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Abstract
A developable surface has the property that it can be obtained by a length preserving
transformation from a plane, Equivalently, it is a surface that can be generated by
transforming a plane without metric distortion (i.e., folding, bending, rolling). Since
developable surfaces can be constructed by bending a flat sheet, they are important in
the manufacturing of objects from sheet metal, cardboard, material, paper and
plywood. Developable surfaces are used extensively as building primitives in the
shipbuilding and aircraft manufacturing industry.
In this work, we present an algorithm for approximating a general 2-manifold 3D
mesh by a set of developable surfaces. Each developable surface is a generalized
cylinder represented as a strip of triangles not necessarily taken from the original
mesh.
The algorithm consists of three stages. In the first stage the mesh is segmented into
meaningful components; in the second stage, each mesh component is approximated
by a set of piece-wise developable triangle strips; and in the last stage, the
approximating strips are unfolded, producing the final flat strips. Our algorithm is
automatic, creates smooth and easy-to-assemble pieces, and provides L∝ global error
bounds. The approximation quality is controlled by a user-supplied parameter
specifying the allowed Hausdorff distance between the input mesh and its piecewisedevelopable approximation. The strips generated by our algorithm may be
parameterized to conform to the parameterization of the original mesh, if given, to
facilitate texture mapping. We demonstrate by physically assembling papercraft
models from the strips generated by the proposed schema when run on several
polygonal 3D mesh data sets.
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Notations
Symbol

Meaning

M

Input 2-manifold mesh

τ

Input error tolerance specified by the user

H (M 1 , M 2 )

Symmetric Hausdorff distance between meshes M 1 and M 2

C1 (t ), C 2 (t )

Parametric curves

P1 (t ), P2 (t )

Piece-wise polyline approximation of curves C1 (t ), C 2 (t )

K

Gaussian curvature

S (u , t )

Ruled surface

I ij

Current from vertex vi to vertex v j

ϕ

Potential field function

wij

Weight assigned to mesh edge between vertices vi and v j

A

Square sparse matrix

pi , q i

3D points
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1. Introduction
Producing a physical replica of a 3D digital model is an important task in computer-aided
manufacturing. One common way to accomplish this computes a flat version of the given surface
geometry, which is then assembled to approximate the original surface using piecewise
developable sheets. This manufacturing paradigm is popular in the shipbuilding and aircraft
manufacturing industries, as well as cloth and shoe making, to name a few. A flat pattern
consisting of several developable surfaces is sought so it can be cut, bent and welded (or
stitched) together to approximate the original geometry within a specified tolerance.
This flattening approach can be reduced to the problem of building a set of developable patches
(sheets) that together approximate the 3D model. This approximation problem poses several
challenges; for example, how to construct intuitive and easy-to-assemble patches, how to
minimize the number of patches and the distortion/error in the boundaries between the patches,
and how to minimize the error between the original surface and its approximation.
A solution to this problem also depends on the material from which the model is made. Building
a papercraft model is more challenging than building a rubber model, since due to the physical
limitations of paper, stretch cannot be accommodated. Furthermore, some materials are
unisotropic (e.g., fabric) and stretch differently in different directions.
A good solution should be easy to use and intuitive to the user. It should also take into account
and support different properties of the model, such as color and texture coordinates.
To make a mesh model out of paper, it should be approximated by piecewise developable
surfaces that can be “flattened” without any metric distortion. One should seek to use a
(sub)class of developable surfaces as approximation primitives.

Definition 1: [16] Developable surface — A developable surface is a surface whose Gaussian
curvature, K, vanishes everywhere.
The family of approximation primitives should be as large as possible. Some previous methods
[23] used only cones and planes; however, such a small subset of developable faces can result in
an unnecessary large number of developable pieces in the approximation
3
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Our algorithm approximates the input mesh taking the ruled surfaces family as the
approximation building primitives.

Definition 2: Ruled surface — A ruled surface between two parametric curves C1(t) and C2(t) is
the surface S(u,t) satisfying S(u,t) = (1-u)C1(t)+uC2(t) for u∈ [0,1].
The ruled surface is a central concept in our algorithm. Below we list some of its properties.

Lemma 1: A ruled surface S(u,t) = (1-u)C1(t)+uC2(t) between two parametric curves C1(t) and
C2(t) has a non-positive Gaussian curvature, and is developable iff the scalar triple product

[

]

vanishes, i.e. C1' (t ), C 2' (t ), C1 (t ) − C 2 (t ) = 0 for all t ∈ [0,1].

Proof: The Gaussian curvature of S(u,t) is K =
∂2S
∂2S
∂2S
=
=
,
,
,
,
,n
n
N
n
M
∂t∂u
∂t 2
∂u 2

L=

LN − M 2
, where
|G|

|G| is the determinant of the first fundamental form

and is always positive (|G|>0) when the surface S is regular.
Since

∂2S
M2
we
have
N=0.
Thus
K
=
−
=
0
, implying that K ≤ 0.
|G|
∂u 2

The surface is developable when K=0 for all t, which happens in our case iff M=0 for all t. Thus,
∂S
= (1 − u )C1' (t ) + uC 2' (t )
∂t
∂S
= C 2 (t ) − C1 (t )
∂u
∂2S
= C 2' (t ) − C1' (t )
∂t∂u
∂S ∂S
n(t , u ) =
×
= u C 2' (t ) × (C 2 (t ) − C1 (t )) + (1 − u ) C1' (t ) × (C 2 (t ) − C1 (t ))
∂t ∂u

(

)

(

)

∂2S
M=
, n = (1 − u ) C 2' (t ), C1' (t ) × (C 2 (t ) − C1 (t )) − u C1' (t ), C 2' (t ) × (C 2 (t ) − C1 (t ))
∂t∂u

[
] [
= (1 − u )[C (t ), C (t ), (C (t ) − C (t ))] + u [C (t ),
= [C (t ), C (t ), (C (t ) − C (t ))]

]
(C (t ) − C (t ))]

= (1 − u ) C 2' (t ), C1' (t ), (C 2 (t ) − C1 (t )) − u C1' (t ), C 2' (t ), (C 2 (t ) − C1 (t ))
'
2

'
2

'
1

'
1

2

2

1

'
2

C1' (t ),

2

1

1

Notice that C1' (t ), C2' (t ) are not necessarily the unit tangent vectors, and clearly the same holds
for M. Q.E.D.
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This condition also means that the normal of the surface at the points C1(t) and C2(t) is the
normal of the plane that contains the line C1(t)-C2(t).
Our ruled surfaces will actually be between two polylines, in the form of triangle strips.

Definition 3: Triangle strip — A triangle strip is a sequence of triangles in 3D space where each
triangle shares an edge with its predecessor and a different edge with its successor, as in the
Figure 1.
If the strip is not closed, the first and last triangles are exceptions (they are incident on just one
other triangle). We will deal mostly with closed triangle strips, which have the topology of a
generalized cylinder (or generalized cone if one curve is degenerate). Thus we can define a
triangulated ruled surface (TRS) as follows.

Definition 4: Triangulated rule surface (TRS) — Consider a ruled surface S(u,t) defined by two
curves, C1(t) and C2(t), and let P1(t) and P2(t) be piecewise linear approximations to C1(t) and
C2(t), respectively. The TRS is the triangle strip that is a discrete approximation to S(u,t),
achieved by piecewise-linear interpolation between P1(t) and P2(t).

Figure 1. Example of a TRS
The class of developable surfaces is a subclass of the class of ruled surfaces [16], and as shown
in Lemma 1, a general ruled surface is not developable, and is typically hyperbolic (having
negative Gaussian curvature). However, due to their piecewise-linear structure, the TRSs we
generate are piecewise developable.

