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Abstract

A coloring of a tree is convex if the vertices that pertain to any color induce a connected
subtree; a partial coloring (which assigns colors to some of the vertices) is convex if it can
be completed to a convex (total) coloring. Convex coloring of trees arises in areas such as
phylogenetics, linguistics, etc. eg, a perfect phylogenetic tree is one in which the states of each
character induce a convex coloring of the tree. Research on perfect phylogeny is usually focused
on finding a tree so that few predetermined partial colorings of its vertices are convex.

When a coloring of a tree is not convex, it is desirable to know ”how far” it is from a
convex one. One common measure for this is based on the parsimony score, which is the
number of edges whose endpoints have different colors. In this paper we study another natural
measure for this distance: the minimal number of color changes at the vertices needed to make
the coloring convex. This can be viewed as minimizing the number of “exceptional vertices”
w.r.t. to a closest convex coloring. We also study a similar measure which aims at minimizing
the number of “exceptional edges” w.r.t. a closest convex coloring. We show that finding
each of these distances is NP-hard even for strings. We then focus on the first measure and
generalize it to weighted trees, and then to non-uniform coloring costs. In the positive side we
present few algorithms for convex recoloring of strings of trees: First we present algorithms for
optimal convex recolorings of strings and trees with non-uniform coloring costs, which for any
fixed number of colors are linear in the input size. Then we present fixed parameter tractable
algorithms and approximation algorithms for convex recolorings of weighted strings and trees.
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1 Introduction

Given a set of taxa (a group of related biological species), the goal of phylogenetic reconstruction is
to build a tree which best represents the course of evolution for this set over time. The leaves of the
tree are labeled with the given, extant taxa. Internal vertices correspond to hypothesized, extinct
taxa. Because events of taxon divergence are assumed to be rare, the sought after tree is bifurcating
(or binary), with internal vertices of degree three. (In case of ambiguous data one might have to
resort to multifurcating trees, which are less informative.) In early days, morphologic features
were mostly used to study evolution. Today, molecular data are the primary basis for phylogenetic
analysis of evolution, but other sources of information (for example paleontology, anatomy, and
morphology) are also in use. Phylogenetic reconstruction was one of the first algorithmic challenges
posed by biology.

Phylogeny reconstruction methods are broadly divided into character-based and distance-based
methods. Distance based methods start by computing “evolutionary distances” between pairs of
taxa. Then a tree with weighted edges whose pairwise tree distances approximate the evolutionary
distances is sought. In contrast, character based methods work directly on character data. In
biology, characters describe attributes of the species under consideration and are the data that bi-
ologists use to reconstruct phylogenetic trees. Characters can be morphological (for example, wings
versus no-wings), biochemical, physiological, behavioral, embryological, or genetic (for example, the
nucleotide at a particular DNA sequence position, or the order of certain genes on a chromosome).
A rooted phylogenetic tree describes the evolutionary history of a set of extant species, evolved
from some ancestral species at the root of the tree. In this way we can see the character states
along a path from the root to some species as “evolving” to that species’ state.

Mathematically, if X is the set of species under consideration, a (qualitative or discrete) charac-
ter on X is a function C from X into a set C of character states. A natural biological constraint is
that the reconstructed phylogeny have the property that each of the characters could have evolved
without reverse or convergent transitions: In a reverse transition some species regains a character
state of some old ancestor whilst its direct ancestor has lost this state. A convergent transition
occurs if two species posses the same character state, while their least common ancestor possesses
a different state. The concept behind this constraint is of “innovation”. That is, each time the
character state changes, it acquires a new state. The innovation assumption exclude reverse and
convergent transitions, and is denoted alternatively - homoplasy free character [18]. In nature,
homoplasy does occur, however these events and considered relatively rare. The acquisition of
teeth with the birds ancestor, the Archaeopterix, and their subsequent loss is an example of reverse
transition, and the convergence of evolution in placental and Australian mammals is an example
of convergent transition.

In graph theoretic terms, a character in a phylogenetic tree is homolapsy free if it is convex,
that is: for each state of this character, all species (extant and/or extinct) possessing that state
induce a subtree. Thus, the above discussion implies that in a phylogenetic tree, each character is
likely to be convex or ”almost convex”. This make convexity a fundamental property in the context
of phylogenetic trees.
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Figure 1: The primates tree, taken from “The Tree of Life” project.

One of the best known and most widely used character-based methods for constructing phy-
logenetic trees is mazimum parsimony (MP) [9]. This is a combinatorial method, which attempts
to construct trees which minimize the number of violations of the convexity property. Specifically,
Fitch algorithm for ”small parsimony” [9] finds, for a given tree with character states assigned to
its leaves, an assignments of characters states to internal vertices which minimizes the number of
violations of the convexity property.

Perfect phylogeny is a special case of maximum parsimony. The input is a set of characters
while the tree sought is homoplasy free for each of the characters. The general perfect phylogeny
problem was shown to be NP-Complete by Bodlaender et. al. [5] and independently by Steel [19].
Nevertheless, when restricting the number of possible states for each character, r, or considering r
as a parameter, there are some positive results: For binary character, i.e. each state is either 0 or 1,
Gusfield [11] gave an O(nk) time algorithm where n is the number of species and k is the number
of characters. Dress and Steel [7] devised an O(nk?) for » < 3 and Kannan and Warnow [13] gave a
O(n?k) algorithm for 7 < 4. when considering 7 as a parameter, Agarwala and Fernandez-Baca [1]
showed a fixed parameter tractable algorithm that runs in time O(2%"(nk® + k*)). This work was
later improved by Kannan and Warnow [14] to O(2rnk?) time.

In this work we deal with following aspect of perfect phylogeny. For some set of species, the
evolutionary tree is already known (e.g. the primates tree shown in Figure 1). Given a character
relating to a subset of all the species (extant and extinct) in the tree, we want to know how much
this character “agrees” with the tree. That is, how far this character is from perfect phylogeny on
the given tree. There are few natural measures for this distance. In this paper we focus on the
minimal number of species whose states should be changed to make the given character convex.
Another measure that we discuss is the minimal number of state changes that should be removed
for making the character convex on the tree, or the minimum number of changes of both types
which are needed to achieve this purpose. Indeed, the evolution of a character which can be
made convex by removing a small number of exceptions, can be explained by searching biological
reasoning for few exceptional phenomena, as was done for the two above mentioned cases (see e.g.
[15]). If however a very large number of state changes is needed to make the character convex, a
biological explanation becomes less probable, and the reliability of the given phylogeny as a correct



description of the evolution of this character diminishes accordingly.

We note that our problem for partially colored trees bears some similarity to the small parsimony
problem mentioned above. In both problems a tree with a (partial) assignments of states to the
vertices is given. The small parsimony problem is equivalent to find the minimum number of
violations to the perfect phylogeny property, and the convex recoloring problem finds the minimum
number of color changes needed to achieve perfect phylogeny. It is therefore a bit surprising that
while the weighted version of the maximum parsimony problem has an efficient optimal solution
[17], the unweighted version of minimum convex recoloring is NP-Hard, as we show here.

We study also two more general cost functions, which enable more flexibility in measuring the
distance of a given coloring from a convex one: The first allows weights on the vertices, and the
most general one allows also non uniform cost function for color changes (details are in Section 2).

Our negative results show that the (unweighted) versions of the above problems are hard even
for a simple tree - the string, and for the case where character states are given only at the leaves (so
that changes on extant species are not counted); we also prove that finding the minimum number of
mutation removals needed to obtain convexity, in a sense to be defined, is NP-hard. On the positive
side, we present dynamic programming algorithms that for each fixed number of colors solve the
non-uniform versions of the problem in polynomial time. Then we show that for strings and trees
of bounded degree, the (unweighted version of the) problem can be solved by a fixed parameter
tractable algorithm. The proof of this result is based on identifying signatures of recolorings, so
that the number of possible signatures is bounded for a fixed parameter, and then presenting a
polynomial time algorithm for a minimal convex recoloring with a given signature. Finally, we
present polynomial time algorithms for 2-approximation for strings and 3-approximation for trees,
for the weighted versions of the problem. The 2-approximation for strings is based on a short lower
bound argument for optimal convex recoloring of strings. The 3-approximation for trees is based
on reducing the given weighted colored tree to one of smaller support (set of vertices of positive
weight); depending on the specific instance, the reduction can be either of “local ratio” type, which
keeps the topology but decreases the weight function [3], or of “combinatorial” type, which changes
the topology of the input in a local manner.

The rest of the paper is organized as follows. The next section presents the notations used
and define the unweighted, weighted and non-uniform versions of the problem. In Section 3 we
present our NP-Hardness results. In Section 4 we present dynamic programming algorithms for the
problem. In Section 5 we present fixed parameter tractable algorithms, and in Section 6 we present
approximation algorithms for it.

