the noise energy is manifested in the
final error.

One such example is the work by Candes and Tao, reported
in [20], which analyzed the BP error. This work have shown
that if the dictionary D satisfies dx + dox + I3 < 1 then
the BP MSE is bounded by a constant times the energy of
the noise, as shown above. The condition on the RIP was
improved to dox < v/2—1 in [25]. Similar tighter bounds are
S1605 < V2 —1 and b3 < 4 — 2v/3 [26], or dx < 0.307
[27]. The advantage of using the RIP in the way described
above is that it gives a uniform guarantee: it is related only to
the dictionary and sparsity level.

Next in line to be analyzed are the greedy methods (MP,
OMP, Thr) [23], [1]. Unlike the BP, these algorithms where
shown to be more sensitive, incapable of providing a uni-
form guarantee for the reconstruction. Rather, beyond the
dependence on the properties of D and the sparsity level, the
guarantees obtained depend also on the ratio between the noise
power and the absolute values of the signal representation
entries.

Interestingly, the greedy-like approach, as practiced in the
ROMP, the CoSaMP, the SP, and the IHT algorithms, was
found to be closer is spirit to the BP, all leading to uniform
guarantees on the bounded MSE. The ROMP was the first of
these algorithms to be analyzed [12], leading to the more strict
requirement d2x < 0.03/4/log K. The CoSaMP [13] and the
SP [14] that came later have similar RIP conditions without
the log K factor, where the SP result is slightly better. The
IHT algorithm was also shown to have a uniform guarantee
for bounded error of the same flavor as shown above [15].

All the results mentioned above deal with an adversial noise,
and therefore give bounds that are related only to the noise
power with a coefficient that is larger than 1, implying that
no effective denoising is to be expected. This is natural since
we consider the worst case results, where the noise can be
concentrated in the places of the non-zero elements of the
sparse vector. To obtain better results, one must change the
perspective and consider a random noise drawn from a certain
distribution.

The first to realize this and exploit this alternative point of
view were Candes and Tao in the work reported in [8] that
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analyzed the DS algorithm. As mentioned above, the noise was
assumed to be random zero-mean white Gaussian noise with a
known variance 0. For the choice eps = 1/2(1 + a)log N -0,
and requiring dox + d3x < 1, the minimizer of (I.5), Xpg,
was shown to obey

Ix —%psls < C3g- (2(1+a)logN) - Ko?,  (L12)
with probability exceeding 1 — (y/7(1 +a)logN - N¢)~1,

where Cpgs = 4/(1 — 283x).> Up to a constant and a log N
factor, this bound is the same as the oracle’s one in (1.9). The
log N factor in (I.12) in unavoidable, as proven in [28], and
therefore this bound is optimal up to a constant factor.

A similar result was presented in [29] for the BP, show-
ing that the solution of (I.4) for the choice ypp =

\/802(1 + a)log N, and requiring dox + 3035 < 1, satisfies

Ix — %pp|2 < C%p- (2(1+a)logN) - Ko?  (L13)

with probability exceeding 1 — (N¢)~1. This result is weaker
than the one obtained for the DS in three ways: (i) It gives a
smaller probability of success; (ii) The constant Cpp is larger,
as shown in [21] (Cpp > 32/k%, where k < 1 is defined in
[29]); and (iii) The condition on the RIP is stronger.

Mutual-Coherence based results for the DS and BP were
derived in [30], [21]. In [21] results were developed also for
greedy algorithms — the OMP and the thresholding. These
results rely on the contrast and magnitude of the entries
of x. Denoting by Xgrccay the reconstruction result of the
thresholding and the OMP, we have

1% = Xgreeay |5 < C2 (21 +a)log N) - Ko?, (114

greedy *

where Cyrecqy < 2 and with probability exceeds 1 —

(v/7(1+a)log N - N¢)~L. This result is true for the OMP

and thresholding under the condition

‘Xmi’ﬂ| — 20 V 2(1 + a’) IOgN Z |X7nin‘ OMP ’ (115)
2K —Du Xmaz| THR

where |X,in| and |X;q.| are the minimal and maximal non-
zero absolute entries in X.

D. This Paper Contribution

We have seen that greedy algorithms’ success is dependent
on the magnitude of the entries of x and the noise power,
which is not the case for the DS and BP. It seems that there
is a need for pursuit algorithms that, on one hand, will enjoy
the simplicity and ease of implementation as in the greedy
methods, while being guaranteed to perform as well as the
BP and DS. Could the greedy-like methods (ROMP, CoSaMP,
SP, THT) serve this purpose? The answer was shown to be
positive for the adversial noise assumption, but these results
are too weak, as they do not show the true denoising effect
that such algorithm may lead to. In this work we show that
the answer remains positive for the random noise assumption.

More specifically, in this paper we present RIP-based near-
oracle performance guarantees for the SP, CoSaMP and IHT
algorithms (in this order). We show that these algorithms get

3In [8] a slightly different constant was presented.

uniform guarantees, just as for the relaxation based methods
(the DS and BP). We present the analysis that leads to these
results and we provide explicit values for the constants in the
obtained bounds.

The organization of this paper is as follows: In Section
II we introduce the notation and propositions used for our
analysis. In Section III we develop RIP-based bounds for the
SP, CoSaMP and the IHT algorithms for the adversial case.
Then we show how we can derive from these a new set
of guarantees for near oracle performance that consider the
noise as random. We develop fully the steps for the SP, and
outline the steps needed to get the results for the CoSaMP
and IHT. In Section IV we present some experiments that
show the performance of the three methods, and a comparison
between the theoretical bounds and the empirical performance.
In Section V we consider the nearly-sparse case, extending all
the above results. Section VI concludes our work.