5
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In this work, we present an algorithm that creates a piecewise-developable approximation of a
given 3D polygonal mesh. The input is a 3D polygonal mesh M, and a tolerance value τ > 0 that
controls the approximation quality. The algorithm consists of three stages. In the first stage,
which may be considered a pre-processing stage, the mesh is segmented into meaningful
components. This segmentation is necessary only for complex meshes. Meaningful components
are frequently separated by sharp edges and edges with high curvature. If possible,
approximation with such segmentation leads to better results since it segments the model into
meaningful components that are connected at sharp areas with high curvature, approximating
these areas with developable surfaces will result in a large number of unnecessary strips. In the
second stage, each mesh component is approximated in 3D by a set of triangle strips with smooth
(non jagged) boundaries that guarantee a maximal error of τ from M. These triangle strips are
tessellations of generalized cylinders. The strip vertices are also assigned texture coordinates
derived from those of the mesh if they are supplied. In the final stage these strips are unfolded to
the plane, resulting in the final flat patterns, which may be cut and assembled from paper.

6
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2. Related Work
The quality of an algorithm that approximates a mesh by a set of developable surfaces can be
measured using the following criteria:
Error control and the number of generated strips. The algorithm should provide easy control
over the tradeoff between the number of strips generated and the accuracy of the
approximation. A large approximation error will result in a small number of strips, and viceversa.
Strip quality. The strips should be easy to cut and glue together. This means smooth boundaries
are preferable, and cutting and gluing hints should be supplied.
Automation. The algorithm should be as automatic as possible and the input parameters should
be as intuitive as possible. This includes the approximation error parameter, which should have
a geometric meaning.
Over the past few years, several results have already been obtained in this area. Julius et al. [10]
segmented a given mesh into compact charts by minimizing the length of the chart boundaries.
Their algorithm is greedy, trying to merge faces that fit best to the same part of a cone. It
produces non-developable patches of the original mesh polygons that can be flattened and
connected together only if distortion and stretching is allowed. Thus, this algorithm is not really
appropriate for non-stretchable material (e.g. paper). In terms of the criteria listed above, there is
no user control of the approximation, and there are several non-intuitive input parameters
involved.
Mitani et al. [18] proposed a strip-based segmentation that involves simplification of the model
and extraction of foldable strips. They segmented the model into several components as proposed
by Levy et al. [16], and then each component is cut into strips at several offset distances from the
component boundary. This method is appropriate for papercraft, but requires a few threshold
parameters that are not intuitive to the user. Moreover, there is no control over the approximation
quality, thus the difference between the original mesh and the approximation can be quite large.

7
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Finally, since each surface strip is approximated as a triangle strip whose boundaries consist of
mesh edges, these boundaries are jagged, making it harder to assemble from paper.
Shatz et al. [23] approximated the mesh by a set of cones and planes. As an initial stage they
assigned a plane to each face. A greedy iterative process then merges neighboring faces if they
can be approximated together by a part of cone or plane, such that the total error between the
faces and the approximation does not exceed the given tolerance. This method guarantees that
neighboring cones have a common boundary. As a result, analytical boundaries between the
cones are extracted, which ensures smooth boundaries.
The method of Shatz et al. works well, but it is limited to only cones and planes, a subset of the
class of developable surfaces. Consider a general cylinder with an elliptic cross-section. The flat
pattern developed by [23] for this cylinder will consist of many pieces while the original surface
is clearly developable. Shatz et al. employed a metric that is similar to the L2 norm in the sense
that it is the sum of the Euclidean distances between the mesh vertices and the approximating
cones. This means that the final result could introduce an arbitrarily large error in the L∝ sense.
This method also creates best-fit cones that approximate the original mesh. These cones are not
directly related to the mesh and not triangulated at all, thus deriving the correct texture
information from the model for the generated cones is not easy.
Kolmanic and Guid [13] approximated a mesh by a set of developable strips using given crosssection curves of the input. This method can handle only very simple inputs, and, in fact, was
primarily designed to approximate shoe shapes. It cannot handle models with complex geometry
or topology, or models containing holes. Further, it requires additional data input (the crosssection curves).
Approximation with developable surfaces has also been studied for approximation of freeform
geometry. Elber [7] proposed a method for approximating NURBs by a set of developable strips.
His work handled only a single surface patch (and hence simple rectangle topology), as opposed
to models with complex geometry and topology. Elber also used quite a loose upper bound on
the Hausdorff distance as an error approximation. This bound can be far from the true Hausdorff
distance, resulting in a much larger number of strips than necessary.

8
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Subag and Elber [26] presented a semi-automatic algorithm for approximating a general NURB
surface by piecewise developable surfaces that are envelopes of tangent planes along a set of
curves taken from the input surface. They proposed a method for globally bounding the
Hausdorff distance between the input mesh and the approximation by a given threshold.
Other work dealt with approximation and different representations of developable surfaces for
several purposes. Pottmann and Farin [21] investigated modeling developable Bézier and Bspline surfaces, Leopoldseder and Pottmann [15] approximated a given developable surface by
cone spline surfaces.
Several methods exist for flattening a general mesh into the plane, but they are not suitable for
our purposes since they apply stretching and distortion of the mesh that in general is not
developable. This makes them applicable to other applications such as texture mapping, mesh
editing and mesh compression, but not to ours. Sorkine et al. [25] presented an algorithm for
computing parameterizations with strictly bounded distortion. Their algorithm flattens the mesh
into a 2D plane and introduces seams by cutting the model in the plane if needed. The method
guarantees avoiding global and local self-intersections, while attempting to minimize the total
length of the introduced seams. Sheffer et al. [24] used an angle-based flattening approach that
produces parameterizations with low area deformation. This method generates zero-distortion
parameterization for developable surfaces, and minimizes shear when distortion is inevitable.
Work has been done on 3D model segmentation, but most of this is not appropriate for our
problem since these methods typically generate non-developable patches [2, 11, 12, 14, 17, 30,
31] Other segmentation work [19] identifies tubular surfaces of the mesh that can be easily
approximated with paper, but does not handle parts of the mesh that are not tubular. We use
segmentation methods as a preprocessing stage, preferring to segment the model into meaningful
components with smooth boundaries. There are several mesh segmentation algorithms suitable
for our purposes. We employed the methods proposed by Katz et al. [11] and Zhang et al. [31],
as we describe later.
We measure the approximation error by the maximal symmetric Hausdorff distance between the
input mesh M1 and the approximating surface M2:

9
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Definition 5:
The Hausdorff distance between two meshes M1 and M2, using the Euclidean norm, is

H ( M 1 , M 2 ) = max  max  min p − q 2 , max  min p − q 2  .
 q∈M 2  p∈M 1

 p∈M 1  q∈M 2
To the best of our knowledge there is no algorithm for computing the exact Hausdorff distance
between triangular meshes, however, we have designed an algorithm for calculating the exact
distance between wireframe models (calculating the distance between line segments). The
algorithm is introduced in the Appendix. In the absence of such algorithms for calculating the
exact Hausdorff distance between triangular meshes, some methods [1,3,9] approximated the
Hausdorff distance by sampling points on one mesh and calculating their distances from the
other. These methods apply different optimization techniques to reduce the time complexity of
the computation, which otherwise can be quite lengthy.
Sampling methods do not guarantee reaching the exact Hausdorff distance, and result in a
smaller distance. On the other hand, if the sample points satisfies the condition that for each
arbitrary point p on M1 there exists a sample point q such that | p − q |< α for a positive value α ,
then sampling methods guarantee an upper bound of an extra α to the exact Hausdorff distance.

~
Lemma: Let h be the approximation of the Hausdorff distance calculated by a sampling method
between two meshes M 1 and M 2 , while h is the exact Hausdorff distance between the meshes.

~
~
Then h < h < h + α , where α is defined as above.
Proof:
Suppose that the exact Hausdorff distance lies between two points: A on M 1 , and B on M 2 .
Take a sample point U on M 1 that is closest to A, and let V be the a sampled point on M 2 that is
closest to U. Let x be the distance between U and V (Figure 2).