2 Preliminaries

A colored tree is a pair (T,C) where T = (V, E) is a tree with vertex set V' = {v1,...,v,}, and
C is a coloring of T, i.e. - a function from V onto a set of colors C. A block in a colored tree is
a maximal set of vertices which induces a monochromatic subtree. A d-block is a block of color
d. The number of d-blocks is denoted by ny(C,d), or ny(d) when C' is clear from the context. A
coloring C' is said to be convex if ny(C,d) = 1 for every color d € C. The number of d-violations in



4

the coloring C' is ny(C,d) — 1, and the total number of violations of C'is ) .-(ny(C,d) —1). Thus
a coloring C' is convex iff the total number of violations of C is zero. In fact, some authors use the
above sum, taken over all characters, as a measure of the distance of a given phylogenetic tree from
perfect phylogeny [8].

The definition of convex coloring is extended to partially colored trees, in which the input
coloring C' assigns colors to some subset of the vertices. A partial coloring is said to be convex if
it can be completed to a (total) convex coloring (see [18]). Let (T, C) be a (totally or partially)
colored tree. For each color d, the d-container, T; ¢ denotes the minimal subtree of 7' which contains
C~Y(d). We say that C has the disjointness property if for each pair of colors {d,d'} it holds that
Tac NTyc = 0. It is easy to see that a total coloring C' is convex iff it satisfies the disjointness
property. Moreover, a partial coloring C" of T' can be completed to a (total) convex coloring C' of
T iff it satisfies the disjointness property (in [7] convexity is actually defined by the disjointness
property).

When some (partial or total) input coloring (C,T) is given, any other coloring C’ of T is
viewed as a recoloring of the input coloring C. We say that a recoloring C’ of C retains (the
color of) a vertex v if C'(v) = C'(v), otherwise C’ overwrites v. When C' is a total coloring, C’
retains (overwrites) a block B if it retains (overwrites resp.) every vertex in B. For a recoloring
C’ of an input coloring C, Xo(C’) (or just X(C”)) is the set of vertices overwritten by C’, i.e.
Xco(C')y ={v eV :C(v) is defined and C(v) # C'(v)}.

With each recoloring C” of C' we associate a cost, denoted as costc(C’) (or cost(C') when C is
understood), which is the number of vertices overwritten by C’, i.e. costo(C") = |Xo(C')|. A color-
ing C* is an optimal convex recoloring of C, or in short an optimal recoloring of C, and costc(C*)
is denoted by OPT(T, C), if C* is a convex coloring of T' for which costc(C*) = mingc{costc(C")},
where the minimum is taken over all convex recolorings of C.

Finding optimal (convex) recoloring can be defined as a minimum cost covering problem, as
follows: Let (T = (V, E),C) be a colored tree. For a subset U of V, the restriction of C' to U,
Clv, has the obvious meaning. We say that a set of vertices X is a cover for (T, C) if the (partial)
coloring (T, C|[y\ x) is convex (i.e., C' can be transformed to a convex coloring by overwriting the
vertices in X). Observe that if C’ is a convex recoloring of (7,C') Then X¢(C') is a cover for
(T,C), and vice versa: if X is a cover for (T,C), then there is a convex recoloring C’ of C' such
that X'(C’) = X. Thus, finding an optimal convex recoloring is equivalent to finding a a cover of
minimum possible cardinality for C.

The cost function of a coloring can be generalized in few ways. The first one is the weighted
version, which corresponds to a weighted cover problem. The input is a triplet (T',C,w), where
w:V — RT U{0} is a nonnegative weight function which assigns to each vertex v a nonnegative
weight w(v). Let the support of w be the set support(w) = {v € V : w(v) > 0}. We will assume
that C assigns colors only to vertices in support(w) (since if w(v) = 0 then v can be overwritten by
any color at no cost). For a set of vertices X, w(X) = > _x w(v). Thus the weight of a recoloring
C’" of Cis W (C') = w(X(C")).

A yet further generalization allows non-uniform cost functions. This version, motivated by weighted
maximum parsimony [17], assumes that the cost of replacing one given color by a another could
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depend on the specific colors involved. Thus for each pair of colors there is a nonnegative integer
g(d,d"), which denotes the cost of changing the color d to d’ (hence g(d,d) = 0 for all d). The cost
of assigning color d to vertex v in this model is given by costc (v, d) = g(C(v),d)-w(v). and the cost
of a recoloring €' is the sum . v (o) costc(v, C'(v)).  The non-uniform model appears to be
more subtle than the two previous ones. Unless otherwise stated, our results assume the weighted
and unweighted models.

We complete this section with a definition and a simple observation which will be useful in the
sequel. Let (T, C) be a colored tree. A coloring C* is an expanding recoloring of C' if in each block
of C* at least one vertex v is retained (i.e., C(v) = C*(v)).

Observation 2.1 let (T,C) be a colored tree. Then there exists an expanding optimal convex
recoloring of C.

Proof. Let C’ be an optimal recoloring of C' which uses a minimum number of colors (i.e. |C(V)|
is minimized). We shall prove that C’ is an expanding recoloring of C.

If C' uses just one color ¢, then by the optimality of C’, there must be a vertex v such that
C(v) = ¢ and the claim is proved. Assume for contradiction that C’ uses at least two colors, and
there is a color ¢ used by C’ for which there is no vertex v s.t. C(v) = C’(v) = ¢. There must be
an edge (u,v) such that C’(u) = ¢ but C’(v) = d # ¢. Then the coloring C” which is identical to
C'" except that all vertices colored ¢ are now colored by d is an optimal recoloring of C' which uses
a smaller number of colors - a contradiction. [ |

3 NP-Hardness results

The main result of this section is that unweighted minimum convex recoloring of strings is NP-
Hard. Then we use reductions from this problem to prove that the unweighted versions of minimal
convex recoloring of leaves and minimum number of mutations needed to transform a coloring of a
tree to a convex coloring are NP-Hard as well.

3.1 Minimal Convex Recoloring of Strings is NP-Hard

Strings are simple trees in which £ = {(v;,vi41)|i = 1,...,n — 1}. In a colored string (S,C),
a d-block is simply a maximal sequence of consecutive vertices colored by d. A nice property of
optimal convex recolorings of strings, which is valid also for the non-uniform model, is given below:

Claim 3.1 Let (S,C) be a colored string, and let C* be an optimal recoloring of C. Then each
block of C 1is either completely retained or completely overwritten by C*.

Proof. Suppose, for contradiction, that B’ is a d-block in C that is partially overwritten by C*.
Let C’ be a recoloring identical to C* except that C’ retains the block B’. Then C’ is convex and
cost(C") < cost(C*) - a contradiction. [ |



Figure 2: A Schematic view of the colored string corresponding to F'. Informative segments appear
white (in the figure) where junk segments are longer and have distinct colors.

Ci,él Ci,gg Ci,fg Ci,£1 Ci,‘€2 Ci,£3 Ci7£1 Ci,‘€2 Ci7£3
pattern 1 pattern 2 pattern m

Figure 3: A clause segment. The literals are ¢1, {3 and ¢35, and the clause of size 3A consists of A
repetitions of the corresponding triplet. Each block is a single vertex.

We prove that the problem is NP-Hard by reducing the 3 satisfiability problem to the following
decision version of minimal convex recoloring:
Minimal Convex Recoloring of Strings:
Input: A colored string (S, C) and an integer k

Question: Is there a convex recoloring C* of C' such that costc(C*) < k.

Let formula F' be an input to the 3 satisfiability problem, F' = Dy A ... A D,,, where D; =
(li1 V Uiz V l;3) is a clause of three literals, each of which is either a variable z; or its negation —z;,
1 < j < n. We describe below a polynomial time reduction of F' to a colored string (5,C') and an
integer k, such that there is a convex coloring C* of C with costc(C*) < k iff F' is satisfiable.

In the reduction we define block sizes using parameters A and B, where A and B are integers
satisfying A > m — 2 and B > 2mA. k is set to n(2m + 1)B + 2mA (e.g., possible values are
A =3m, B=9m? and k = 3m?(6mn + 3n + 2)).

We describe the coloring C of S as a sequence of segments, where each segment consists of one
or more consecutive blocks. There will be 2n+m informative segments: one for each clause and one
for each literal, and 2n +m — 1 junk segments separating the informative segments (see Figure 2).
Each junk segment consists of a unique block of k 4+ 1 vertices colored by a distinct color, thus
2n + m — 1 colors are used for the junk segments. The informative segments will use additional n
variable colors dy, ... ,dn and 2nm literal colors {¢;u;,Ci—a;li =1,...,m;j =1,...n}.