II. NOTATION AND PRELIMINARIES

The following notations are used in this paper:

» supp(x) is the support of x (a set with the locations of
the non-zero elements of x).

o |supp(x)| is the size of the set supp(x).

e supp(x, K) is the support of the largest K magnitude
elements in x.

e D7 is a matrix composed of the columns of the matrix
D of the set T

o In a similar way, xr is a vector composed of the entries
of the vector x over the set 7.

o T¢ symbolizes the complementary set of 7.

o T — T is the set of all the elements contained in 7" but
not in 7',

o We will denote by T the set of the non-zero places of the
original signal x; As such, |T'| < K when x is K-sparse.

e X is the vector with the KX dominant elements of x.

o The projection of a vector y to the subspace spanned by
the columns of the matrix A (assumed to have more rows
than columns) is denoted by proj(y, A) = AATy. The
residual is resid(y, A) =y — AATy.

o T, is the subset of columns of size K in D that gives the
maximum correlation with the noise vector e, namely,

T, = argmax ||D7el|, (I.1)

T| |T|=K
e T, is a generalization of T, where T in (IL.1) is of size
pK, p € N. It is clear that ’ D7 peH <p HD*T e||2.
e, 2 e

The proofs in this paper use several propositions from [13],
[14]. We bring these in this Section, so as to keep the
discussion complete.

Proposition 2.1: [Proposition 3.1 in [13]] Suppose D has a
restricted isometry constant dx. Let 7" be a set of K indices
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or fewer. Then

D7yl < V1+ 6k |lyll,

[piy, < ——1l
24 2 1-— 51{ iz
ID7Drx, = (14 3x) [1x],
1
e
where the last two statements contain upper and lower bounds,
depending on the sign chosen.
Proposition 2.2: [Lemma 1 in [14]] Consequences of the
RIP:
1) (Monotonicity of dx) For any two integers K < K’,
5K < 5}(/.
2) (Near-orthogonality of columns) Let I,J C {1,...,N}
be two disjoint sets (I N.J = ). Suppose that §|71|; <
1. For arbitrary vectors a € R and b € RIY |,

[(Dra, Dyb)| < 871410 llall; [[bll,

|(D5Dr) x|, 2

and
D7D by < 01p41 bl -
[14]]

Proposition 2.3: [Lemma 2 in
Residue:

Projection and

1) (Orthogonality of the residue) For an arbitrary vector
y € R™ and a sub-matrix D; € R™*¥ of full column-
rank, let y, = resid(y, D1). Then D}y, = 0.

2) (Approximation of the projection residue) Consider a
matrix D € R™N, Let I,J C {1,..,N} be two
disjoint sets, I N.J = (), and suppose that O+ < L.
Let y € span(Dy), y, = proj(y,D,) and y, =
resid(y, D). Then

O11)+1J]
lyoll, < 7

1yl

max(|I],]J])

and

O1j+]7
(1 B 15) Iylly < llyells < liylly-
= Omax(|1],1))

Proposition 2.4: [Corollary 3.3 in [13]] Suppose that D has
an RIP constant ¢ . Let T be an arbitrary set of indices, and
let x be a vector. Provided that K > |77 U supp(x)|, we obtain
that

*

<0z Hlec (IL.2)

2

III. NEAR ORACLE PERFORMANCE OF THE ALGORITHMS

Our goal in this section is to find error bounds for the
SP, CoSaMP and IHT reconstructions given the measurement
from (I.1). We will first find bounds for the case where e is
an adversial noise using the same techniques used in [14],
[13]. In these works and in [15], the reconstruction error was
bounded by a constant times the noise power in the same
form as in (I.11). In this work, we will derive a bound that
is a constant times HD”‘TeeH2 (where Tg is as defined in the
previous section). Armed with this bound, we will change
perspective and look at the case where e is a white Gaussian

noise, and derive a near-oracle performance result of the same
form as in (I.12), using the same tools used in [8].

A. Near oracle performance of the SP algorithm

We begin with the SP pursuit method, as described in
Algorithm 1. SP holds a temporal solution with K non-zero
entries, and in each iteration it adds an additional set of K
candidate non-zeros that are most correlated with the residual,
and prunes this list back to K elements by choosing the
dominant ones. We use a constant number of iterations as a
stopping criterion but different stopping criteria can be sought,
as presented in [14].

Algorithm 1 Subspace Pursuit Algorithm [Algorithm 1 in
[141]]
Input: K, D,y where y = Dx + e, K is the cardinality of
x and e is the additive noise.
Output: xgp: K-sparse approximation of x
Initialize the support: T° = ().
Initialize the residual: y¥ =y.
while halting criterion is not satisfied do
Find new support elements: Ta = supp(D*y‘~! K).
Update the support: T¢ = T~ U Th.
Compute the representation: x,, = DTﬂy.

Prune small entries in the representation: T¢ =
supp(x,, K).
Update the residual: y’ = resid(y, D).
end while
Form the final solution: Xgp (reyc = 0 and Xgppe =
D;Zy.

Theorem 3.1: The SP solution at the /-th iteration satisfies
the recurrence inequality

2055 (1 + 03K)

I xp_pelly, < =6k |xp_pe-1ll, (L)
6 — 6035 + 462 .
—q 5.5 IP%el,
For 035 < 0.139 this leads to
[xr_7elly < 0.5 [xp_re-r]l, +8.22|| D5 el,.  (IL2)

Proof: The proof of the inequality in (III.1) is given in
Appendix A. Note that the recursive formula given (III.1)
has two coefficients, both functions of dsx. Fig. 1 shows
these coefficients as a function of d3x. As can be seen,
under the condition d3x < 0.139, it holds that the coefficient
multiplying ||xp_ge-1]|,, is lesser or equal to 0.5, while the
coefficient multiplying T|D*Tee|| , 1s lesser or equal to 8.22,
which completes our proof. (|

Corollary 3.2: Under the condition d3x < 0.139, the SP
algorithm satisfies

xp_pelly <270 x|, +2-8.22||Dj e, - (I11.3)
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9. T — 993K +753,\ 5}5,\,
21.41 O A DR
1
10" B.22
6 — 603 + 462
£ (1 - ds5x)%
Qo
S
=
Q
o
)
o
[} 100 - B
0.5
203k (1 + 93K)
(1= d3r)3
10" f . 0.139 .
0 0.05 0.1 0.15 0.2
B3¢
Fig. 1. The coefficients in (IIL.1) and (IIL.5) as functions of J3 .