10
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T
A

M1

U

x

h

M2

V

B

Figure 2. Haussdorff distance approximation
From the triangle inequality in the triangle VUA, it follows that UV + UA ≥ AV (*), and since
the distance between neighboring sample points is less than α , then UA < α (**). Since h is the
minimal distance between the point A and the other mesh, this implies AV ≥ h (***).
~
From the definition of the Hausdorff distance, it follows that h ≥ x (****).
Then:

~
h +α

≥

x +α

(****)

>
(**)

x + UA

≥

AV

(*)

≥ h .
(***)

Since h is the exact Hausdorff distance between the meshes, it follows from the definition of the
~
Hausdorff distance that h ≥ h .

~
~
Thus: h ≤ h ≤ h + α .
Q.E.D.
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3. The Approximation Algorithm
Our algorithm receives as input only two parameters: a 2-manifold mesh M, and a tolerance
value τ > 0. The output is a set of flat triangle strips (triangles that are not necessary part of the
input) that, when folded, are guaranteed to approximate M by a Hausdorff distance of less than τ.
The algorithm has three main stages:

Mesh segmentation: The input mesh M is segmented into meaningful components, typically
cylindrical in the topological sense. This stage is considered a preprocessing stage, and is applied
to complex inputs only. The rest of the stages are applied on each of the resulting components
recursively. The segmentation stage is described in detail in Section 3.1.

Mesh approximation: The mesh is approximated by a set of TRSs by a recursive refinement
process, which terminates when the Hausdorff distance between the approximation and the mesh
is less than τ. This is described in detail in Section 3.2.

Unfolding and merging: In this stage each 3D strip generated in the previous stage is unfolded
onto a 2D plane, while neighboring strips are merged if possible. This stage is described in detail
in Section 3.3.

3.1 Mesh Segmentation
Meaningful parts in a typical mesh M are frequently separated by sharp edges, with high
curvature. Attempting to approximate these sharp folds with developable surfaces will typically
result in an unnecessarily large number of small developable sheets. To achieve better results, we
segment the model into meaningful parts, and apply our approximation algorithm to each part
independently. Since the proposed scheme interpolates the boundaries, the end result will be a C0
continuous surface, despite the segmentation.
While not mandatory, the flat sheets should preferably have smooth boundaries. Since the
smoothness of these boundaries is influenced by the boundaries of the input mesh M and the
boundaries introduced by the segmentation algorithm, a good candidate for a segmentation
algorithm for our purposes is one that produces meaningful components with smooth boundaries.

13
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Figure 3. Segmentation into meaningful parts. Left: Results of [31] on a bird model. Right:
Results of [11] on a Dinopet model.
There are quite a few algorithms for mesh segmentation [2, 11, 12, 14, 17, 19, 30, 31] that
segment the mesh into meaningful components with smooth boundaries. We found that the
algorithms from [11, 31] are suitable since they segment models into meaningful parts that have
cylindrical topology with smooth boundaries; see Figure 3 for an example.

3.2 Mesh Approximation
We are now ready to approximate the input mesh M by a set of TRS’s with smooth boundaries,
while guaranteeing an approximation error of at most τ, measured by the Hausdorff distance
between the piecewise developable approximation and M.
The approximation algorithm is a recursive refinement algorithm, with four main steps applied
iteratively:
1. Two boundaries of M are extracted, as described in Section 3.2.1.
2. A TRS approximating M is defined between the two boundaries, as described in Section
3.2.2.
3. The Hausdorff distance δ between the TRS and M is calculated using the Metro tool [3].
4. If δ<τ, the TRS is adopted as an approximation to M and the algorithm terminates.
Otherwise, M is cut at the maximal (Hausdorff) error point into two parts, and the algorithm
is run recursively on each part. This cutting step is described in Section 3.2.3.
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3.2.1 Selecting approximating TRS boundaries
For a given mesh M, we seek two boundaries that are the most appropriate for serving as the
TRS boundaries that will approximate M. To provide reasonable approximations for the geodesic
distances between vertices (and boundary edges), the shortest path distance between all vertices
is computed using the Dijkstra algorithm [5]. Then the problem of selecting the two boundaries
is classified as one of the following cases:

Zero boundaries: If M is closed, we select as (degenerate) boundaries two vertices that present
the maximal geodesic distance among all pairs of the vertices of M.

One boundary: If M has one boundary, we select it as the first boundary and select the vertex
that presents the maximal Hausdorff distance from the first boundary as the second (degenerate)
boundary.

Two or more boundaries: In all the other cases, we consider all boundaries of M as candidates.
We also consider as candidates vertices that present the maximal Hausdorff distance from each
boundary. We employ several heuristics to select two best boundaries from the candidate set.
The first simply selects the two candidates that result in the best approximation (minimal
Hausdorff error) among all TRSs of all possible pairs of boundary candidates. While this first
approach is locally optimal, it is also very slow (because it constructs and evaluates the distance
for every possible pair of boundaries). A faster, but not optimal, scheme selects the two
boundaries that have the maximal geodesic distance from each other; see Figure 4 for simple
examples of these three cases.

Figure 4. Selection of TRS boundaries. The blue faces are the TRS’s that approximate the
mesh at the first iteration of our algorithm. Left: The pawn model is closed, i.e. has no
boundaries. Center: The bird’s head has only one boundary. Right: The body of the Dinopet
model has six boundaries.
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3.2.2 Building a TRS between two 3D polylines
Having selected two 3D piecewise linear (polyline) closed boundaries, we are now ready to build
a TRS that connects them as a piecewise-linear ruled surface. This essentially means finding a
correspondence between points on both boundaries, which can then be joined to form a triangle
strip.
In general, many ruled surfaces can be constructed between two 3-space curves, depending on
the correspondence between the points in the curves.
The

ruled

surface

between

two

curves

C1 (t )

and

C 2 (t )

can

be

written

as S (u, t ) = (1 − u )C1 (ξ1 (t )) + uC 2 (ξ 2 (t )) , where ξ1 (t ), ξ 2 (t ) are allowable changes of parameters
that yield a regular parameterization over the domain of t . Different parameterization functions

ξ1 (t ), ξ 2 (t ) result in different ruled surfaces.
Usually, the choice of the desired ruled surface is driven by optimizing a cost function related to
some property of the ruled surface. The property can be expressed as a function

F (t , u, C1 (ξ1 (t )), C 2 (ξ 2 (t )) ) depending on the curves C1 , C 2 and their parameterization

ξ1 (t ), ξ 2 (t ) .
The problem can be formulated as an optimization problem over the (u,t) parameter domain of
the ruled surface as follows :
1 1

min

ξ1 ( t ),ξ 2 ( t )

∫ ∫ F (t , u, C (ξ (t )), C
1

1

2

(ξ 2 (t )) )dudt ,

0 0

subject to ξ1 (t ), ξ 2 (t ) .
In our case, we have polylines that are piecewise approximations of the curves C1 ,C 2 , and thus
we need a discrete approach to solve the optimization problem.
Even with the existence of the curves, solving the above problem analytically depends on the
optimization objective F, which in general is non rational, and very difficult to solve. Moreover,
if it exists, it usually has local minima, whereas we are interested in a global one.
Let m be the number of points in the first polyline, and n the number of points in the second
polyline. Consequently, because each edge in a polyline is contained in exactly one triangle, the
resulting TRS will contain n+m triangles. Since each pair of triangles shares a common edge, and
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the TRS is closed, there will be n+m-1 correspondences (internal edges in the TRS) between the
polylines’ points. In the special case when the degenerate boundary is a single point, the number
of triangles and matchings will be max(n,m).
The above optimization problem can be transformed into a discrete problem by finding the best
correspondence (matching) between the polylines points that minimize the cost function, as
follows:
m + n −1

min
m + n −1

{ei }1

∑ W (e ) ,
i

i =1

where ei is the i'th matching between the polylines, and W is the discrete cost function that we
would like to optimize.
We now describe the general technique for solving the discrete optimization problem and
generating the TRS from the boundary polylines. Later we will describe a number of possible
cost functions.
We use a dynamic programming approach [4, 8], applied to a graph on a set of vertices that are
pairs of points from both polylines.
Assume the first polyline P has n points, {p0 , p1 ,...., p n−1 } , and the second polyline Q has m
points {q0 , q1 ,...., q m−1 } . A graph G is built as follows:
G = {V, E},
V = P×(Q∪{qm}), where qm = q0.