For each clause D; = (I3 V Iy V I3) there is a clause segment Sp, of size 3A, obtained by A
repetitions of the pattern ¢; ¢, ¢;s,,¢i e, (see Figure 3).

for each non-negated literal x; there is a literal segment S, ;, which consists of 2m+1 consecutive
blocks of the same size B. All the m + 1 odd numbered blocks are d;-blocks, called variable blocks.
The m even numbered blocks are literal blocks, colored by ¢;,.,i =1,...,m, see Figure 4. Similarly,
for each negated literal —z; we have a literal segments S—,, which is similar to S;; except that
the colors of the literal blocks are ¢; s, = 1,...,m (note that each of the literal segments Sz,
and S, contain m + 1 d;-blocks).
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Figure 4: S, the segment of the literal z;. m + 1 d;-blocks are interleaved by the m blocks c¢; .,
1=1,...,m.

dj cl,z; dj c2.a dj cmz; dj

dj Cl,z; d; €2,z dj Cm,x d;

Figure 5: A recoloring of segments S—,, and S, corresponding to a satisfying assignment.

Theorem 3.2 Let (S,C) be the colored string defined by the above reduction. Then OPT(S,C) < k
iff F' is satisfiable.

Proof. <= we need to prove that if the formula F is satisfiable, then there is a convex recoloring
C* of C such that costc(C*) < k.

Let f be a satisfying assignment of F'. The coloring C* is defined for literal segments as follows:
For each variable z; s.t. f(z;) =1, C* overwrites each of the d;-blocks in segment S, (there are
m + 1 such blocks); in the segment S, C* overwrites all the ¢; ., blocks, for i = 1,...,m (see
Figure 5). The coloring when f(x;) = 0 is obtained by interchanging the roles of S, and S-,.
This requires recoloring of (2m + 1)B vertices for each variable, so the total cost for all literal
segments is n(2m + 1) B.

We now define C* on clause segments. Since f is a satisfying assignment, in each clause there
is a literal which is set by f to 1. Assume without loss of generality that z; € D; and f(z;) = 1.
By the written above, C* does not color any vertex in the literal segments by ¢; ;. Thus we can
transform segment D; to a ¢;;-block by recoloring 24 vertices (since A vertices are originally
colored by ¢; ;). Thus the total cost of coloring all the m clause segments is 2mA.

—> Now we have to prove that if OPT(S,C) < k, then F' is satisfiable. Let C* be an expanding
optimal recoloring of C' (see Observation 2.1). Clearly, costc(C*) < k. The proof proceeds through
the following claims.

Claim 3.3 C* retains all the junk segments.

Proof. A junk segment, J, consists of a single block of k + 1 vertices. By Claim 3.1 C* either
completely overwrites J or completely retains it. Since C* overwrites at most k vertices altogether,
the latter possibility must hold. [ |
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Claim 3.4 The coloring C* satisfies the following for each pair of literal segments {Sy,,S-z,},
je{l,...,n}:

1. In exactly one of these segments, C* overwrites all the d;-blocks, and retains all the literal
blocks.

2. In the other segment, C* overwrites exactly m blocks.

In particular, C* overwrites exactly 2m + 1 blocks in these two segments.

Proof.

consider the substring containing segments S,, and S-;;. Then it contains exactly 2m + 1
d;-violation, since each of these segments contains m + 1 d;-blocks. For C* to be convex, it must
remove all these violations. Since by claim 3.3 all junk blocks retain their colors, C* must overwrite
all the d;-blocks in one of the above segments, and leave at most one d;-block in the other. The
former case clearly requires overwriting each of the m + 1 d;-blocks in the relevant segment, which
leaves m + 1 dj-blocks and (hence) m dj-violations in the other segment, which must be removed.
Since overwriting any single block of C' can reduce the number of d;-violations by at most one, at
least m such blocks must be overwritten.

So far we have shown that C* must overwrite at least m + 1 blocks in one segment and at
least m blocks in the other, a total of 2m + 1 blocks in each such pair of segments. To complete
the proof it suffices to show that C* does not overwrite any other block in the literal segments.
To this end we observe that if for some j at least 2m + 2 blocks are overwritten in the variable
segments Sy, Sz, then C* overwrites at least n(2m + 1) + 1 blocks in the literal segments,
and since each such block has B vertices, the total number of overwritten vertices is at least
n(2m+1)B+ B > n(2m+1)B+2mA = k (since B > 2mA), contradicting the assumption on C*.
[

Using Claim 3.4 above, we can now define a truth assignment f which satisfies F', as follows: for
Jj=1,...,n, f(x;) = 1iff C* overwrites exactly m blocks in S, (and hence exactly m + 1 blocks
in S—;). To simplify notations, we assume in the rest of the proof that for all j, exactly m blocks
are overwritten in Sy, and hence f(z;) = 1,5 =1,...,n. We complete the proof by showing that
f indeed satisfies F'.

Claim 3.5 C* overwrites at least 2A — 2 vertices at every clause segment.

Proof. Consider a clause segment, D, whose three literal colors are cq,cy and c3. The claim
trivially holds if all the 3A vertices in D are overwritten, so assume that this is not the case. Since
all junk segments are retained by C*, we may assume, using argument similar to the one in the
proof of Observation 2.1, that D C C*~!({c1, c2,c3}), and thus C*(D) consists of at most 3 blocks
of these colors. Let the lengths of the ¢;-block be I; (I; > 0,1; +l2 + I3 = 3A). Observe that out of
any 3 consecutive vertices within each such block, C* must overwrite exactly 2 vertices. Hence, for
each ¢ the following holds: if I; = 0(mod 3) then C* overwrites exactly %li vertices in the ¢;-block;
if {; = 1(mod 3) then at least Z(I; — 1) vertices are overwritten in that block, and if ; = 2(mod 3)
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then at least %(lZ —-2)+1= %(lZ +1) vertices are overwritten. Thus, for ¢ = 1,2, 3, at least %(lZ —1)
vertices must be overwritten in the ¢;-block. Altogether at least Z(I1+lp+l3—3) = 2(34—3) = 242
vertices must be overwritten in D. [ |

Claim 3.6 At every clause segment, at least one vertex is retained.

Proof. Seeking for contradiction, assume all the 3A vertices in some clause segment Sp, are
overwritten. Then by Claim 3.5, C* overwrites at least (m—1)(24A—2)+3A =2mA+A—-2m+2 >
2mA vertices in all clauses’ segments (the last inequality holds since A > 2m — 2 by definition).
Adding this to the n(2m + 1)B vertices overwritten in the variable segments, we get that C*
overwrites more than n(2m + 1)B + 2mA = k vertices - a contradiction. [ |

The proof of Theorem 3.2 is now completed by the following claim:
Claim 3.7 The function f (as defined before Claim 3.5) satisfies F.

Proof. Since f(z;) =1 for j = 1...,n, we need to show that each clause D; in F' contains an
unnegated variable.

By Claim 3.6, at least one vertex is retained in Sp,. The color of this vertex can be either ¢; —;
or ¢, for some j. By Claim 3.4.1 C* retains all the ¢; . -blocks in the literal segments, and hence
(by convexity) it cannot retain another such block in any clause segment. Thus the color of the
retained vertex must be of the form ¢; ., meaning that the non negated literal z; is in clause D;.

3.2 NP Hardness of Minimal Convex Recoloring of Leaves

A leaf colored tree is a partial colored tree (T',C) in which the coloring C' assigns colors only to
leaves of T'. Such trees are common in phylogenetics, where the leaves present existing species, and
internal vertices present extinct ones. Now, given a certain character states on the existing species,
we wish to know what is the minimum number of color changes at colored vertices (leaves) needed
for transforming the input coloring to a convex coloring. The NP hardness result of the previous
section does not apply directly to this problem, and we show in this section that the corresponding
decision problem for the unweighted version of this problem is NP complete.

Minimal Unweighted Convex Recoloring of Leaves

Input: A leaf colored tree (T',C) and an integer k

Question: Is there a convex recoloring C’ of C' s.t. |Xo(C')| < k

Theorem 3.8 Minimal unweighted convex recoloring of leaves is NP-Complete.

Proof. @ We reduce the minimal convex string recoloring problem to a minimal convex leaves
recoloring problem. Given a colored string (.5, C'), we reduce it to a leaf colored tree as follows.
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Figure 6: A caterpillar of length 5.
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Figure 7: A reduction from a fully colored string to a leaf colored caterpillar. Two leaves in the
two ends are colored with two new colors. All other leaves are colored with the same color as the
corresponding vertex in the string.

For a colored string (S, C) of length n and an integer I, dup;(S, C') = (S’,C") is a colored string
of length In defined as follows: Let V(S) = {v1,...,v,}; then V(5) = {vf 1<i<n,1<5</}
and E(S") = {(v] ", 0)):1<i<nl<j<u{,v):1<i<n} C'W)=Cv),i=
1,...,n,7 = 1,...,£. Informally, dup;(S,C) is a duplication of every vertex v in (S,C) ¢ times,
obtaining an ¢n long colored string. The proof of the following observation follows easily from
Claim 3.1.