In addition, After at most

* = |log, & (111.4)
D7,
iterations, the solution Xgp leads to an accuracy
|x —%splly < Csp ||Dre|, (I11.5)
where
77— 96 762, — 63
Csp=2- sk T 105k = 95K 91 49 (I11.6)

(1 —05x)*
Proof: Starting with (II1.2), and applying it recursively we
obtain
[xr_relly <0.5|xp_ge-1l, +8.22|Djel,  (IL7)
< 0.5% ||l xp_re-2]l, +8.22- (0.5 + 1) || D7 el
<...

k—1
<058 [xp_gerll, +8.22- [ Y 0.5 | [|[Diel,-
§=0
Setting k = (¢ leads easily to (IIL.3), since ||xp_7oll, =

%z lly = lIx|l5-
Plugging the number of iterations £* as in (I11.4) to (IIL.3)

yields*
(|7 _7e || (IIL.8)
e 6 — 6035 + 463
<277 x|, +2- #HDT ell,
6 — 6035 + 46
(12 i ol

We define 7 é TZ* and bound the reconstruction error
[x —xsp ”2
because the true support T can be divided mto5 T and the

“Note that we have replaced the constant 8.22 with the equivalent expres-
sion that depends on d3x — see (IIL.1).

5The vector x4 is of length |T| =
that are outside 7'.

K and it contains zeros in locations

complementary part, T-T. Using the facts that Xxgp = D;y,
y = Drxr + e, and the triangle inequality, we get

|x —%sp|, (111.9)
< HXT - D;sz + [|xr_zll,

= HXT — D;(DTXT + e)H2 + HXT7TH2

< sz -0}, + [ohe], o 4]

We proceed by breaking the term Drxr into the sum
DyniXpnd + Dy X7, and obtain

Ix — %spll, < [xz - D;DTHTXTOT’L (IIL10)
ooy e,
+[|(D5D7) " Dell, + [xp_l,

The first term in the above inequality vanishes, since
DyniXpai = Djpxp (recall that x; outside the support T
has zero entries that do not contribute to the multiplication).
Thus, we get that x; — D;DTmT”XTmT‘ = Xj — D;DTAXTA =
0. The second term can be bounded using Propositions 2.1
and 2.2,
T * —1y*
|pip |(D3D;) ' D5D,

T—f"XT—THQ = TXT—T’|2

52K

< eyl

5 |ID7D

77X THQ =

Similarly, the thlrd term is bounded using Proposmons 2.1,
and we obtain

1 ¥
) Il + 1= Dl

< gl +
T 1= TN T g
where we have replaced §x and dox with 03k, thereby
bounding the existing expression from above. Plugging (IIL.8)

into this inequality leads to

[x —%spll, < (1 +1

||D*Te||27

6 — 6035 + 453K> [Del,

1
||X XSP||2 =1C 53 <2+2 (1 — (5 )

7 — 90: 762, — 03
— 0. T O O D e
(1— 03x)* 712
Applying the condition d3x < 0.139 on this equation leads to
the result in (IIL.5). U

For practical use we may suggest a simpler term for £*.
Since HD*TeeH , is defined by the subset that gives the maximal
correlation with the noise, and it appears in the denominator
of ¢*, it can be replaced with the average correlation, thus
0+ =~ [1ogy (|Ix]l, /VEo) |

Now that we have a bound for the SP algorithm for the
adversial case, we proceed and consider a bound for the ran-
dom noise case, which will lead to a near-oracle performance
guarantee for the SP algorithm.

Theorem 3.3: Assume that e is a white Gaussian noise
vector with variance o2 and that the columns of D are
normalized. If the condition d3x < 0.139 holds, then with
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probability exceeding 1— (/7 (1 + a) log N-N%)~! we obtain

x —Xspll2 < C%5 - (2(1+a)logN)- Ko?.  (IIL11)
2 SP

Proof: Following Section 3 in [8] it holds
true that P (supi |Dfe| > o - /2(1 + a)log N) <
1 — (y/7m(1+a)logN - N%)~!. Combining this with
(IIL.5), and bearing in mind that |T,| = K, we get the stated
result. O

As can be seen, this result is similar to the one posed in
[8] for the Dantzig-Selector, but with a different constant —
the one corresponding to DS is ~ 5.5 for the RIP requirement
used for the SP. For both algorithms, smaller values of 35
provide smaller constants.

B. Near oracle performance of the CoSaMP algorithm

We continue with the CoSaMP pursuit method, as described
in Algorithm 2. CoSaMP, in a similar way to the SP, holds a
temporal solution with K non-zero entries, with the difference
that in each iteration it adds an additional set of 2K (instead
of K) candidate non-zeros that are most correlated with the
residual. Anther difference is that after the punning step in SP
we use a matrix inversion in order to calculate a new projection
for the K dominant elements, while in the CoSaMP we just
take the biggest K elements. Here also, we use a constant
number of iterations as a stopping criterion while different
stopping criteria can be sought, as presented in [13].

Algorithm 2 CoSaMP Algorithm [Algorithm 2.1 in [13]]
Input: K, D,y where y = Dx + e, K is the cardinality of
x and e is the additive noise.
Output: Xcosq0p: K-sparse approximation of x
Initialize the support: T° = ().
Initialize the residual: y¥ =y.
while halting criterion is not satisfied do
Find new support elements: TA = supp(D*y‘~!, 2K).
Update the support: T¢ = T*~1 U Ta.
Compute the representation: x,, = D;zy.
Prune small entries in the representation: T¢ =
supp(x,, K).
Update the residual: y’ =y — Dpe(xp)e.
end while
Form the final solution: Xcosarmrp,(re)yc =

0 and
fCCoSaMP,Te = (Xp)T@~

In the analysis of the CoSaMP that comes next, we follow
the same steps as for the SP to derive a near-oracle perfor-
mance guarantee. Since the proofs are very similar to those
of the SP, and those found in [13], we omit most of the
derivations and present only the differences.

Theorem 3.4: The CoSaMP solution at the /¢-th iteration

6
satisfies the recurrence inequality®
N 44 b
[ — XéosaMPHQ = ﬁ [x — XéogaMPHQ (IL.12)
14 — 60, .
+ﬁ D7,

For 645 < 0.1 this leads to

I~ %asansrlly < 05 %~ X6 barsrll, + 166D e,
(II1.13)

Proof: The proof of the inequality in (III.12) is given in
Appendix D. In a similar way to the proof in the SP case,
under the condition d4 < 0.1, it holds that the coefficient
multiplying Hx - f{ec_og oM P H2 is smaller or equal to 0.5, while
the coefficient multiplying HD”‘TeeH2 is smaller or equal to
16.6, which completes our proof.