{
{(v, u ) | v, u ∈ V , v = { p , q }, u = { p , q

}

E = (v, u ) | v, u ∈ V , v = { pi , q j }, u = { p(i +1) mod n , q j }, i = 0...n − 1, j = 0...m Υ
i

j

i

j +1

}, i = 0...n − 1, j = 0...m − 1}

The graph is shown in Figure 5.
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p0

p1

p2

p n−2

p n −1

q0

q1
q2

q m −1
qm

Figure 5. A connectivity graph for two polylines
A vertex v = (pi,qj) denotes an edge between vertex pi in the first polyline and qj in the second
polyline. Each horizontal edge e = {vi , v j }, vi = { p k , q r }, v j = { p k +1 , q r } introduces an edge
( p k +1 , q r ) in the TRS and represents a triangle whose vertices are p k , p k +1 , q r . Each vertical
edge e = {vi , v j }, vi = { p k , q r }, v j = { p k , q r +1 } introduces an edge ( p k , q r +1 ) in the TRS and
represents a triangle whose vertices are p k , q r , q r +1 .
Each path of length m+n-1, covers all the vertices in P and Q , and defines a closed TRS.
Each edge ei , j = {vi , v j } is assigned a weight wi , j , which reflects the cost function we are trying
to optimize (discussed in the next section ). This reduces our problem to finding a path of
minimal weight starting at vertex (pi,q1) and ending at (pi,qm), where 0 ≤ i ≤ n − 1 . Since q0 =qm,
we are guaranteed to cover all the points of P and Q.

Because the polylines are closed, we check all possible paths from vertex (pi,q0) to (pi,qm),
i=0,..,n-1, and select the one with the minimal cost among all TRS’s that connect the two
boundaries. Finding the minimal cost path between a vertex and all other vertices in a graph
having V vertices and E edges has a complexity of O( |E| + |V|log(|V|) ) using the Dijkstra
algorithm [5]. Finding the minimal path in our case can be done with less complexity since the
graph in our case for each vertex is a DAG (direct acyclic graph). We apply topological sorting
on the graph [5], and then use dynamic programming in the standard manner [4, 20] to find the
18
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minimal cost path, which has the complexity of O(|V|+|E|). In our case, the number of vertices is
nm and the edges have the same complexity as the vertices, so the time and space complexity of
finding the path with minimal cost is O(mn).

For the minimal cost path found, we construct the TRS by traversing the path and constructing a
triangle for each edge. If the boundaries of the TRS are polylines that are part of the mesh having
texture coordinates, these texture coordinates are assigned to the vertices of the TRS. Thus the
texture coordinates in the TRS triangles are linear interpolations of the texture coordinates of the
boundaries taken from the mesh.

Using different cost functions in the optimization problem result in different TRSs connecting
the two boundaries. Below we list several suitable cost functions, each optimizing a different
property:

1)

Minimal normal twist:

The objective here is to minimize the difference between the normal vectors between connected
vertices from both boundaries.

If vertex pi of the first boundary and vertex qj of the second boundary are connected (i.e., they
are vertices in some triangle in the TRS), one can approximate the unit normal at point pi as:

n pi =

( p i − q j ) × d pi
( p i − q j ) × d pi

,

where dpi is the tangent vector of C1 at pi. Similarly, one can approximate the unit normal at qj as:

nq j =

( pi − q j ) × d q j
( pi − q j ) × d q j

.

The tangent vectors dpi and dqj can be approximated as the tangents of the quadratic polynomial
that interpolates the boundary points neighboring pi and qj, respectively [29]. The weight
assigned to the edge connecting vertex pi in the first polyline and qj in the second polyline is

1− < n pi , nq j > . The two edges that enter the node (i,j) are assigned this weight.
The twist is minimized by minimizing the total difference between these normal vectors, or for a
given path L, minimizing
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∑ (1− < n

( pi , q j )∈L

pi

)

, nq j > .

As the number of points in the polylines increase, this condition of minimal twist converges to
the condition for developability of a ruled surface mentioned in Lemma 1, which means a
common tangent plane between corresponding points along the ruling line. This will result in a
TRS that approximates the ruled surface having maximal developability among all the ruled
surfaces connecting the smooth curves that the boundaries of the TRS approximate.
The limit surface that the generated TRS converges to is the ruled surface which is the most
developable surface among all the ruled surfaces between the two limit curves of the boundary
polylines.
2)

Minimal bending energy:

The folding process of the flat layouts of the unfolded TRS can be viewed as a process of
bending the paper sheet along the TRS edges (that connect vertices of the two boundaries).
Theoretically, the TRS is developable because of its piecewise linear structure, and because it
can be always flattened and folded back; however, in practice it is hard to bend the paper,
especially when the density of these bending lines are high.
An objective of the cost function here is to minimize the amount of bending of the TRS,
following the suggestion in [27] and [29] of minimizing the bending energy of the triangles.
The bending energy is defined as follows:

Figure 6. Calculating the bending energy (from Wang et al. [15])
Suppose triangle q j −1 q j pi lies in the XY plane. The bending energy of the next triangle q j q j +1 p i
is defined as:
U=

A sin 2 θ
,
L2
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where A is the area of the triangle q j q j +1 p i , L is the projection of the segment pi q j +1 in the XZ
plane, and θ is the angle between the L and X axes. U is the weight of the edge in the graph G
that defines these triangles.
The difference in this case is that the weight changes dynamically according to the path, and the
weight of an edge depends on its previous edge in the path. When this happens the approach of
finding the minimal cost path using dynamic programming described above will not work.
Nonetheless, it can be solved easily, as proposed by [29], by building a dual-layered-graph as an
extension of the above connectivity graph. The connectivity graph can be changed to a duallayered-graph by replacing each node with two nodes. The first node can be reached by a
horizontal edge only from the previous nodes, and the second node can be reached by a vertical
edge only from the previous node, as illustrated in Figure 7.

Figure 7. Multi-layer connectivity graph
Using a dual-layered-graph enables us to utilize the dynamic programming described above to
find the optimal TRS with minimal bending energy.
Figures 8,9,10 compare the TRS’s generated for the minimal-twist and minimal-bend cost
functions on several models, The same approximation error is used in both cases for each model.
In each of these examples, the same number of strips is generated for the same error. This
indicates that there is no significant difference in terms of accuracy between the approximations
using the different cost functions.
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The differences between the cost functions can be seen in the generated strips structure. They
have quite different triangulations. When minimizing the bending energy, most areas of the TRS
are flat, while there are a few areas with high curvature, which globally results in a minimal
bending energy. When minimizing the twist, the generated TRS tends to be more convex locally,
avoiding results with high curvature, and providing the best visual matching between the TRS
polylines.
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Minimal normal twist

Minimal bending energy

Figure 8. Cost functions comparison – Bird model. Top to bottom: original mesh,
approximation, and final flat strips
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Minimal normal twist

Minimal bending energy

Figure 9. Cost functions comparison – Fish body model. Top to bottom: original mesh,
approximation, and final flat strips
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Minimal normal twist

Minimal bending energy

Figure 10. Cost functions comparison – Dinopet neck model. Top to bottom: original mesh,
approximation, and final flat strips
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3.2.3 Splitting the mesh
At each iteration of the approximation algorithm, if the approximation error between the TRS
and M is larger than τ, M is split into two pieces and the algorithm recursively approximates
each of the two pieces. Only one exception exists to this rule. When M contains internal
boundaries, the split is always made at these internal boundaries at the end of the process,
seeking a cylindrical topology regardless of the error.
Recall that we require M’s cut to be smooth. To obtain this, we seek to define a continuous
smooth monotonic function f over the mesh, such that f is constant and obtains its minimum on
the first boundary of the approximating TRS, and its maximum on the second TRS boundary.
We use the family of harmonic functions. A harmonic function is a twice continuously
differentiable function f: U  R (where U is an open subset of Rn ), which satisfies Laplace’s
equation everywhere on U : ∇ 2 f = 0 .
A harmonic function f has two important properties:
1)

Maximum property: f obtains its maximum and minimum on the boundaries of its
domain; if the domain is connected, then f cannot have local a minimum or maximum
inside the domain.