Observation 3.9 OPT(dup,(S,C)) =¢-OPT(S,C).

We now define a type of an unrooted binary tree. A caterpillar is a binary tree having at most
two vertices which are each adjacent to two leaves. A caterpillar is of length n if it has (a string of)
n internal vertices (see Figure 6). Given a (totally) colored string (.S, C') of length n we construct a
leaf colored caterpillar of length n, cat(S,C) = (T, C") as follows: The internal vertices of T form a
string isomorphic to S, numbered 1 to n from left to right. The leftmost leaf (connected to internal
vertex 1) is colored with a distinct new color, as well as rightmost leaf (connected to internal vertex
n). Each other leaf connected to an internal vertex i inherits its color from vertex ¢ in the colored
string (5, C) (see Figure 7).

Claim 3.10 Let (S, C) be a colored string, where C uses n. colors, and let (T, Cr) = cat(dup,,(S,C)).
Then,
(OPT(S,C)=k) <= (nck—n.<OPT(T,Cr)) <nck).

Proof. We assume first that OPT'(S,C) = k and prove the two inequalities at the right hand
side.
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Figure 8: A convex recoloring of the input caterpillar. All blue (triangle) and green (circles) blocks
were recolored, so a single vertex of each color can be retained without violating convexity.

Let (S',C") = dupy, (S, C). By Observation 3.9, (S’,C’) has a recoloring C* with cost n.k. We
transform C* to a total convex coloring C}. of (T, Cr) as follows: C7. duplicates C* on the internal
vertices of T', and it colors the leaves of 1" with the color of their neighbors. C7. is convex, and
cost(C}.) = cost(C*)) = nck. This proves the right inequality.

To prove the other (strict) inequality, let C7 be an optimal expanding convex recoloring of
(T, Cr). First observe that C7. on the internal vertices of T' induces a convex recoloring on S,
which we will call C"*.

Since C'7. uses at most n. colors, it has at most n. — 1 blocks of size one, hence the number of
leaves whose color under C7 is different than the color of their neighboring internal vertices is at
most n. — 1. Hence cost(C*) < cost(C5.) + n.. Thus we have

nck < cost(C*) < cost(Cr) +ne = OPT((T, Cr)) + ne,

which implies the left inequality.
The proof of the other direction is similar, and omitted. [ |

By Claim 3.10 above a polynomial time solution for minimal convex recoloring of leaves will
imply such a solution for the minimal convex recoloring of strings, which completes the proof of
the theorem. [ |

3.3 NP Hardness of Minimum Block-Recolorings

A block-recoloring corresponds to changing the colors of all the vertices in a block to a unique
different color. Such an operation seems a reasonable modeling of removing a mutation from a
phylogenetic tree. Indeed, mutation is an edge (u,v) such that C(u) # C(v), and the removal
of a mutation implies changing the color of a block at one end of the edge to the color of the
block at the other end. Note that a block-recoloring which corresponds in this way to the removal
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Figure 9: Removing the mutation at the left edge implies the removal of the one at the right

of one mutation can imply the elimination of other mutations, as depicted in Figure 9. Also, as
in Observation 2.1 we can show that allowing block-recolorings by arbitrary colors (i.e., not only
by colors of adjacent blocks) cannot reduce the minimum number of block-recolorings needed to
transform a given coloring to a convex one. Therefore we can model the problem of minimizing the
number of mutation removals as minimizing the number of block-recolorings needed to transform
the input coloring to a convex one.

The weighted version of this problem is a special case of the weighted version of the minimum
convex recoloring problem, since a colored weighted tree can be transformed to an equivalent ”blocks
tree”, where each block in the original tree is collapsed to a single vertex whose weight is the weight
of the original block. Applying this constructions on colored strings can be used to show that the
weighted version of the problem is NP-Hard for colored strings. In the rest of this section we show
that the unweighted version of this problem for colored string is NP-Hard as well. We actually
prove the following stronger result: Let a Zebra string be a colored string (S, C') in which for every
edge (u,v) € E it holds that C(u) # C(v) (i.e., every block is a single vertex).

Theorem 3.11 The unweighted minimum convex recoloring of Zebra strings is NP-Hard.

Proof. The proof is by reduction from the minimum convex recoloring of strings. Let (S,C) be a
colored string of n vertices. We reduce it to a Zebra string (5, C;) of length 16n such that (S, C)
has a recoloring C’ with costo(S,C") = k iff (S,,C,) has a recoloring C”, with costc, (S, CL) =
5n+k — 1. The Zebra string (S;, C,) consists of three neighboring segments: informative segment,
junk segment and a counter-weight segment, in this order. The segments are constructed as follows:

e Informative segment: A 2n — 1 long segment comprised of the input string in which a
spacer vertex, colored with a new color dg, is inserted between any neighboring vertices u and
v (See Figure 10).

e Junk segment A 6n long segment in which the vertices are colored by 6n new distinct colors,
used to separate between the informative segment and the counter-weight segment.

e Counter-weight segment A 8n + 1 long segment comprised of 2n consecutive quartets
[ds,d1,ds, d2] appended with a ds-vertex, where dy is the spacer color used in the informative
segment and d; and da are new additional colors (See Figure 11).
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Figure 10: The input string (S, C') and the corresponding informative segment in (.S, C,).

we now show that (S, C) has a convex recoloring C” of cost k if and only if (S, C) has a convex
recoloring C”, of cost m = 5n + k — 1.
= Assume that (S, C) has a convex recoloring C’ of cost k. The corresponding convex recoloring
C’ of S, is defined as follows:

In the informative segment, the n vertices corresponding to the input string (S, C') are colored
as defined by C’, and then the n—1 remaining ds-vertices are overwritten by expanding the coloring
of their neighbors. Thus the cost of C’ in the informative segment is n + k — 1. In addition, the
4n vertices colored by d; and do in the counter-weight segment are colored by d.

The total cost of C, is m, as required. It is easy to verify that C is a convex coloring of S,.
<= Assume now that C’ is a convex recoloring of (S,,C}) of cost m. W.lLo.g. we may assume
that C”, is an expanding recoloring of C,. We construct a recoloring C’ of (S,C) of cost k, using
the following observations.

Observation 3.12 If C. retains a ds-vertez in the counter-weight segment, then it overwrites all
the dg-vertices in the informative segment.

Proof. If C) retains ds-vertices in both the informative and counter-weight segments, then it
must overwrite (by ds) all the 6n vertices in the junk segment, but 6n > m. [ |

Observation 3.13 C. retains a ds-vertex in the counter-weight segment.

Proof. Any convex recoloring of the counter-weight segment must overwrite either a dj-vertex or
a dg-vertex in 2n — 1 out of the 2n quartets in this segment. This sums to at least 2n — 1 vertices.
If C, overwrites also all the 4n + 1 ds-vertices in the counter-weight segment, then it overwrites (in
this segment) 6n > m vertices, a contradiction. [ |

quartet 1 quartet 2 quartet 2n

Figure 11: The counter-weight segment in S.
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Observation 3.14 C! overwrites at least 4n vertices in the counter-weight segment.

Proof. It is straightforward to show that the only optimal convex coloring of the counter-weight
segment is the one which transform it to a ds-block, and this coloring overwrites exactly 4n vertices.

Observation 3.14 implies that C’, overwrites at most m — 4n = n + k — 1 vertices in the
informative segment, and observations 3.12 and 3.13 imply that n — 1 of them must be d,-vertices.
The remaining k vertices in the informative segments which are overwritten by C’, belong to the
copy of (S,C), and define a convex recoloring of (S, C') of cost k.

[

Note: In a Zebra string, overwriting a single vertex is also a block recoloring. Thus Theorem
3.11 also implies that the problem of minimizing the total number of vertex recolorings and block
recolorings needed to transform a colored string to convex one is NP-Hard.

4 Exact Algorithms

4.1 Non-uniform Convex String Recoloring

We describe here a dynamic programming algorithm that finds a minimum convex recoloring of a
string. The algorithm is valid for the non-uniform model, in which costc (v, d), the cost of recoloring
a vertex v by color d equals w(v) - g(C(v),d), where w(v) is the weight of v, and g(C(v),d) is the
cost of changing the color of v from its input coloring C(v) to d. By Claim 3.1, an optimal convex
recoloring of a colored string (S, C) either completely retains or completely overwrites every block
of (S,C). It is not hard to show that if a block B is completely overwritten by an optimal recoloring
C*, then we may assume that C* overwrites B by a single color. The cost of coloring B with color
d is denoted by cost(B,d) =}, . g cost(v,d).