Corollary 3.5: Under the condition d4x < 0.1, the
CoSaMP algorithm satisfies

|x — XGosanrpll, <27 |Ix]l, +2-16.6 || Di e, . (IL14)

In addition, After at most

o ()|

iterations, the solution X5, p leads to an accuracy

(II1.15)

|x — XGosanrp|ly < Ccosanp |Diel,,  (IL16)
where
_ 2
Coosanrp = 210K+ 04k gy (I1.17)

(1= dax)?

Proof: Starting with (III.13), and applying it recursively, in
the same way as was done in the proof of Corollary 3.5, we
obtain

I = %eosanrpll, < 0.5 [lx = %coSaarrll,

(IIL18)
k—1
+16.6- [ > 0.5 | |Diell,.

=0

Setting k& = ¢ leads since

||X - ﬁ%oSaZ\lPH2 = ||X||2
Plugging the number of iterations ¢* as in (III.15) to (II1.14)
yields’

easily to (III.14),

14 — 6045

(1 — 54[()2
14— 6011 ) s

<(1+2 i) IPnel

29 — 1454K+(5EK N
=T (1 - oux)? ||DTeeH2'

’D*Tee

HX_)A(éCoSa]VIPH2§2_[* ||X||2 +2- !2

®The observant reader will notice a delicate difference in terminology
between this theorem and Theorem 3.1. While here the recurrence formula is
expressed with respect to the estimation error, Hx — fceco SaMP ||2, Theorem
3.1 uses a slightly different error measure, ||xT T ||2

7As before, we replace the constant 16.6 with the equivalent expression
that depends on d4x — see (II1.12).
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Applying the condition d4x < 0.1 on this equation leads to
the result in (II1.16). O

As for the SP, we move now to the random noise case,
which leads to a near-oracle performance guarantee for the
CoSaMP algorithm.

Theorem 3.6: Assume that e is a white Gaussian noise
vector with variance o2 and that the columns of D are
normalized. If the condition d45 < 0.1 holds, then with
probability exceeding 1— (/7 (1 + a)log N-N¢)~! we obtain

Ix = %cosantply < Cosanip - (2(1 +a)log N) - Ko™
(I11.19)
Proof: The proof is identical to the one of Theorem 3.6.

Fig. 2 shows a graph of Ccosanp as a function of d4x-.
In order to compare the CoSaMP to SP, we also introduce
in this figure a graph of Cgp versus d,x (replacing d3x).
Since d3x < d4x, the constant C'sp is actually better than
the values shown in the graph, and yet, it can be seen that
even in this case we get Csp < Ccosqnrp- In addition, the
requirement for the SP is expressed with respect to 35, while
the requirement for the CoSaMP is stronger and uses dyx -

With comparison to the results presented in [21] for the
OMP and the thresholding, the results obtained for the
CoSaMP and SP are uniform, expressed only with respect to
the properties of the dictionary D. These algorithms’ validity
is not dependent on the values of the input vector x, its energy,
or the noise power. The condition used is the RIP, which
implies constraints only on the used dictionary and the sparsity
level.

C. Near oracle performance of the IHT algorithm

The IHT algorithm, presented in Algorithm 3, uses a dif-
ferent strategy than the SP and the CoSaMP. It applies only
multiplications by D and D*, and a hard thresholding operator.
In each iteration it calculates a new representation and keeps

its K largest elements. As for the SP and CoSaMP, here as
well we employ a fixed number of iterations as a stopping
criterion.

Algorithm 3 THT Algorithm [Equation 7 in [15]]
Input: K, D,y where y = Dx + e, K is the cardinality of
x and e is the additive noise.
Output: x;y: K-sparse approximation of x
Initialize the support: T° = ().
Initialize the representation: x9 ;7 = 0.
while halting criterion is not satisfied do

Conl}plllte the representation: x, = Xigr + D*(y —
DX pr)- o .
Prune small entries in the representation: T¢ =
supp(x,, K).
Uepdate the representation: fcf HT,(THC = 0 and
Xrgr Tt = (xp)7e-

end while

Form the final solution: X;pp (reye = 0 and Xjyppe =
(xp)7e-

Similar results, as of the SP and CoSaMP methods, can be
sought for the IHT method. Again, the proofs are very similar
to the ones shown before for the SP and the CoSaMP and thus
only the differences will presented.

Theorem 3.7: The IHT solution at the ¢-th iteration satisfies
the recurrence inequality

s~ %l < Vo e~ i, + 4 D7 eftgr2o

1 .
For d35 < 75 this leads to
o0—1

|x = X7gp||, < 0.5|x — %577, + 4(|D7, el AL.21)

I

Proof: Our proof is based on the proof of Theorem 5 in [15],
and only major modifications in the proof will be presented
here. Using the definition r’ £ x — %4,,+., and an inequality

taken from Equation (22) in [15], it holds that

|x = XTgp|l, < 21xrure — (Xp)rurell, (I11.22)

— 2 HXTUTZ — )"(g—,iulTe — D;UT(Dre_l — D;ﬂuTgeH2
=2||x5 pe — D e DXt = DL e,

where the equality emerges from the definition x, = X5, +

D*(y — DXi}) = Xi 0 + D*(Dx + e — DX{ ;7).

The support of r~! is over T'U T*~! and thus it is also
over TUT?UT* 1. Based on this, we can divide Dr?~! into a
part supported on 7°~! — T* UT and a second part supported
on T*UT. Using this and the triangle inequality with (I11.22),
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we obtain

Ix = X7, (IT1.23)

< 2|l

* 0—
= 2| — D4 e Drure )T e

—
- D;UTZDI‘ 1“2 +2 ”D;UTfeHQ

* /—1
=D peDre—1 _rure Tore—1_pyre

<2||(T = D} e Do)

,+ 2D el

-1
Crure H 2

* —1 *
+2 HDTUT@DTZ*fTUT“'TéflfTqu 9 +2 HDTe,ZeHz

< 20a1¢ [elpipelly + 28 [ty _pur

, +4|D7 e,

The last inequality holds because the eigenvalues of (I —
D2« Dryre) are in the range [—dax, 2|, the size of the
set TUTY is smaller than 2K, the sets TUT* and T4~ —TUT*
are disjoint, and of total size of these together is equal or
smaller than 3K . Note that we have used the definition of

Te,2 as given in Section II.