2)

Mean value property: the value of f at an interior point p is some average of its values on
the neighboring points located on the surface of a ball centered at p.

The first property guarantees monotonicity while the second guarantees continuity. A well
known harmonic function that can be applied is the electric potential field function ϕ between
two boundary values. By emulating a potential field obeying the Poisson equation (and Laplace’s
equation in the interior), ϕ is continuous and monotonic between the two boundaries and on the
entire mesh M, satisfying the given boundary conditions. Without lose of generality, assign the
value ϕ =0 to all vertices of the first boundary and ϕ =1 to all vertices of the second boundary.
The potential function ϕ at every vertex vi should satisfy:
(3)

∑

v j ∈Neigh ( vi )

ϕ (v i ) − ϕ (v j )
Rij

= 0.
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where Rij is the “resistance” of the edge (i,j). Applying the last formula for each internal vertex
gives a set of N equations where N is the number of the vertices, and the variables are the
values of ϕ (vi ) for each vertex vi ; a special case for boundary vertices, where the value is
known (0 or 1).
These equations can be written in a matrix form as follows: Ax = b ,where A is a square matrix
of N rows and columns.
The values of the matrix at entry

are: a i , j

1

 ∑ R
vk ∈neigh ( vi ) ik
1

= −
Ri , j


0



(i, j )

where vi is not a boundary vertex





(i ≠ j ) ∩ v j ∈ Neigh(vi ) , and for a boundary vertex vi the entries are:

(i ≠ j ) ∩ v j ∉ Neigh(vi )


i= j

1 i = j 
ai, j = 
 and the unknowns in the vector x , where xi ≡ ϕ (vi ) . The b vector elements
0 else 
1
are: bi = 
0

vi ∈ sec ond boundary 

else


The properties of matrix A :
Definition: Given a matrix A , its directed graph G ( A) is constructed as follows: Let
p 0 , p1 ,..., p n be n distinct points (nodes) in the plane. Then for every element in the matrix
a i , j ≠ 0 , construct a directed edge that connects nodes p i to p j .

Definition: A graph G, is strongly connected if it contains a directed path from u to v for every
pair of vertices u,v.

Definition: A matrix A is reducible if ∃P , a permutation matrix, such that PAP T is of the form

A
PAP T =  11
0

A12 
 and A22 is of size k × k where 1 ≤ k ≤ n , otherwise, A is irreducible.
A22 
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n

Definition: A matrix A is diagonally dominant if a ii > ∑ aij , ∀i : 0..n , and if a weak
j =0
j ≠i

inequality (

) is used, then it is called weakly diagonally dominant.

Definition: If an irreducible matrix is weakly diagonally dominant, but in at least one row (or
column) is strictly diagonally dominant, then the matrix is irreducibly diagonally dominant

Theorem: A square matrix A is irreducible ⇔ G ( A) the directed graph of A is strongly
connected [22].
Since the matrix represents a connected mesh, there exists a path between each two vertices. This
means that the directed graph of the matrix A , G ( A) , is strongly connected, and thus by the
theorem above, it is irreducible.
The matrix A is also irreducibly diagonally dominant, since it is irreducible and the values at the
n

diagonal satisfies a ii = ∑ a ij for row i such that the vertex vi is an internal vertex, and strict
j =0
j ≠i

n

inequality holds for row i when vi is a boundary vertex since then a ii = 1 > ∑ a ij = 0 .
j =0
j ≠i

Theorem: If a square matrix A is irreducibly diagonally dominant, then it is non-singular [22].
The matrix A is sparse since it represents a 2-manifold mesh. We solve the system Ax = b with
an efficient sparse matrices linear solver TAUCS [28] that solves the system using factorization
methods for linear systems such as the QR and LU factorization methods. Since A is irreducible
and diagonally dominant, we know from the theorems above that it is non-singular; thus the
system Ax=b has a unique solution.
We can use other weight functions (each edge is assigned a weight), as long as they satisfy the
following constraints:

1)

wi , j should be symmetric, i.e. wi , j = w j ,i .
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2)

wi , j should be monotonically decreasing with the length Li , j of the edge (vi , v j ) , i.e.

wi , j ∝

1
.
Li , j

Then, the linear equation system, which the function ϕ on each internal vertex vi of M should
satisfy is:

∑w

ij
vi ∈Neigh ( v j )

(ϕ (vi ) − ϕ (v j )) = 0 .

A good weight function we used for wij is the standard cotangent weights [20] of the Laplacian
operator on a manifold 3D mesh. Here this is wi , j = ctg (α ) + ctg ( β ) , where α and β are the
angles that face the edge (vi , v j ) in the triangles that share this edge in M.
vi

β

α

vj

Figure 11. Contangent weight angles
We compute a smooth cut through the point that presents the maximal Hausdorff error (as
computed in the previous stage) by using the iso-contour of f determined by the value of f at that
same maximal error location. This requires cutting the mesh along edges, which is done by
introducing new vertices. These new vertices are then assigned texture coordinates by linear
interpolation of the texture coordinates of the original neighboring vertices. A triangle is cut and
split into a maximum of three triangles as in Figure 12:
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Figure 12. Cutting through triangles

Figures 13-15 present examples of the potential field computed on a mesh, where the color
indicates the potential value, red for minimal value, and green for maximal value.

Figure 13. Splitting the Dinopet nick mesh. Left: The potential field colored from red to
green. Right: The result of the cut at the maximal error after one step of the algorithm.

30

Technion - Computer Science Department - M.Sc. Thesis MSC-2008-01 - 2008

Figure 14. The potential field. Left: The potential field. Right; Iso-contour lines of constant
potential difference; each line/loop connects all the points having the same potential.
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Figure 15. The potential field. Left: The potential field. Middle: Iso-contour lines of constant
potential difference; each line/loop connects all the points having the same potential. Right:
Wireframe model with iso-contour lines.
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3.3 Unfolding the TRS
As the final stage, the 2D strips are generated by unfolding the TRS created in the previous
stage. Later, neighboring strips can be merged if possible, as described in Section 4.
The unfolding algorithm is simple due to the TRS structure. For each TRS we take the first
triangle and project it onto the plane, preserving the edges lengths, such that edges that are not
shared with the TRS boundary lie on the X axis. For the other triangles, each triangle is laid in
the plane relative to its predecessor, preserving the direction and the distance between the
triangles vertices and the common edge of neighboring triangles.
Calculating the distance between two neighboring 3D triangles:

B

P
P'
C

A

Figure 16. Triangle unfolding
To reconstruct the triangle APB in the plane after constructing the triangle ABC , it is sufficient
to know the length of the segment P ' A , and the height of the triangle APB on the edge AB .
These can be computed from the 3D triangles as follows:

P' A =

PA, AB

and

AB
PP ' =

PA × AB

.

AB

Since the patterns could globally self-intersect in the plane, at each step of the unfolding we
check whether the current triangle projected onto the plane intersects previously projected
triangles. If so, a new triangle strip is initiated. This rarely happens, yet an example of such a
case can be found in the house pattern below (see the roof’s thickness strip).
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Figure 17. House model
3.4

A summary of the algorithm

The following algorithm returns a set of TRS’s that approximates the input mesh M up to a
Hausdorff distance error of τ:

ApproximateMesh (M, τ)
1. [boundaryA, boundaryB]  extractBoundaries(M );
2. ApproxTRS  buildTRS(boundaryA, boundaryB);
3.

If (No Internal boundaries in M and
HausdorffDistance(ApproxTRS, M) < τ )
return(ApproxT);
else
[MeshA, MeshB]  split M into two
meshes at the internal boundary/
the maximal error location;
Return

ApproximateMesh(MeshA, τ) Υ ApproximateMesh(MeshB, τ);
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4. Extensions
It is important that the boundaries of the generated strips be smooth (i.e. non-jagged) to make it
easy to glue and/or assemble the strips together. We added the following features to ease the
cutting, gluing and assembly processes:

Cut lines control. The user can ask the system to mark the cut line of each triangle strip. This
helps to ensure a continuous cut line along the mesh approximation. An example may be seen in
Figure 24.