Let (S,C) be a colored, n-long input string with n; blocks, where B; is the ith block starting
from left. The algorithm scans the string, block by block, from left to right. After processing block
B;, it keeps for each subset of colors D C C, and for each color d € D, the cost of the optimal
coloring of blocks By, ..., B; which uses only colors from D, and the rightmost block B; is colored
by d; this cost is denoted optp 4(i), and optp(i) denotes Jgéig optp.q(i). Thus, the cost of an optimal
coloring of the input string is optc(ny). Let n. be the cardinality of C. Then the number of scores

which needs to be saved is at most Y_1° i (") = n2" L.

Claim 4.1
optp,q(i) = cost(B;, d) + min (optp,q(i — 1), optpqay (i — 1))
where for all D C C and d € D, optp 4(0) =0

Proof. It is easy to verify correctness of the claim for ¢ = 1. Assume for contradiction that ¢ is the
minimal integer for which optp 4(7) is smaller than cost(B;, d) + min(optp (i — 1), optp 43 (i —1)).
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Then if C*(b;—1) = d it contradicts the optimality of optp4(i — 1). Otherwise, it contradicts
optimality of optp. (a3 (i — 1). [ |

Claim 4.1 yields the following dynamic programming algorithm for the minimal convex string
recoloring:

Non-Uniform Optimal Convex String Recoloring
1. for every D C C and for every d € D, optp 4(0) 0
2. fori=1tong

(a) for every D CC
i. for every d € D, optp 4(i) « cost(B;,d) + min (optpq(i — 1), optpyqy (i — 1))

ii. optp(i) — géig optp q(i).

3. return opte(ny)

Computing cost(B;,d) for alld € C and i = 1,...,n; can be done in O(n.-n) time. Each of the
ny iterations of the algorithms requires O(n.-2") time. So the running time of the above algorithm
is O (ne(np2™ +n)).

4.2 Enhanced algorithm

The running time of the above algorithm does not improve even when the input string is already
convex. However, for the weighted model, we can modify the algorithm so that its running time on
convex or nearly convex strings is substantially smaller. For this we need the following definitions
for a coloring C of a tree or a string. A color d is a good color (for the coloring C) if ny(C,d) = 1,
and the corresponding unique d-block is a good block. If ny(C,d) > 1 then d is a bad color and all
the d-blocks are bad blocks. The proof of the following claim is similar to that of Claim 3.1, and is
omitted.

Claim 4.2 Let (S,C) be a colored string, and let C* be an optimal convex recoloring of C'. Then
each sequence of consecutive good blocks of C' is either completely retained or completely overwritten
by C*; in the latter case it is completely overwritten by a single bad color.

Claim 4.2 above gives rise to the following improvement: coalesce each maximal sequence of
consecutive good blocks into a single good block with a special color d. Run a similar dynamic
programming algorithm, modified to allow the output optimal convex coloring to have any number
of d-blocks.

Let n} be the number of bad colors and n; the number of bad blocks. Since there are at most
ny +1 d-blocks, the improved algorithm has running time of O (nZ(n;Wz + n)) In particular, for
each fixed value of n} the running time is polynomial in the input size.
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4.3 Non-uniform Optimal Convex Recoloring of Binary Trees

We present below an algorithm for optimal convex recoloring of binary trees. The algorithm ad-
vances along the tree similarly to Sankoff’s algorithm for small maximum weighted parsimony [17].

First, we root the tree at some vertex r (which can be a new vertex, obtained by splitting
an edge in the original tree). Let T'(v) be the subtree rooted at v. A convex recoloring of T'(v)
denotes a convex recoloring of the colored subtree (T'(v), Cly(r(v))). Starting from the leaves and
advancing upwards towards the root, the algorithm computes for each vertex v, each set of colors
D C C and each color d € D, the value optp 4(v), which is the minimal possible cost of a (convex)
coloring of T'(v) which (7) uses only colors from D and (ii) colors vertex v by color d. Let optp(v)
be gréig optp,q(v). Then opte(r) is the cost of an optimal coloring of T'. The recursive computation

of optp 4(v) is based on the following equality:

Claim 4.3 For an internal vertex v, let v; and v, be v’s left and right children respectively. Then,
the following recurrence relation holds:

optp 4(v) = cost(v,d) +
min (min(optp/ (vr), optprugay,a(vr)) + min(optp (prugay) (1), Opt'D\D/d(Ul))) (1)
D'CD~{d}
Proof. Let C be a convex coloring of T'(v) s.t. (a) C uses only colors from D, (b) C(v) = d, and
(c) C is of minimum possible cost among all colorings satisfying (a) and (b).
A direct construction shows that there is a convex recoloring of T'(v) which satisfies (a)-(b)

~

above and its cost equals the right hand side of Equation (1). Hence cost(C) cannot be larger than
the right hand side of Equation (1). It remains to prove that cost(C) is also not smaller than this
value.

Let C; and C, be the color sets used by C' on T'(v;) and T'(v,) respectively. For C' to be convex,
we must have that if d € C; (C, resp.) then C(v;) (C(v,) resp) must be d. Let D; = C; \ {d} and

D, = C, \ {d}. Then, by definition of the cost function

~

cost(C) = cost(v,d) + cost(C’|V(T(v7,))) + cost(C’|V(T(vl))) >
cost(v,d) + (min(optp, (v;), 0ptp,uiay,a(vr)) + min(optp, (v1), optp,uiay,a(v)))

The proof is completed by substituting D, for D’ in equation (1). [ |

The above claim leads to the straightforward dynamic programming algorithm. In order to
compute optp 4(v) we only need the required values at v; and v, to be defined. This can be
achieved by post order visit in a DFS traversal in T”, starting at r. At a vertex v we need to find
optp q(v) for every D C C and d € D; for this we need to take the minimum over all D’ as in
Equation (1). This yields O(n.3") operation per vertex; in total O(n - n.3").

Note: The algorithm can be generalized to trees of bounded degree A > 3, with the higher
complexity O(ncA”).

We conclude this section by presenting a simpler linear time algorithm for optimal recoloring
of a tree by two colors dy, ds. For this, we compute for ¢ = 1,2 the minimal cost convex recoloring
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C; which sets the color of the root to d; (i.e. C;(r) = d;). The required optimal convex recoloring
is either C; or Cy. The computation of C7 can be done as follows:
Compute for every edge e = (u — v) a cost defined by

cost(e) = Z cost(v',ds) + Z cost(v',dy))

v €T (v) v’ €T (v)

This can be done by one post order traversal of the tree. Then, select the edge e* = (ug — vo)
which minimizes this cost, and set Cy(w) = dg for each w € T'(vg), and Cy(w) = dy otherwise.

5 Fixed Parameter Tractable Recoloring Algorithms

A fixed parameter tractable (FPT) algorithm for optimal convex recoloring is an algorithm which
receives as an input a colored tree on n vertices, (T,C), and an integer k, and decides whether
OPT(T,C) < k in p(n)f(k) time, for some polynomial p and arbitrary function f (see [6]). It is
easy to see that an FPT recoloring algorithm exists iff there is an algorithm which finds an optimal
recoloring of the input coloring C' in p(n) - f(k) time for p and f as above, where k is the value of
the optimal recoloring of C. In this section we first present an O(k?- 22+ 4 2kn) convex recoloring
algorithm for strings, and an O(23*2 -n?) convex recoloring of trees with bounded degree A, where
in both cases k£ denotes the cost of the optimal recoloring. In particular, we prove that for each
fixed A there is an FPT recoloring algorithm for the set of trees with bounded degree A. The
complexity analyses of both algorithms are based on Claim 5.1 below.

As in Section 4.2, we denote by n} and nj the numbers of bad colors and bad blocks of the
given input coloring C.

Claim 5.1 Let (T,C) be a colored tree, where T is of bounded degree A. Then for every convex
recoloring C' of C' it holds that

ny — N S M
A T 2A

costc(C') >

Proof. By definitions, the number of violations of the coloring C'is 3 . (np(d) — 1) = ny — n.
To prove the left inequality, we first observe that overwriting a single vertex v of degree at most
A reduces the number of violations by at most A. [The maximum is obtained when v has A
neighbors uy,...,ua, C(v) = d for some bad color d, and C(u;) = d',i = 1,...,A. In this case
setting C'(v) = d’' reduces the number of d’-violations by A — 1, and the number of d violations
by one - a total of A - see Figure 12]. Since C’ must remove all the violations of C, we have that

costc(C') > nZA;nZ. The second inequality follows since nj > 2n} (each bad color has at least two
blocks), and hence nj —n} > =L [ ]

By substituting A = 2 in Claim 5.1 above, we conclude that the improved algorithm of Section
4.2 provides an FPT algorithm for string recoloring: Since, by that claim, n; < 4k, and hence
also n} < 2k, the improved algorithm finds a minimal cost recoloring in O (nf(n;2" 4+ n)) <
0 (k:2 . Q2k+4 an)) time. However, this FPT string recoloring algorithm is not generalizable to
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Figure 12: Changing u’s color to red (circle) reduces the number of () violations by A — 1 and the
number of [ violations by 1.

trees, since claims 3.1 and 4.2 are not valid for trees: as shown in Figure 13, an optimal recoloring
of a tree may be forced to overwrite only a part of a block. As a result, the idea of treating all

.K@@

v

Figure 13: The white good block is only partially overwritten in the optimal coloring.

good colors as one special color, as done in Section 4.2 for strings, cannot be applied to trees.