We proceed by observing that HreT_ﬁl_TuTz ) +
-1

||rTUTZ H2 <2 Hre_lH2, since these vectors are orthogonal.
Using the fact that dor < O35 we get (IIL.20) from (II1.23).
Finally, under the condition d3x < 1/4/32, it holds that the
coefficient multiplying ||X — &fﬂlﬂb is smaller or equal to
0.5, which completes our proof.

Corollary 3.8: Under the condition d3x < 1/4/32, the IHT
algorithm satisfies

|x = X7 pr|l, <27 x|, + 8||Die, - (II1.24)
In addition, After at most
. [ ﬂ
0" = |logy | 7 (111.25)
{ ’ <||DT£H2
iterations, the solution X7 leads to an accuracy
|x — X7ur|l, < Crar || Dhel, (I11.26)
where
Crur =9. (I11.27)

Proof: The proof is obtained following the same steps as in
Corollaries 3.2 and 3.5. O

Finally, considering a random noise instead of an adversial
one, we get a near-oracle performance guarantee for the IHT
algorithm, as was achieved for the SP and CoSaMP.

Theorem 3.9: Assume that e is a white Gaussian noise
with variance o2 and that the columns of D are normalized.
If the condition d3x < 1/+/32 holds, then with probability
exceeding 1 — (y/7(1 4+ a)log N - N*)~! we obtain

Ix — %775 < C2yr - (2(1+a)logN) - Ko?.  (I128)

Proof: The proof is identical to the one of Theorem 3.6. [J

A comparison between the constants achieved by the IHT,
SP and DS is presented in Fig. 3. The CoSaMP constant was
omitted since it is bigger than the one of the SP and it is

. . . .
0.08 01 012 014 0.16

3K

. . .
0 0.02 0.04 0.06 0.18

Fig. 3. The constants of the SP, IHT and DS algorithms as a funtion of d3 g

dependent on d4f instead of d3x. The figure shows that the
constant values of IHT and DS are better than that of the SP
(and as such better than the one of the CoSaMP), and that the
one of the DS is the smallest. It is interesting to note that the
constant of the IHT is independent of d3x .

In table I we summarize the performance guarantees of
several different algorithms — the DS [8], the BP [29], and
the three algorithms analyzed in this paper.

We can observe the following:

1) In terms of the RIP: DS and BP are the best, then IHT,
then SP and last is CoSaMP.

2) Interms of the constants in the bounds: the smallest con-
stant is achieved by DS. Then come IHT, SP, CoSaMP
and BP in this order.

3) In terms of the probability: all have the same probability
except the BP which gives a weaker guarantee.

4) Though the CoSaMP has a weaker guarantee compared
to the SP, it has an efficient implementation that saves
the matrix inversion in the algorithm.®

For completeness of the discussion here, we also refer to
algorithms’ complexity: the IHT is the cheapest, CoSaMP
and SP come next with a similar complexity (with a slight
advantage to CoSaMP). DS and BP seem to be the most
complex.

Interestingly, in the guarantees of the OMP and the thresh-
olding in [21] better constants are obtained. However, these
results, as mentioned before, holds under mutual-coherence
based conditions, which are more restricting. In addition, their
validity relies on the magnitude of the entries of x and the
noise power, which is not correct for the results presented in
this section for the greedy-like methods. Furthermore, though
we get bigger constants with these methods, the conditions are
not tight, as will be seen in the next section.

8The proofs of the guarantees in this paper are not valid for this case,
though it is not hard to extend them for it.
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Alg. RIP Condition Probahility of Correctness Constant | The Obtained Bound

DS Gox +dsx <1 | 1—( w(l+a)logN-N*) " | -—5— | Chs - (2(L +a)log N) - Ko’

BP ok +303x <1 [ 1— (N9 " >3 C%p - (2@ +a)logN) - Ko?

SP Ssx < 0.139 1- (L +a)logN-N%) ' | <2141 [ C%p- 2L +a)logN) - Ko*
CoSaMP | d,x < 0.1 1- (L +a)logN -N?) ' | <342 [ CZ,5amp (2L +a)logN) - Ko®
IHT S3r < P 1-(C n(1+a)logN-N%) ' |9 C?yr-2QA+a)logN) - Ko?

TABLE I
NEAR ORACLE PERFORMANCE GUARANTEES FOR THE DS, BP, SP, COSAMP AND IHT TECHNIQUES.

IV. EXPERIMENTS

In our experiments we use a random dictionary with entries
drawn from the canonic normal distribution. The columns of
the dictionary are normalized and the dimensions are m = 512
and N = 1024. The vector x is generated by selecting a
support uniformly at random. Then the elements in the support
are generated using the following model®:

X; = 106i(1 + |’I7,1|) (Iv.1)

where ¢; is +1 with probability 0.5, and n; is a canonic
normal random variable. The support and the non-zero values
are statistically independent. We repeat each experiment 1500
times.

In the first experiment we calculate the error of the SP,
CoSaMP and IHT methods for different sparsity levels. The
noise variance is set to 0 = 1. Fig. 4 presents the squared-
error ||x—§<||§ of all the instances of the experiment for
the three algorithms. Our goal is to show that with high-
probability the error obtained is bounded by the guarantees
we have developed. For each algorithm we add the theoretical
guarantee and the oracle performance. As can be seen, the
theoretical guarantees are too loose and the actual performance
of the algorithms is much better. However, we see that both
the theoretical and the empirical performance curves show
a proportionality to the oracle error. Note that the actual
performance of the algorithms’ may be better than the oracle’s
— this happens because the oracle is the Maximum-Likelihood
Estimator (MLE) in this case [31], and by adding a bias one
can perform even better in some cases.