Intersection curves. We enable drawing of the intersection curve between different parts of the
model. This information is needed so connected components can be glued together.

Figure 18. Intersection curves (red)
Connectivity information and tabs. In the unfolding stage, connectivity information between the
strips is calculated (which strips are connected and where), and tabs that reflect this information
are added as an offset of the strips’ boundaries; see the colored tabs in the pawn example in
Figure 27. The colors serve as connection hints. The tab of a strip boundary should match the tab
in the neighboring strip boundary having the same color.

Feature lines. Additional feature lines where the curvature is high are extracted and marked on
the 2D strips. These feature lines should be used as hints of where to bend when assembling the
strips.

Figure 19. Feature lines. Left: 3D model. Right: Flat layout.
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Merging neighboring strips. We check if pairs of flat strips have an identical common planar
boundary, up to rigid motion, and if so, merge them into one strip if possible. This should not
happen for a mesh that does not have internal boundaries, because our algorithm cuts the mesh at
the maximal error point at each iteration. Thus, neighboring strips cannot belong to the same
TRS, implying that their flat strips cannot have common boundaries.

Nonetheless, these situations are possible with meshes containing internal boundaries (holes). In
this case and regardless of the error, we first split along all the internal boundaries, even if the
neighborhood can be approximated by a single TRS with holes.

Consider the cylinder with two holes on the left-hand side of Figure 20. One piece of paper
(right-hand side of the figure) is sufficient to build this cylinder, but because the cylinder
contains holes, the algorithm will generate three strips, as in the center image of Figure 20. The
flat versions of these three 3D strips have common boundaries, and can be merged into one flat
strip, as in the right-hand side of Figure 20.

Figure 20. Meshes with internal boundaries. Left: Input model of cylinder containing
two holes. Center: Result of algorithm – three strips are generated. Right: The final
approximating strip after unfolding and merging neighboring strips.
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5. Experimental Results
In this section we present some results of our algorithm run on several mesh models. We show
the original mesh, the approximation result as a 3D mesh, and the final flat strips. In a few
examples, the original mesh is color-coded to indicate the error between the mesh and its
approximation. Red regions represent the largest error whereas green regions depict very small
error and blue depicts intermediate-size error. Feature lines are marked as dashed lines, the
projections of intersection curves between strips are drawn in red, and cut lines are drawn in
blue. In some models a physical papercraft model was constructed from the layouts. Table 1 lists
the model attributes, the number of generated strips and the runtimes of the algorithm on a 3
GHZ machine with 1MB RAM. Our implementation was written in C++ in the Windows XP
environment. Approximation error was measured as a percentage of the largest dimension of the
model bounding box.

Model
Whale

Figure

num faces

Approx error (%)

Num flat strips Time (sec)

26

11,034

5

8

39

2

20

63

Fish

23

6,380

2

22

55

Flamingo

22

8,951

2

30

142

Rex

28

8,694

2

37

52

Teapot

29

26,820

2

20

98

Eight

31

1,536

2

16

20

Me262

25

2,508

5

24

11

Bird

24

3,000

5

7

8

2

15

13

Dinopet

30

3,999

2

41

21

B58

32

10,568

2

46

35

Pawn

27

304

1

17

6

Table 1: Results of our algorithm on a number of 3D mesh models.
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The behavior of our algorithm may be observed through these examples. First, Figures 22, 23,
26, 28, 29 and 32 show how the texture coordinates are computed properly and inherited by the
flat 2D strips. The flamingo model results in several boundaries that must be considered, thus the
selection of the TRS consumes more time. The advantages of using the TRS are evident in
several examples, e.g. b58 and me262 in Figures 32 and 25: most of the parts of the b58 and
me262 are approximated by just one strip, as the surfaces are (almost) developable. Methods that
are restricted to using cones and planes are likely to approximate these surfaces by several planeor cone-parts.

Our algorithm can handle complex meshes such as the Dinopet in Figure 30 and the
Tyrannosaurus Rex in Figure 28. The algorithm is also capable of handling meshes with nontrivial topology such as the Figure Eight model in Figure 31, whose triangle strip structure is also
shown. Figure 21 illustrates various stages of the approximation process for the Figure Eight
model.

The smoothness of the boundaries and other algorithmic features such as feature lines, cut lines
control, and connectivity information make it easier to connect and assemble the strips. The
layout of the 2D strips in our examples reflects the 3D approximation. This was simple to
achieve using the connectivity information, and controlling the cut lines’ position.
Different values of the approximation tolerance τ lead to different results, as can be seen in the
bird and whale models in Figures 24 and 26. A large tolerance will result in a less accurate
model, but with a smaller number of strips. While the pattern still reflects the shape and the
texture of the original mesh, a tighter τ yields a more accurate result at the price of more strips.

The smooth boundaries, the approximation quality control and the automation of our algorithm
gives it clear advantages over the method of Mitani et al. [18] that is not automatic, creates
jagged boundaries and does not provide control over the error and the approximation quality.

Using a larger family of developable surfaces creates a clear advantage over the method
proposed by Shatz et al. [23]. This is demonstrated in Figures 35 and 36. To make the
comparison with [23] fair, in these examples we employed the error metric used in [23] (the
square sum of distances of the original vertices from the approximation result). In the Dinopet
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example (Figure 35), our algorithm generates 50 strips with an error of 4.9% with smooth
boundaries, while the algorithm of Shatz et al. [23] generated 61 strips with a comparable error.
With 60 strips, our algorithm approximates the shape with an error of 3.7%. In the Venus
example (Figure. 36) our algorithm results in 32 strips with an error of 4.5%, while the algorithm
of Shatz et al. [23] results in 39 strips with an error of 5%.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 21. Approximation of the Figure Eight model. (a) Since the mesh is closed, the
first approximation is built between the two vertices having maximal geodesic distance.
(b) The mesh is split at the maximal error and two sub meshes are created, each having
two boundaries (c)+(d) Each sub-mesh from the previous stage has more than two
boundaries; the best approximating TRS is chosen. (e) The Hausdorff distance on the top
and bottom parts of the model do not exceed the specified threshold (2%). (f) Other parts
with error exceeding the threshold are further approximated.
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Figure 22. Flamingo model. Left to right: Input mesh. Approximation with 2% error.
Color-coded approximation error. Final flat strips. Physical papercraft model.

Figure 23. Fish model. Top left: Input mesh. Top right: Approximation with 2%
error. Bottom left: Final flat strips. Bottom right: physical paper-craft model.
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2%

5%

Figure 24. Bird model. Left to right, top to bottom: Approximation with 2% error.
Color-coded error map. Flat strips. Approximation with 5% error. Color-coded error
map. Flat strips. Physical papercraft model.

Figure 25. Me262 model. Left to right: Approximation with 5% error. Color-coded
error map. Flat strips.
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2%

5%

Figure 26. Whale model. Top to bottom, left to right: Input mesh. Approximation
with 2% error. Color-coded error map. Flat strips. Physical papercraft model
Approximation with 5% error. Color-coded error map. Flat strips.
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Figure 27. Pawn model. Top left: Approximation with 1% error. Bottom left; Colorcoded error map. Top right: Physical papercraft model. Bottom right: Flat strips with
tabs.

Figure 28. T-rex model. Left to right: Input mesh. Approximation with 2% error.
Flat strips.
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Figure 29. Teapot model. Top left: Approximation with 2% error. Bottom left: Colorcoded error map. Top right: Physical papercraft model. Bottom right: Flat strips.

Figure 30. Dinopet model. Left to right: Approximation with 2% error. Color-coded
error map. Flat strips.

44

Technion - Computer Science Department - M.Sc. Thesis MSC-2008-01 - 2008

Figure 31. Figure Eight model. Left to right: Approximation with 2% error. Colorcoded error map. Flat strips with triangles marked.