In the next section we present an algorithm which finds an optimal convex recoloring of a tree
in O(22%4n?2) time, where A is the maximal degree of a vertex in the input tree, and k is the value
of an optimal recoloring. Specifically, this is an FPT recoloring algorithm for trees of bounded
degree.

5.1 FPT Recoloring Algorithm for Bounded Degree Trees

For presenting the algorithm we need few more definitions. Let C’ be a recoloring of C' and let
B be a block of C. We say that B is partially retained by C’ if there is at least one vertex v € b
for which C(v) = C'(v). Let B* = {b1,..., by} be the set of bad blocks of C. Signature(C’), the

signature of a recoloring C’ of C, is defined by:
Signature(C') = {B € B* : B is partially retained by C'}

i.e., Signature(C") includes all the bad blocks which are partially retained by C’. Note that there
are at most 218"l = 27 distinct signature. Our FPT recoloring algorithm is based on an O(n?)
algorithm OPT_SIGNATURE which, given the input coloring and a subset B C B*, decides
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Figure 14: The red (circles) core defined by the three leaf blocks in the core. Filled shapes (vertices)
are in the red core.

whether a convex recoloring whose signature is B exists, and in this case finds a minimal cost
recoloring, Cp, having this signature. Since by Claim 5.1 n; < 2kA, executing OPT_SIGNATURE
for all subsets B of B* gives an O(22¢4n?) optimal recoloring algorithm, where k and A are as above.

In the rest of this section we describe the algorithm OPT _SIGN ATURE for some fixed set
B C B* of bad blocks. A color d is bad for B if B contains at least two d-blocks, and in this case
each d-block in B is a bad block for B. For each color d which is bad for B, the d-core of B is
the minimal subtree core(d, B) of the input tree 7" which intersects each of the d-blocks in B (see
Figure ??). Observe that if C’ is a convex coloring whose signature is B, then C’'(v) = d for every
vertex v in core(d, B).

In its first stage, algorithm OPT_SIGN ATU RE constructs core(d, B) for each color d which is
bad for B. If core(d, B) N core(d’, B) # 0 for some colors d,d" which are bad for B, then no convex
coloring whose signature is B exists, and OPT _SIGN ATU RFE stops; else, it attempts to construct
the desired coloring Cp as follows.
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Figure 15: The three right hand vertices are in the signature. The signature is invalid since the
right red (second from right) is totally overwriten by the black core.

%
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Figure 16: A block in the signature (left side) that is partially overwriten by two other cores
(partially filled vertices), is maximally expanded (right side).

1. [Fix the colors of cores] For each color d which is bad for B, set Cg(v) = d for each
v € core(d, B).
If at the end of this stage some block B € B is completely overwritten,® or some vertex in
a block B ¢ B is retained, then stop - there is no convex recoloring of C' whose signature
is B (see Figure 15). Else, complete the setting of the recoloring Cj in the following steps.

2. [Expand cores by retained vertices| Cz expands each d-core to include as many as possible
vertices of d-blocks of B (see Figure 16).

3. [Expand other blocks in B by retained vertices] Let F' be the union of all d-cores. For each
block B € B which is not bad for B, Cg retains the vertices of a maximal subset of B
which is included in a connected component in 7'\ F' (see Figure 17).

4. [Overwrite the remaining vertices] Cp overwrites the remaining vertices in an arbitrary

manner that preserves convexity (e.g. by expanding neighboring blocks).

“Note that this can happen only if B is not bad for B.

e e

O — O

Figure 17: The maximal sub block in a good block for a signature, is expanded.
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Theorem 5.2 On an input coloring C of a tree of n vertices, the algorithm above finds an optimal

recoloring of C' in O(22*2n?) time, where A is the mazimal degree of the input tree and k is the

cost of an optimal convex recoloring of C.

Proof. (an outline)

Since np < 2kA, it suffices to show that the complexity of the procedure OPT_SIGNATURE
above is O(n?), and that it finds an optimal recoloring whose signature is 3, or informs that no
such recoloring exists. The complexity bound is immediate, so we prove correctness. During all the
stages of the algorithm, the constructed coloring C'z has at most one block of each color - hence Ci
is convex. Stages 1 and 4 guarantee that each block in B is partially retained and each block not
in B is completely overwritten, hence Signature(Cp) = B. Stages 2-3 guarantee that Cpg retains a
maximal possible number of vertices, hence is optimal. [ |

6 Approximation Algorithms for Convex Recoloring.

Let AL be an algorithm which receives as an input a colored tree (7, C') and outputs a convex
recoloring of (T, C), and let AL(T,C) be the cost of the convex recoloring output by AL on input
(T, C). We say that AL is an r-approzimation algorithm for the convex tree recoloring problem if
for all inputs (7, C') it holds that AL(T,C)/OPT(T,C) < r [10, 12]. An optimization problem is
fully p-approximable [16], or has a fully polynomial time approximation scheme [10], if for each e
there is an algorithm which provides an e-approximation to it in time which is polynomial in n and
%. We first note that our NP completeness proof implies that if P # N P then the problem is not
fully p-approximable: This follows by the fact that the value of the optimal solution is bounded by
the input size, using an observation in [16].

In this section we present polynomial time algorithms which provide approximation by constant
factors (2 for strings, 3 for trees), for the unweighted and weighted versions of the problem.

6.1 Lower Bounds via Penalties

Let (T, C) be a colored tree. For a color d and U C V(T) let:
penaltyc 4(U) = [{v:v e U and C(v) #d}| + [{v:v € U and C(v) = d}|,

When the vertices in U induce a subtree, the penalty associated with d and U is the number of
vertices which must be overwritten when U is the d-block in some convex coloring, either for being
in U and having color different from d, or for not being in U and having color d.

We now associate a penalty with a convex recoloring, that sums the penalties of every colored
block: Let C’ be a convex recoloring of C. Then:

penaltyc(C') = Zpenaltyad(cl_l(d))
deC

Figure 18 depicts the calculation of a penalty associated with a convex recoloring C’ of C.
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Figure 18: C’ is a convex recoloring for C' which defines the following penalties: pg ., (C’) = 1,
pred(cl) =2, pblue(C,) =3

In the sequel we assume that the input colored tree (7,C) is fixed, and omit it from the

notations.
Claim 6.1 penalty(C’) = 2cost(C")
Proof. ;From the definitions we have

penalty(C') = Z ({veV:C'(v)=dand C(v) #d}|+ |{v eV :C'(v) #d and C(v) = d}|)
deC

= 22 Hv eV :C'(v) #dand C(v) = d}| = 2cost(C")
deC

As can be seen in Figure 18, penalty(C’) = 6 while cost(C") = 3.
For each color d, p; is the penalty of a block which minimizes the penalty for d:
pl = min{penaltyy(V(T")) : T is a subtree of T}

Corollary 6.2 For any recoloring C* of C,

ZPZ < Zpenaltyd(C’) = 2cost(C").
deC deC

Proof. The inequality follows immediately from the definition of p}, and the equality from Claim
6.1. [ |

Corollary 6.2 above provides a lower bound on the cost of convex recoloring of trees. It can be
shown that this lower bound can be quite poor for trees, that is: OPT(T,C) can be considerably
larger than the sum }_, ., p}. However in the next section we show that this bound can be used to
obtain a polynomial time 2-approximation for convex recoloring of strings.
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Figure 19: The upper part of the figure shows the optimal blocks on the string and the lower part
shows the coloring returned by the algorithm.

6.2 A 2-Approximation Algorithm for a String

Let an input colored string (S,C), where S = (v1,...,vy), be given. For 1 < i < j < n, S[i,j]
is the substring (v;, vit1,...,v;) of S. The algorithm starts by finding for each d a subsequence
Bg = Slig, ja] for which penaltyq(Sliq, ja]) = pj- It is not hard to verify that By consists of a
subsequence of consecutive vertices in which the difference between the number of d-vertices and
number of other vertices (i.e. |[B4NC~(d)] — |Bg\ C~(d)|) is maximized, and thus By can be
found in linear time. We say that a vertex v; is covered (by the set of blocks {By : d € C}) if v; € By
for at least one color d; if v; is not covered then it is free.