Fig. 5(a) presents the mean-squared-error (by averaging all
the experiments) for the range where the RIP-condition seems
to hold, and Fig. 5(b) presents this error for a wider range,
where it is likely top be violated. It can be seen that in the
average case, though the algorithms get different constants in
their bounds, they achieve almost the same performance. We
also see a near-linear curve describing the error as a function
of K. Finally, we observe that the SP and the CoSaMP, which
were shown to have worse constants in theory, have better
performance and are more stable in the case where the RIP-
condition do not hold anymore.

In a second experiment we calculate the error of the SP, the
CoSaMP and the IHT methods for different noise variances.
The sparsity is set to K = 10. Fig. 6 presents the error of
all the instances of the experiment for the three algorithms.
Here as well we add the theoretical guarantee and the oracle

9This model is taken from the experiments section in [8].
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Fig. 4. The squared-error as achieved by the SP, the CoSaMP and the
IHT algorithms as a function of the cardinality. The graphs also show the
theoretical guarantees and the oracle performance.

performance. As we saw before, the guarantee is not tight but
the error is proportional to the oracle estimator’s error.

Fig. 7 presents the mean-squared-error as a function of the
noise variance, by averaging over all the experiments. It can
be seen that the error behaves linearly with respect to the



TECHNICAL REPORT

250

——SP error
+ CoSaMP error
== =IHT error
- oracle error

N
=}
S

N
@
=}

Average Squared Error
=
1)
]

501

(a) RIP condition satisfied

——SP error
+ CoSaMP error .
s[| - - = IHT error /

Average Squared Error
e
)

é 1‘0 1‘5 20 2‘5 3‘0 3‘5 40
(b) RIP condition not satisfied

Fig. 5. The mean-squared-error of the SP, the CoSaMP and the IHT
algorithms as a function of the cardinality.

variance, as expected from the theoretical analysis. Again we
see that the constants are not tight and that the algorithms
behave in a similar way. Finally, we note that the algorithms
succeed in meeting the bounds even in very low signal-to-
noise ratios, where simple greedy algorithms are expected to
fail.

V. EXTENSION TO THE NON-EXACT SPARSE CASE

In the case where x is not exactly K -sparse, our analysis has
to change. Following the work reported in [13], we have the
following error bounds for all algorithms (with the different
RIP condition and constant).

Theorem 5.1: For the SP, CoSaMP and IHT algorithms,
under their appropriate RIP conditions, it holds that after at
most
x5

0= 2
D7, el

log, (V.1)

iterations, the estimation x gives an accuracy of the form

I — 1, < [1x — xxcll, +C(|\Die“2 v2)

HL+ 610 = el + 2 =l ).
where xx is a K-sparse vector that nulls all entries in x
apart from the K" dominant ones. C' is the appropriate constant
value, dependent on the algorithm.
If we assume that e is a white Gaussian noise with variance
o2 and that the columns of D are normalized, then with

Squared Error
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—— method error
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= = -theoretical guarantee
—— method error
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2
[
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Fig. 6. The squared-error as achieved by the SP, the CoSaMP and the IHT
algorithms as a function of the noise variance. The graphs also show the
theoretical guarantees and the oracle performance.

probability exceeding 1 — (
that

(1l +a)logN - N4)~! we get

||xX||§§2-C2<\/(1+a)logN~K~a (V.3)

2
1
=il + =[x =l )

Proof: Proposition 3.5 from [13] provides us with the
following claim

1
Dl < VT 5 (Il + =l )

When x is not exactly K -sparse we get that the effective error
in our results becomes € = e + D(x — xf ). Thus, using the
error bounds of the algorithms with the inequality in (V.4) we

(V.4)
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get

Ixx —%l, < C|D78l, V-2
< C|DE, (e +D(x —xx)),
< C|D7el+C D7, Dx —xx),
< C|Djel| + OVI+ 0k ID(x - xx)],
<

o(IDs el + 1+ ) x = el

14+ 60k
+ ||x—xK||1),

VK
which proves (V.2). Using the same steps taken in Theorems
3.3, 3.6, and 3.9, lead us to

Ix — x5 < 02<\/(2(1+a) logN) - K -0 (V.6)

1 1+ 0 2
— 4146 — — .
Hg + 1+ ) [ =l + -2 = e, )
Since the RIP condition for all the algorithms satisfies dx <
0.5 and C' > 2, plugging this into (V.6) gives (V.3), and this
concludes the proof. U

Just as before, we should wonder how close is this bound
to the one obtained by an oracle that knows the support 1" of
the K dominant entries in x. Following [15], we derive an
expression for such an oracle. Using the fact that the oracle
is given by D}y = D;(DXT + D(x — x71) + e), its MSE is
bounded by

. 2 _ tol?
E||x — Xoraclell; = F ||x — DLy , V.7
2
=F Hx — X7 — DTTe - DTTD(X - xT)H
2
2
< (sl [yt |,
where we have used the triangle inequality. Using the relation
given in (I1.10) for the last term, and properties of the RIP for

the second, we obtain

(V.8)

E ||X - &oracle”g <

1 VK ’
- . ID(x- YR ).
<||X xrly + T ID(x — x7)ll, + %1—5;(0)

Finally, the middle-term can be further handled using (V.4),
and we arrive to

E ||X - }A{oracleng S (V9)

b <(1 V1T 0m) Ix — xzl,

1 — 6

V1+ 6k 2

Thus we see again that the error bound in the non-exact sparse
case, is up to a constant and the log IV factor the same as the
one of the oracle estimator.

VI. CONCLUSION

In this paper we have presented near-oracle performance
guarantees for three greedy-like algorithms — the Subspace
Pursuit, the CoSaMP, and the Iterative Hard-Thresholding. The
approach taken in our analysis is an RIP-based (as opposed to
mutual-coherence ones). Despite their resemblance to greedy
algorithms, such as the OMP and the thresholding, our study
leads to uniform guarantees for the three algorithms explored,
i.e., the near-oracle error bounds are dependent only on the
dictionary properties (RIP constant) and the sparsity level of
the sought solution. We have also presented a simple extension
of our results to the case where the representations are only
approximately sparse.
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APPENDIX A
PROOF OF THEOREM 3.1 — INEQUALITY (III.1)

In the proof of (IIl.1) we use two main inequalities:

sl < ol @)
T Prell
and
I%p_gell, < 1+§§§ %7 _zel, (A2)
1 [Drel,.