Figure 32. B58 model. Left to right: Input mesh. Approximation with 2% error. Final
flat strips. This model is built mainly from cylindrical components approximated by a
small number of TRS. The intersection curves and feature lines are realized in this
example.
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Figure 33. Knot model. Left to right: Approximation with 2% error. Color-coded
error map. Flat strips with triangles marked.

Figure 34. Vase model. Left to right: Approximation with 2% error. Color-coded
error map. Flat strips with triangles marked.
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Figure 35. Comparison with Shatz et al. [23]. Top to bottom, left to right: Input
dinopet mesh. Output of our method with an error of 4.9%. Flat strips. Output of
Shatz et al. with an error of 5%. Their flat pieces.
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Figure 36. Comparison with Shatz et al. [23]. Top to bottom, left to right: Input
Venus mesh. Output of our method with an error of 4.5%. Flat strips. Output of Shatz
et al. with an error of 5%. Their flat pieces.
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6. Conclusions
We have presented a scheme to approximate an arbitrary 2-manifold 3D mesh using
piecewise developable surfaces with a global error bound. No distortion in the created
flat pattern was allowed, making it an ideal solution for papercraft and any such nonstretchable material.

Efficient computation of the exact Hausdorff distance between two meshes is an open
question and its answer will allow one to provide sharp bounds on the error parameter
used in this work – τ. We are currently looking into this issue.

Our algorithm could be adapted to handle smooth freeform surfaces, synthesizing
smooth boundary curves (i.e. C1 or better), to yield smooth ruled surfaces. Finding
the proper matching between the two boundaries to yield a C1 developable sheet, if
one exists, is still an open question. Moreover, the Hausdorff distance computation
between two freeform surfaces is a necessary building block for such an extension.

The scheme can be extended to be more general and suitable for approximating with
material other than paper. The change when moving to a different medium will only
be in calculating the error between the approximation and the original mesh, which is,
in the case of our paper approximation, measured as the Hausdorff distance since no
stretching and distortion are allowed. In other material that allows stretching and
distortion is used, the error function should be less restrictive. In such cases the
algorithm should also provide more assembly hints that should include stretching
information.

As an example, the error metric suitable for isotropic materials that allow stretching of

ε in all directions can be considered as the optimization problem of minimizing the
Hausdorff distance between the approximation and the mesh, where each mesh vertex
can be moved within a sphere of radius ε centered at the vertex.

Other methods for selecting the TRS boundaries may be considered, as the current
one always tries to construct the TRS between two closed boundaries of the model (or
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points in the degenerate case), and always takes the entire boundary as the TRS
boundary. Consider a case where the mesh is a half cylinder that is cut along its crosssection. In this case the mesh has one boundary, and the algorithm will approximate it
by several strips, and will start with building a TRS between the mesh boundary and
other internal points in mesh, while it is clear that the mesh is developable.
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Appendix

Calculating the one sided exact Hausdorff distance
between a line segment and a triangular mesh.

We need to check the continuous distances of all the points on the line segment to the
mesh triangles, and take the maximal distance.
A segment L = [a,b] (a, b are 3D-coordinates) can be represented as L: a + t ⋅ (b − a ) ,
such that t ∈ [0,1] . The function of the distance between the segment L and a triangle
T is a piecewise quadratic function.

t =1
L

t=y
q
t=x

q
T

t=0

p

Figure 37. Line segment – Triangle distance

The distance between the line segment L and the triangle T can be treated as a
distance between appropriate line segments from L and T, possibly one segment lies
inside T ( pq segment in Figure 37 ) and the others are located on the triangle
boundaries. The square of these distances is a piecewise quadratic function.
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Then the algorithm is as follows:

OneSidedHausdorffDistance(LineSegment L, Mesh M )
0.

L_DistanceFunction  initialize empty distance function

1.

foreach triangle T ∈ M do
1.1-

L_DistanceFunction  Lower envelope of L_DistanceFunction with
Distance(L,T)

2.

HausdorffDistance = maximum value of L_DistanceFunction.

3.

return HausdorffDistance.

Two issues need clarification

•

Step 1.1-1: Intersection between distance functions:

At each step of the iteration Distance(L,T) is at most a 3-piece-wise quadratic
function in the domain [0,1] and L_DistanceFunction is also a piece-wise
quadratic function in the domain [0,1]

Example:

dis tan ce − Value

New Dis tan ce( L, T )

Current
L _ Dis tan ceFunction

0

1

Figure 38. Distance function calculation
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t

Then the new L_DistanceFunction will be:

Figure 39. Distance function - final lower envelope
•

Ccalculating the maximum of the L_DistanceFunction (Step 2) :