We describe below a linear time algorithm which, given the blocks B, defines a convex coloring
C so that cost(C) < 3O 4Py, which by Corollary 6.2 is a 2-approximation to a minimal convex
recoloring of C.

C is constructed by performing one scan of S from left to right. The scan consists of at most ¢
stages, where stage j defines the j — th block of C, as follows.

C (v1) = dj, where d; is one of the colors of the leftmost covered vertex. Thus d; is the color
of the first (leftmost) block of C , to be denoted Bdl- Then the scan of S from left to right begins;
when vertex v; is scanned, it is added to By, if it belongs to Bg, or it is free - otherwise v; is taken
to be the first vertex in the second block de, where dj is any of the colors that cover v,.

In general, block édj 4, starts at the leftmost covered vertex v;,, which does not belong to By,
and its color d;1 is one of the colors that cover v;,,; if there is no such vertex v;; ,, B; terminates
at vy, the rightmost vertex of S, and the construction terminates.

Observe that during the construction the following invariant is kept for all k:

k k
U Ba; © U Edjv
j=1 j=1

which guarantees that d; # dj for j # j', hence C is a convex coloring of S. Thus it remains to
prove
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Lemma 1 cost(C) < .0 1h

Proof. We show that each vertex which is overwritten by C contributes one to the above sum.
Let v; be a such a vertex. Then C(v;) = d and C(v;) = d’ for some d’ # d. Then if i € By then it
was counted for in p’,. Otherwise v; is free, and hence v; € By, and hence v; is counted for by p3.

6.3 3-approximation algorithm for a tree

In this section we present a polynomial time algorithm which approximates the minimal convex
coloring of a tree by factor three. The algorithm is defined for the weighted version of the problem.
Recall that in this version the input is a triplet (7', C, w), where w is a nonnegative weight function
and C is a (possibly partial) coloring whose domain is the set support(w) = {v € V : w(v) > 0}.
Our approximation algorithm makes use of the local ratio technique, which is useful for approx-
imating optimization covering problems such as vertex cover, dominating set, minimum spanning
tree, feedback vertex set and more [4, 2, 3]. We hereafter describe it briefly:
The input to the problem is a triplet (V, f : 2" — {0,1},w : V — R*), and the goal is to find
a subset X C V such that f(X) = 1 and w(X) is minimized, i.e. w(X) = OPT(V, f,w) =

min  w(Y) (in our context V is the set of vertices, and f(Y) =1 if Y is a cover). The local
YCV&f(Y)=1

ratio principle is based on the following observation (see e.g. [3]):

Observation 6.3 For every two weight functions w1, ws:
OPT(V, fyw1) + OPT(V, f,w2) < OPT(V, f, w1 + w2)

Now, given our initial weight function w, we select w1, ws s.t. wi + wy = w and |[supprt(wy)| <
|support(w)|. We first apply the algorithm to find an r-approximation to (V, f,w;) (in particular,
if V'\ support(w;) is a cover, then it is an optimal cover to (V, f,wi)). Let X be the solution
returned for (V, f,wi), and assume that wi(X) < r- OPT(V, f,w1). If we could also guarantee
that wo(X) < r- OPT(V, f,wz) then by Observation 6.3 we are guaranteed that X is also an
r-approximation for (V, f,w; + we = w). The original property, introduced in [4], which was used
to guarantee that wa(X) < r- OPT(V, f,w2) is that wy is r-effective, that is: for every X s.t.
f(X) =1 it holds that wa(X) < r-OPT(V, f,ws2) (note that if f(V) = 1, the above is equivalent
to requiring that wo(V) < r-OPT(V, f,w2)).

Theorem 6.4 [/] Given a cover X s.t. wi(X) < r-OPT(V, f,w1). If we is r-effective, then
w(X) =w(X) +we(X) <7 -OPT(V, f,w).

The technique of Theorem 6.4 was extended in several ways (see e.g. [2, 3]). We now show
two applications of the original local ratio technique to obtain a 3-approximation algorithm for
the convex weighted string problem and a 4-approximation algorithm for the convex weighted tree
problem.
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3-string-APPROX:
Given an instance to convex weighted string problem (S, C, w):

1. If V' \ support(w) is a cover then X «— V ~ support(w). Else:

2. Find 3 vertices xz,y, z € support(w) s.t. C(x) = C(z) # C(y) and y lies between = and
z.

(a) & — min{w(z), w(y), w(z)}
(b) wa(v) = {

() wy «— w—wy

(d) X « 3-string-APPROX(S, C|support(uw:)> W1)

e ifve{x,yz}
0 otherwise.

Note that if a (partial) coloring of a string is not convex then the condition in 2 must hold. It
is also easy to see that ws is 3-effective, since any cover Y must contain at least one vertex from
any triplet described in condition 2, hence wy(Y') > ¢ while wa (V) = 3e.

The above algorithm cannot serve for approximating convex tree coloring since in a tree the
condition in 2 might not hold and yet the coloring is not convex. In the following algorithm we
generalize this condition to one which must hold in any non-convex coloring of a tree, in the price
of increasing the approximation ratio from 3 to 4.

4-tree-APPROX:
Given an instance to convex weighted tree problem (7, C,w):

1. If V \ support(w) is a cover then X « V \ support(w). Else:

2. Find two pairs of (not necessarily distinct) vertices (x1,x2) and (y1,y2) in support(w)
s.t. C(x1) = C(x2) # C(y1) = C(y2), and the path connecting z; and x9 intersects the
path connecting y; and yo:

(a) € « min{w(z;),w(y:)}, i ={1,2}

e ifve{r,za,y1, 92}
b p—
(b) wa(v) { 0 otherwise.

(¢) wy «— w—ws

(d) X «— 4—tree—APPROX(S, C‘support(wl)vwl)

The algorithm is correct since if there are no two pairs as described in step 2, then V'\ support(w)
is a cover. Also, it is easy to see that ws is 4-effective. Hence the above algorithm returns a cover
with weight at most 4 - OPT (T, C,w).

We now describe algorithm 3-tree-APPROX. Informally, the algorithm uses an iterative method,
in the spirit of the local ration technique, which approximates the solution of the input (7', C, w)
by reducing it to (T7,C’,w1) where |support(wi)| < |support(w)|. Depending on the given input,
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Cm

Figure 20: Case 2: a vertex v is contained in 3 different containers.

this reduction is either of the local ratio type (via an appropriate 3-effective weight function) or,
the input graph is replaced by a smaller one which preserves the optimal solutions.

3-tree-APPROX(T, C, w)
On input (T, C,w) of a weighted colored tree, do the following:

1. If V' \ support(w) is a cover then X «— V ~ support(w). Else:

2. (T",C",wn) <« REDUCE(T,C,w). \The function REDUCE guarantees that
|support(wy)| < |support(w)]
(a) X' — 3-tree-APPROX(T",C’, wy).

(b) X « UPDATE(X',T). \The function UPDATE guarantees that if X’ is a 3-
approximation to (7", C’,w1), then X is a 3-approximation to (T, C,w).

Next we describe the functions REDUCE and UPDATE, by considering few cases. In the
first two cases we employ the local ratio technique.
Case 1: support(w) contains three vertices x,y, z such that y lies on the path from x to z and
C(z) = C(2) £ Cly).
In this case we use the same reduction of 3-string-APPROX: Let ¢ = min{w(x), w(y), w(z)} > 0.
Then REDUCE(T, C,w) = (T, Clgupport(w:)> W1), where wy(v) = w(v) if v & {z,y, 2}, else wi(v) =
w(v) — e. The same arguments which implies the correctness of 3-string-APPROX implies that if
X' is a 3-approximation for (7", C’,wy), then it is also a 3-approximation for (T, C,w), thus we set
UPDATE(X',T) = X'.
Case 2: Not Case 1, and T contains a vertex v such that v € Ty, ¢ N1y, c N1y, ¢ for three distinct
colors dj, ds and ds (see Figure 20).
In this case we must have that w(v) = 0 (else Case 1 would hold), and there are three designated
pairs of vertices {x1,z2}, {y1,y2} and {z1, 22} such that C(z;) = di, C(yi) = d2,C(z) = d3(i =
1,2), and v lies on each of the three paths connecting these three pairs (see Figure 20). We set
REDUCE(T,C,w) = (T, Clsupport(uw;)> W1), Where w; is defined as follows.
Let ¢ = min{w(x;), w(y;),w(z;) : ¢ = 1,2}. Then wi(v) = w(v) if v is not in one of the designated
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pairs, else wy(v) = w(v) — e. Finally, any cover for (T',C) must contain at least two vertices from
the set {x;,yi,2 : i = 1,2}, hence w — w; = wy is 3-effective, and by the local ratio theorem we
can set UPDATE(X',T) = X'.

Case 3: Not Cases 1 and 2.