Their proofs are in Appendices B and C respectively. The
inequality (III.1) is obtained by substituting (A.1) into (A.2)
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as shown below:

1+46 4
Irrelly < 557 Ixr_gell, + =5 [Prell, (A3
1+53K 2035
=71_ 53[{ (1 —6 )2 HXT Tt— 1”2
2 4 .
e DRl + 5 IDzell

< 203 (1 + 03k)
T (1—-d3g)?
(1+53K
(1—193
2035 (1 +53K)
T (1—-d3g)?
6 663K+463K
Ty PRl

and this concludes this proof. (]

[x—retll,

4 *
3 [Pr.efl, + 5 [Drel,

2 1—

[x—rerll,

APPENDIX B
PROOF OF INEQUALITY (A.1)

Lemma B.1: The following inequality holds true for the SP
algorithm:
HXTfj“z HQ — (1 - 53K)2 ||XT7T"'*1 ”2

2 *
EE D€,

Proof: We start by the residual-update step in the SP
algorithm, and exploit the relation y = Dx + e =
DT,TZ—le,TZ—l + DTQTZ—IXTQTZ—l + e. ThlS leads to

=1 (B.1)

vy, =resid(y,Dqge-1)
= I'eSid(DT_TZ—le_TZ—l y DTE—I)
+ reSid(DTﬂTz—lenTz—l , DTZ—I) + resid(e, Dy )
Here we have used the linearity of the operator resid(-, Dpe-1)
with respect to its first entry. The second term in the right-
hand-side (rhs) is 0 since Dpqpe-1Xpape-1 € span(Dqe-1).
For the first term in the rhs we have
(B.2)

= DT*Tzfl Xp_Te—1 — proj(DTfTZ’IXTlefl ; DTZ—l)

I'esid(DT_Tz—le_Tﬁ,—l s Dg_l)

= DT,Te—le,TZ—l + DTZ—1XP7T2—1

Xp-Tt-1 | A -1
= [DTle—l,DTE—l] |: :| = DTuTZ—le, 5

Xp7TZ—1

where we have defined
7(D;271DT£—1)7
Combining (B.1) and (B.2) leads to

Xp7TZ—1 = ID;—%,l DT_TZ—le_TZ—l(B.3)

vyl = Dygre-ix871 + resid(e, D). (B.4)

By the definition of TA in Algorithm 1 we obtain

D7yl 2 [P7y: ", = [D7—pe-sy; ™|, B-5)
> ||D7_pes Drupe-ax
— || D4 _ -1 resid(e, DTz—1)||2
2 HD*TfT"'*lDTUTZ*IXﬁ_IHQ - HD;fT@*eHQ

— ||D;—'—TZ’1 proj(e, D'I'Z—l)H2 .

We will bound HD*TiT,__1 proj(e, Dpe-1) ‘2 from above using

RIP properties from Section II,

| D% pe—1 proj(e, Dye—s) |, (B.6)
= |Di_pe-1Dpe-s (D s Dye-s) "' Diese,
< g el

Combining (B.5) and (B.6) leads to
D7y, = D e Drope-ix, (B.7)
~ [Diel, — T2 D el
1

2 HD;—TZ*IDTUTE_lxrilHQ — m ||D}ee||2 .

By the deﬁmtlon of Ta and y‘~ it holds that TANT*~! = ()
since D} e,lyr —1 = 0. Using (B.4), the left-hand-side (lhs) of
(B.7) is upper bounded by

D7y,
||DTADTUTZ 1X

(B.8)
H2 + HD*TA resid(e,DTzfl)H2
< D7 Drurex7 |, + | Dief,
+ D, Dyt (Dy Dot Dy e
< [Pr Druge—x [, + [Drel,

531{
1-—

+ — [D7esell

< HD*TADTUTfflxr_le +

-

1 _ 6 K HD;ee

Combining (B.7) and (B.8) gives

D7, D], +

(B.9)

2 *
- Diel,

1—
Z ||D;"7TZ*1DTUTZ*1X£71 H2 .

. s N
Removing the common rows in D7, and D7, ,,_, we get

D7 —rDrure-1x |, + ﬁ D7 e, (B.10)
S
- HDT s Drupext |
The last equality is true because T—T*"! —Tp =TT "' —

(T -7 =T -T"

Now we turn to bound the lhs and rhs terms of (B.10) from
below and above, respectively. For the lhs term we exploit
the fact that the supports Ta — 7 and T U T*~! are disjoint,
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leading to
D% —rDrore1x,7 |, < aureor X7, BID
< daxc [l
For the rhs term in (B.10), we obtain
HDT TZDTUTZ,IX£—1H2 (B.12)
0—1
HDT TZDT—TZ (%, )T—TZ 5

HDT TfD(TUT“—l)—(T—T“)(Xﬁil)(TUT“—l)—(T—T“) )

> (1= 0x) | Ger ) pgel, — G [

> (1= d3s) |06 el = Forc [
Substitution of the two bounds derived above into (B.10) gives
2
1 -3k

> (1 —d5K) ||(X£71)T—TZ H2 :

20a1¢ || ], + D7, e

, (B.13)

The above inequality uses x‘~!, which was defined in (B.2),
and this definition relies on yet another one definition for the
vector x,, ¢—1 in (B.3). We proceed by bounding ||XP7T471 H

D, 2
from above,
%71 (B.14)
= H_(D}ff—lDT[71)_1D§“5—1DT7T[’1XT7T€71H2
1 *
< T on [=D7 1Dy _pesxp_re-s ],
L [xp_e-1ly < i (% —pe-1lly
—1-6gk 2-1- 03K 2
and get
Ity < pesly + e, B35)
03K
< (14 225 bxrorel
1
S m |7 o1l -
In addition, since (x:71)p_ge1 =  xp_pe1  then

(xzfl)T_T[, = Xy _¢. Using this fact and (B.15) with (B.13)

.
leads to

|l (B.16)
203K 2
< ——F—— e —— ||D7 ,
>~ (1 — 63K)2 HXT Tt 1”2 =+ (1 _ 53 || Te e”2
which proves the inequality in (A.1). (]

APPENDIX C
PROOF OF INEQUALITY (A.2)

Lemma C.1: The following inequality holds true for the SP
algorithm:

1 +53K
rrl, <

-

Proof: We will define the smear vector = x, —Xg., where
x,, is the outcome of the representation computation over 7%,

HXT 7elly + mHDi}ee

given by
xp = DL,y = DL, (Drxr +e), (C.1)
as defined in Algorithm 1. Expanding the first term in the last
equality gives:
DT@»DTXT = DTTeDTnTZXTmTé + Dsz,DT—TfXT—:N (€2
< -
= DTTe [DTmeDT”LT] [ TSTZ } +D;5DT7TZXT7T‘5

=D}, Dyuxze + DL Dy pexp_ge

= Xge + D;eDTfi“@XTfT@'
The equalities hold based on the definition of DTT , and on the

fact that x is 0 outside of T". Using (C.2) we bound the smear
energy from above, obtaining

Il < HDT~ DTXTH +|Piel, (€3)
= | ) DDy peXp e,
+H 7))~ 1D* cell,
) 1 .
< 1_3K ||XT 7l + 75— [PFeell,-
We now turn to bound || ||, from below. We denote the

support of the K smallest coefficients in x,, by AT 2 Tt—Tt,
Thus, for any set 7/ C T* of cardinality K, it holds that
|(xp)arlly < [|(%p)77 ||, In particular, we shall choose T”
such that 7" N'T = (), which necessarily exists because Tt
is of cardinality 2K and therefore there must be at K entries
in this support that are outside 7. Thus, using the relation

= Xp — Xj¢ WE get

IGp)arll, < ) lly = ([0 )p + 1|, (C4)

= ol < -

Because x is supported on 7" we have that |xarl|l, =
lxaTn7]l5- An upper bound for this vector is reached by

|xarnrlly, = [(xp)arnr — arnrll, (C.5)

< &p)arnrlly + 1 ararll,
< &p)arly +1 2 <2101 2,

where the last step uses (C.4). The vector xp_r¢ can be

. Using (C.3) and

—_ * *
decomposed as xp_p¢ = [xTﬂAT, XT—T"}

(C.5) we get

xr—relly < xrearlls + ([xr_zell, <20l + [Jxp_z,
26
< (1420 — |Dsel,

2
< |37 _e [, + 1—6

4
=5 Pzl

1+ 63x
1= 3k

Per—ze ], +

where the last step uses the property HD*WQ <2|Diel,
2 e
taken from Section II, and this concludes the proof. O
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APPENDIX D
PROOF OF INEQUALITY (II1.12)

Lemma D.1: The following inequality holds true for the
CoSaMP algorithm:

HX_)A(ECOSLLMPHQ (D.1)
45 L 14 — 66 .
S (]_ _ ng)Q HX - XZCOIS'aMPH2 + ﬁ HDTeeHZ :

Proof: We denote X%,5,,,p @ the solution of CoSaMP in

: Y _ ol _
the /¢-th iteration: X CoSaMP(THC = 0 and XCoSaMPT! =

(xp)7e. We further define v’ = x — %% g,,,p and use the

definition of Tt ;, (Section II). Our proof is based on the proof
of Theorem 4.1 and the Lemmas used with it [13].

Since we choose Ta to contain the biggest 2K ele-
ments in D*y! and |77 UT| < 2K it holds true that
|D*yE)reur|, < ||(D*yi)rsl,- Removing the common
elements from both sides we get

||(D*Yf)(TfuT)—TA||2 < ||(D*Y£)TA—(T"UT)||2~ (D.2)

We proceed by bounding the rhs and lhs of (D.2), from above
and from below respectively, using the triangle inequality. We
use Propositions 2.1 and 2.2, the definition of T¢ 5, and the
fact that ||r||, = |4 1|, (this holds true since the support
of r’ is over T'U T%). For the rhs we obtain

|2y reoml, = |Dia— o) (OF +€)| ©3)

< HD;‘Af(TZUT)DTZUTrg‘L’UTH2 + ’ D;*Af(TfuT)eH2

< buxc ||, + | D e
and for the lhs:

| y5) ey 1, = || Pz 2, O + o) ©4

. ¢

* l *
- HD(T[UT)fTADTAI’TA 5 HD(TZUT)fTAeH

2

> (1= 0axc) ey, |, — Susc Iefey [, — [ D e

Because r’ is supported over 7' U T¥, it holds true that
ﬂ) ¢ H . Combining (D.4) and (D.3) with

¢ _
HT(TUTZ)—TA o, IF1g ],
D.2), gives
Z 260 ], +2||D5, e,
: D.5
HrTg 2 1— 09k ( )

204x Hr€H2 +4 HD;EGHQ
- 1—dax )

For brevity of notations, we denote hereafter T  asT. Using
y =Dx+e=Dsxj; + DjcXjc + €, we observe that

%7 = ()7l (D.6)

= HXT — D; (Dfo + DT0XTC + e)H2

= HDTf (chxfc + e)H2

< [[(03D7) D Dgexell, + [[(DD7) ' Diel
1

b .

4K 3
< — - —— ||DZ
=1_ 54K HXTC||2 + 1— 54K || T.©

IN

1 *
53K HDT"”?’e

HD}DT0XT~CH2 + 1—

>

where the last inequality holds true because of Proposition 2.4
and that |T'| = 3K. Using the triangle inequality and the fact
that x,, is supported on 7', we obtain

1% =%l < [lxzelly + % = (%p)7ll (D.7)

which leads to

D.8)

1% = %pll,

e
1 =
( T ok

L el +
= —— [[X+ -
1—bar TN g,

Having the above results we can obtain (II.12) by

3

> Ix7clly + T 6ir

IN

D7 el

IDell,

Hx_fceCOSaMPHQ < 2HX_XPH2 (D9)

1 3 e
=2 (1_54K Ixzely + 75— HDTeeHg)

2 —1 *
< = 72, Di.el,

2 264]{ /—1 4
< D:
< o (o, + g Dell
_6
1—0ur
_ 4(54[{ -1 14 — 6(54[{

T (1 oux)? Hr H2+(1_54K)2

where the inequalities are based on Lemma 4.5 from [13],
(D.8), Lemma 4.3 from [13] and (D.5) respectively. O

+76 |
1—dax

+

HD*Tee ’2

‘D;eeHQ ’
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