The maximum can occur at an intersection point only between the quadratic
pieces. This is because quadratic segments are always convex (positive second
derivative); thus the distance function has no local maximum, but only a local
minimum.
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בשלב הראשון ,שנחשב לשלב מקדים ,מחלקים את המודל לתת-חלקים ,וממשיכים לעבוד על כל תת-
חלק בנפרד בשלבים הבאים .החלוקה המתאימה לנו היא חלוקה המפרידה בין חלקים בעלי משמעות
במודל )למשל ידיים ,רגליים ,גוף .(... ,חלקים אלה יש להם בד"כ טופולגיה של גליל )אלגוריתם הקירוב
מטפל במשטחים אלה בצורה טובה( ,ובד"כ הם מחוברים ביניהם בשפה בעלת עקמומיות גבוהה .נסיון
לקרב מודל מלא בעזרת משטחים פריסים )בעלי עקמומיות  ,(0יוביל ,בדרך כלל ,למספר גדול )ומיותר(
של משטחים.
אין צורך להפעיל שלב זה עבור מודלים בעלי טופולוגיה של גליל ,והוא מופעל רק עבור מודלים
מסובכים .כיום ישנם מספר רב של אלגוריתמי סגמנטציה של מודלים .בחלק מהדוגמאות השתמשנו
באלגוריתמים המתוארים ב [11, 31]-כיוון שהם מחלקים בצורה טובה את המודלים לחלקים עיקריים,
עם גבולות חלקים.
בשלב השני מקרבים את המודל ) Mאו חלקים שלו שהתקבלו בשלב הקודם( ,ע"י קבוצת משטחים
פריסים בחלקים המיוצגים כרצפים של משולשים ,והמבטיחים מרחק האוסדורף של  τלכל היותר מ.M -
הסכימה הכללית של האלגוריתם היא רקורסיבית ועובדת באופן הבא :בכל שלב בונים משטח מקרב
למודל המחבר שני קצוות של המודל )קיימים מספר משטחים כאלה ,הבחירה של משטח ספיציפי תלויה
במזעור פונקציית מחיר מסויימת( .אם הקירוב אינו מספיק טוב )השגיאה בינו ובין המודל המקורי גדולה
מ (τ -חותכים את המודל לשני תתי-מודלים ומקרבים באופן רקורסיבי כל אחד מהם .ע"מ להבטיח חתכים
חלקים ,מגדירים פונקציה הרמונית על המודל המקבלת מינימום בקצה אחד ומקסימום בקצה השני,
וחותכים בנקודות שוות פוטנציאל בערך של הנקודה בה מתרחשת השגיאה המקסימלית .החתך לא עובר
בהכרך בנקודות של המודל המקורי ,ולרוב חותכים את המשולשים של המודל ומגדירים נקודות חדשות
בנקודות החיתוך .הנקודות החדשות מקבלות ערכי טקסטורה כשילוב לינארי של הערכים של הנקודות
השכנות.
בשלב השלישי והאחרון ,פורסים כל משטח מהמשטחים שהתקבלו בשלב הקודם למישור ,ומאחדים
משטחים שכנים אם הם מתלכדים בקצוות במישור .לחלקים הסופיים מסופקים הנחיות ורמזים העוזרים
להקל בשלב ההרכבה.
לסיכום ,בעבודה זו מציגים אלגוריתם אוטומטי לקירוב מודלים פוליגונליים כלליים ע"י משטחים
פריסים בחלקים שהם חלקים של גלילים מוכללים המיוצגים כרצף משולשים ,שאינם בהכרח
משולשים של המודל המקורי .האלגוריתם אוטומטי ,מאפשר שליטה על שגיאת הקירוב ,ומייצר
משטחים בעלי גבולות חלקים ,כאשר הטקסטורה והצבע של המשטחים המתקבלים מוכתבים מהמודל
המקורי.
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קיימות היום מספר שיטות לקרב מודל ע"י קבוצת משטחים פריסים .באחת השיטות ] [18מקרבים את
המודל ע"י סדרה של רצפי משולשים ,משטח המורכב מרצף משולשים הוא משטח שאין בו נקודות
פנימיות ,והוא בנוי מסדרה של משולשים עוקבים ,כך ששני משולשים שכנים אמ"מ הם עוקבים.
לשיטה זו מספר חסרונות .החסרון הראשון הוא שאין שליטה על שגיאת הקירוב ,ומספר החלקים
המיוצרים לא ניתן לשינוי .החסרון השני הוא שהחלקים הנוצרים אינם חלקים ויש להם גבולות
רועשים ,מה שמקשה את הרכבתם ,זה נובע מכך שהגבולות של החלקים הן נקודות של המודל המקורי.
חסרון שלישי הוא שהשיטה איננה אוטומטית לחלוטין ,והיא דורשת מספר פרמטרים שאין להם
משמעות ברורה.
בשיטה אחרת ] ,[23מנסים להתאים חלקים של קונוסים ומישורים )משפחות ידועות של משטחים
פריסים( למודל המקורי .לשיטה זו יש שליטה וחסם על שגיאת הקירוב ,והחלקים הנוצרים חלקים,
אולם ,לשיטה זו מספר חסרונות .החסרון הראשון הוא ששגיאת הקירוב נמדדת כסכום המרחקים
בריבוע של נקודות המודל המקורי מהקירוב .מדד זה אין לו משמעות גיאומטרית אינטיאוטיבית ,כך
שתוצאת הקירוב יכולה להיות שונה משמעותית מבחינה ויזואלית .חסרון שני הוא שמשתמשים רק
בקונוסים ומישורים כאבני בניין לקירוב ,ומשפחה זו היא משפחה מאד מצומצמת של משטחים
פריסים .אילוץ זה יכול להוביל למספר גדול יותר של משטחים מקרבים בתוצאה.
הקירוב צריך להתאים למודל המקורי ככל האפשר ,ולרשת את התכונות שלו כגון טקסטורה וצבע .בכל
השיטות הקיימות עד עכשיו ,מידע לגבי הטקסטורה של המודל לא מועבר הלאה למודל הקירוב.
במחקר זה אנו משתמשים במשטחים שהם תת-משפחה גדולה של כלל המשטחים ,וזאת משפחת
ה  .ruled surfacesמשטחים אלה הם משטחים הנוצרים ,למשל ,כקומבינציה ליניארית של שתי
עקומות במרחב .משפחה זו מכילה את כל משפחת המשטחים הפריסים ,ואולם משטח ממשפחה זו אינו
בהכרח פריס .אנחנו מייצגים את המשטח כרצף משולשים המחבר שתי עקומות פוליגונליות במרחב,
ולכן מכיוון שרצף המשולשים תמיד פריס בחלקים ,והמשטחים שנבנים )שמשמשים כאבי בניין
לקירוב( הם תמיד פריסים בחלקים.
האלגוריתם המוצע מקבל כקלט משטח )פוליגונלי(  Mוערך חיובי  τהשולט על שגיאת הקירוב,
ומוציא כפלט קבוצת משטחים )כל משטח מיוצג כרצף משולשים( המקרבים את  Mבשגיאה מקסימלית
לא גדולה מ  .τהשגיאה נמדדת כמרחק האוסדורף ) (Hausdorffבין הקירוב והמודל המקורי .מטריקת
האוסדורף מאד נפוצה להערכת מרחקים בין אובייקטים ותמונות ,ויש לה משמעות גיאומטרית
אינטיאוטיבית.
האלגוריתם מורכב משלושה שלבים:
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תקציר המחקר
מידול בעזרת מחשב הינו אחד הכלים החשובים ביותר בתעשייה המודרנית .לפני שלב הייצור נעשה
שימוש בכלים ממוחשבים ע"מ לבנות ולעצב מודל גיאומטרי תלת-מימדי של המוצר .קיימות מספר
שיטות שונות להשגת מטרה זו .בתחומים רבים של התעשיה המשתמשים במשטחים מישוריים של
חומרים הניתנים לכיפוף ,מנסים לחשב ייצוג דו-מימדי של המשטח התלת-מימדי שמייצג את המודל
של המוצר ,שיהיה אפשר בשלב הייצור להשתמש במשטחים מישוריים ע"מ להרכיב בחזרה את המודל
ע"י פעולות של כיפוף ,קיפול והרכבה של משטחים אלו .פרדיגמת ייצור זו נפוצה מאד בתעשיית
האוניות ,המטוסים ,הביגוד ,הנעליים וכדומה .אחת הבעיות בשיטה זו היא שרוב המודלים אינם
פריסים ואי אפשר לבנות אותם ממשטחים מישוריים בלי מתיחות או עיוותים ,ולכן מנסים לייצג את
המודלים ע"י חלקים העשויים ממשטחים פריסים שביחד מקרבים את המודל עד כדי שגיאה מסויימת.
משטחים פריסים הם משטחים שניתן לפרוס למישור ללא עיוותים או מתיחות .מבחינה מתימטית אלו
משטחים שהעקמומיות הגאוסית ) (Gaussian curvatureשלהם היא אפס בכל נקודה.
ייצוג המודל בעזרת משטחים פריסים הינה בעיית קירוב של המודל ע"י משטחים פריסים בחלקים
שמקרבים את המדל המקורי עד כדי שגיאה נתונה .הפתרון לבעייה תלוי גם בסוג החומר שמייצרים
ממנו את המודל .שימוש בחומרים כמו נייר ומתכת מקשה את הבעייה עוד יותר בגלל מגבלות
פיסיקליות של חומרים אלו שלא ניתן למתוח ולעוות אותם.
אפשר למדוד את האיכות של אלגוריתם לקירוב מודל ע"י קבוצת משטחים פריסים לפי מספר
קריטריונים :
.1

שליטה על שגיאת הקירוב ומספר המשטחים המקרבים :האלגוריתם צריך לספק דרך קלה
למשתמש לשלוט על הדיוק ושגיאת הקירוב של האלגוריתם )המרחק בין המודל המקורב לבין
המודל המקורי( ,כך שעבור שגיאה גדולה נקבל מספר קטן של חלקים וההפך.

.2

איכות החלקים הנוצרים :החלקים המישוריים הנוצרים צריכים להיות קלים לגזירה ולהרכבה,
דהיינו גבולות חלקים של החלקים הנוצרים ,כמו כן ,האלגוריתם צריך לספק הוראות והנחיות
שיאפשרו הרכבה קלה של המודל המקורב.

.3

אוטומטציה :האלגוריתם צריך להיות אוטומטי ככל האפשר ,עם מספר מינימלי של פרמטרים
שיש להם משמעות אינטיאוטיבית למשתמש ,וזה כולל את פרמטר שגיאת הקירוב שצריכה
להיות בעלת משמעות גיאומטרית ברורה.
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המחקר נעשה בהנחיית פרופ' חיים גוטסמן ופרופ' גרשון אלבר בפקולטה
למדעי

המחשב.

אני מודה לטכניון על התמיכה הכספית הנדיבה

בהשתלמותי.
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פריסה של גופים פוליגונליים תלת
מימדיים כלליים מנייר

חיבור על מחקר

לשם מילוי חלקי של הדרישות לקבלת התואר
מגיסטר למדעים במדעי המחשב

פאדי מצארווה

הוגש לסנט הטכניון  -מכון טכנולוגי לישראל
אב התשס"ז

חיפה

יולי 2007
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פריסה של גופים פוליגונליים תלת
מימדיים כלליים מנייר

פאדי מצארווה
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