Root T" at some vertex r and for each color d let 4 be the root of the subtree T; ¢. Let rq, (for
some color dy) be a farthest root from 7. Let T be the subtree of T rooted at r4,, and let T = T\T
(see Figure 21). By the definition of r4,, no vertex in T is colored by dgp, and since Case 2 does not

hold, there is a unique color d' so that {dy} C C(V(T)) C {do,d'}.

Y

T

e

Td

Ju A u

Figure 21: Case 3: Not case 1 nor 2. T is the subtree rooted at 4, and 7' =T\ T.

Sub case 3a: C(V(T)) = {do} (see Figure 22).
In this case, Ty, c N Tyg,c = 0 for each color d # do, and for each optimal solution X it holds that
XNV(T) = 0. We set REDUCE(T, C,w) (T,C!V(T),wlv(f)). The 3-approximation X' to
(T",C’,wy) is also a 3-approximation to (X,C,w), thus UPDATE(X',T) = X'.
We are left with the last case.
Sub case 3b: rq, € Ty, c N Ty . See Figure 23.
Observe that in this case we have w(ry,) = 0 and |support(w)NV (T)| > 3, since V(T') must contain
at least two vertices colored dy and at least one vertex colored d’. Figure 23 illustrates this case.
Similarly to the proof of Observation 2.1, we obtain:

Observation 6.5 There is an optimal convex coloring C' which satisfies the following: C'(v) # dy
for any v € V(T), and C'(v) € {do,d'} for any v € V(T).

The function REDUCE in sub case 3b is based on the following observation: Let C’ be any
optimal recoloring of 7" satisfying Observation 6.5, and let s be the parent of r4, in 7. Then C’ |V(T)>



28

T .,
A

Figure 22: Case 3a: No vertices of T are colored by d'.

An A

Figure 23: Case 3b: rq, € Ty, N Ty

the restriction of the coloring C’ to the vertices of T, depends only on whether C’ ‘V(T) contains a
d’-block, and on the location of this d-block. Specifically, C(/(T) must be one of the three colorings
of V(T), Chigh> Cmedium and Cpin, according to whether T has a d’-block, and in this case whether
this block is disjoint from s. The details follow:

1. (|4 contains a d'-block which is disjoint from s. Then it must be the case that C’ colors all
the vertices in V(T') by do. This coloring of T is denoted as Chigh-

2. C'|; contains a d’-block which includes s. Then C’|7 is a coloring of minimal possible cost of
T which either equals Chigh (i.e. colors all vertices by dyp), or otherwise sets Cpedium (7d,) = d'.
This coloring of T is called Cyedium.-

3. C'|f does not use the color d’. Then C’|f must be an optimal convex recoloring of T' by the

two colors dg, d'.

The function REDUCE in Sub case 3b modifies the tree T by replacing T by a subtree T with
only 2 vertices, rq, and vg, which encodes the three colorings Chign, Cimedium, Cmin- Specifically,
REDUCE(T,C,w) = (T",C’,wy) where (see Figure 24):

e T is obtained from T by replacing the subtree T by the subtree Ty which contains two vertices:
a root rg, with a single descendant vyg.
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e C'(v) = C(v) for each v € V(T); C'(rq,) = do and C'(vp) = d.

e wi(v) = w(v) for each v € V(T). For rg, and vy wy is defined as follows: wy(rq,) =
cost(Crnedium) — c05t(Cpin) and w1 (vo) = cost(Chign) — cost(Cin)

Figure 24 illustrates REDUCE for case 3b. In the figure, Ch;g requires overwriting all d’
vertices and therefore costs 3, Cieqiuwm requires overwriting one dy vertex and costs 2 and Cpyy, 1S
the optimal coloring for T' with cost 1. The new subtree Tp reflects these weight with w(ry,) =
Chigh — Cmin = 2 and w(vo) = Cpedium — Cmin = 1.

T T

Y Y

m
v

Am ~

Figure 24: REDUCE of case 3b: T is replaced with T, where w(rdy) = Chigh — Cmin = 2 and

w(vo) = Omedium - Cmm =1.

=~
&

Td Td

o
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Claim 6.6 OPT(T',C',wy) = OPT(T,C,w) — cost(Cpin).

Proof. We first show that OPT(T",C",w;) < OPT(T,C,w) — cost(Cpn). Let C* be an optimal
recoloring of C' satisfying Observation 6.5, and let X* = X(C*). By the discussion above, we
may assume that C*’V(T) has one of the forms Chign, Credium O Ciin. Thus, X* N V(T) is either

X (Chigh), X (Credium) or X(Cpin). We map C* to a coloring C’ of T as follows: for v € V(T),
C'(v) = C*(v). C' on rg, and vy is defined as follows:

o If C*|y/(7) = Chign then C'(rq,) = C'(vg) = do, and cost(C") = w1 (vp);
o If C*|y(7) = Ciedium then C'(rq,) = C'(vo) = d', and cost(C’) = w1 (rq, );
o If C*|y(7) = Cpin then C'(rq,) = d’, C'(vp) = do, and cost(C’) = 0.

Note that in all three cases, cost(C") = cost(C*) — cost(Cpin,)-
The proof of the opposite inequality OPT (T, C) — cost(Cpin) < OPT(T',C’). is similar. N
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Corollary 6.7 C* is optimal recoloring of (T,C,w) iff C' is an optimal recoloring of (T',C’, wy).

We now can define the U PD AT E function for Sub case 3b: Let X’ =3—tree—APPROX (T",C’,w).
Then X’ is a disjoint union of the sets X’ = X’ N V(T) and X'y = X' NV (Tp). Moreover,
X'o € {{ra,}, {vo},0}. Then X «+ UPDATE(X') = X'UX', where X" is X (Chign) if X'0 = {ra, },
is X (Crnedium) if X'0 = {vo}, and is X (Chnin) if X’o = 0. Note that w(X) = w(X’) + cost(Cpin)-

We have the following inequalities:

w(X) = wi(X") + cost(Cmin) < 30OPT(T',C") + cost(Crnin)
< 3(OPT(T',C") + cost(Cyin)) = 3OPT(T, C)

6.3.1 Correctness and complexity

We now summarize the discussion of the previous section to show that the algorithm terminates
and return a cover X which is a 3-approximation for (T, C, w).

Let (T = (V,E),C,w) be an input to 3-tree-APPROX. if V' \ support(w) is a cover then the
returned solution is optimal. Else, in each of the cases REDUCE(T,C,w) reduces the input to
(T",C",wy) such that |support(wy)| < |support(w)|, hence the algorithm terminates within at most
n = |V| iterations. Also, as detailed in the previous section, the function UPDATE guarantees
that that if X’ is a 3-approximation for (77,C”,w;) then X is a 3-approximation to (7,C,w).
Thus after at most n iterations the algorithm provides a 3-approximation to the original input.
It remains to show that each iteration requires a polynomial time - which is obvious for all cases
except, maybe, for Sub case 3b.

In Sub case 3b we need to compute Chign, Cmedium and Chupn. For this we need to compute
an optimal recoloring of T' by the two colors dy and d’, and a minimal cost convex recoloring of T’
by these two colors, given that rg, must be colored by d’. This can be done in linear time by the
optimal recoloring algorithm for the case of two colors, presented at the end of Section 4.3.

The complexity of each iteration is O(cn), and since there are at most n iterations, the overall
complexity is O(en?). Thus we have

Theorem 6.8 Algorithm 3-tree-APPROX is a polynomial time 3-approximation algorithm for the
minimum convex recoloring problem.

7 Discussion and Future Work

In this work we studied the complexity of computing the distance from a given coloring of a tree or
string to a convex coloring, motivated by the scenario of introducing a new character to an existing
phylogenetic tree. We considered few natural definitions for that distance, and proved that the
problem is NP-Hard in each of them. We then presented exact and approximate algorithms to
solve this problem.

Few interesting research directions which suggest themselves are:
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Similarly to the generalization of the small parsimony question to the general one: When the
number of colors is fixed, is there an efficient algorithm which computes a phylogenetic tree
of minimum distance from a perfect phylogeny, where the distance is taken as the number of
color changes needed to achieve perfect phylogeny? Note that, as in maximum parsimony,
this problem is trivial for one character.

Similarly to the above, but rather then bounding the number of colors, the bound now is on
the number of color changes. This corresponds to a fixed parameter tractable algorithm for
constructing an optimal tree.

Are there FPT and/or constant ratio polynomial time approximation algorithms for the non-
uniform version of this problem.

Can our approximation ratios for strings or trees be improved.

This is a more focused variant of the previous item. A problem has a polynomial approzimation
scheme [10, 12|, or is fully approximable [16], if for each ¢ it can be e-approximated in p.(n)
time for some polynomial p.. Are the weighted or unweighted version of the problem fully
approximable, (or equivalently have a polynomial approximation scheme)?
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