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Abstract

We consider natural graph property tests, which act entirely independently of the size
of the graph being tested (not just having a number of queries independent of the size). We
introduce the notion of graph properties being inflatable — closed under taking (balanced)
blowups — and show that the query complexity of natural tests for a property are related to
the degree to which it is approximately hereditary and approximately inflatable. Specifically,
we show that for properties which are almost hereditary and almost inflatable, any test can
be made natural, with a polynomial increase in the number of queries. The naturalization
is carried out as a sort of extension of the canonicalization due to Goldreich and Trevisan in
[15], so that natural canonical tests can be described as strongly canonical. In the reverse
direction, we show that properties admitting natural tests are approximately inflatable and
approximately hereditary, with these parameters depending on the test’s number of queries.

Using the technique for naturalization, we restore in part the claim in [15] (which was
qualified in the errata [16]) regarding testing hereditary properties by ensuring that a small
random subgraph itself satisfies the tested property. This restoration allows us to generalize
the result of Alon and Shapira in [5], regarding the lower bound on triangle-freeness testing:
Any lower bound, not only the currently established quasi-polynomial one, on one-sided
testing for triangle freeness holds essentially for two-sided testing as well. We also explore
the relations of the notion of inflatability and other already-studied features of properties
and property tests in the dense graph model such as one-sidedness, heredity, and proximity-
oblivion.

To Do (not necessarily before finishing my Ph.D. or resubmitting if we don’t get
accepted to RANDOM):

e Try to salvage the lemma saying that s’ < s natural test for a hereditary-downto-s
property implies a one-sided s-test.

e Try to construct a hereditary property, which is not 1/10 - approximately-inflatable,
even with a threshold / on the average.

e Try to characterize the properties which are both proximity-oblivious-testable and
hereditary (but not necessarily inflatable).

e Can we say something interesting about estimation / tolerant testing?

*Department of Computer Science, Technion, Haifa, Israel. Email: {eldar|eyalroz}@cs.technion.ac.il



1 Introduction

[ | separated the discussion of triangle testing. Need to decide whether we integrate the concept of
‘strong canonicality’ into the introduction as well. |

In Property Testing, one is allowed oracle access to some combinatorial object, and must
distinguish with high probability between the case of this object satisfying a certain property,
and the case of the object being far from satisfying it by some distance measure. The study
of property testing in the context of graphs began with the work of Goldreich, Goldwasser and
Ron in [11]. Their paper introduced the dense model for graph testing; in this model, graphs on
n vertices are close to each other if one needs to add and/or remove an e-fraction of all possible
(Z) edges from one graph to convert it into the other; sparse graphs are all close to being empty,
hence the model’s name. Beginning with [11], much work has been done to characterize which
graph properties admit tests in this model in certain query complexity classes with respect to
n and e, and with certain features of the tests.

While [11] and some later contributions deal with bounds on the number of queries in terms
of n (specifically, [12]; see discussion below), most of the study of testing in the dense model
has focused on testing properties using a number of queries independent of the size of the input
graph, depending only on the distance parameter ¢ (called simply “testable” properties). [11]
established a large class of properties as testable, and posed the characterization of the class
of properties testable in the dense model as an open problem. In the following decade, a series
of results gradually progressed towards this goal, and a characterization was achieved by Alon,
Fischer, Newman and Shapira in [4], and independently by [7] (in terms of graph limits); while
the techniques of [4] rely heavily on the use of Szemerédi’s Regularity Lemma, some of the ideas
used there have bearing on this paper, as will be described below.

A notable result on the way to characterizing the testable properties is the work of Alon
and Shapira in [6], proving all hereditary graph properties to be testable. In fact, this result
establishes testability with one-sided error: Tests which have zero probability of rejecting a
graph in the property. This kind of link between a feature of a class of properties and a feature
of the test is a main focus of this paper.

Beyond the fundamental testability of properties, much study has focused on properties’
query complexity: The dependence of the number of queries necessary for testing a property
on the distance parameter ¢; it is also a measure of practicality for ‘real life’ application of
property testing. Most general testability results in the dense model are based on the use
of Szemerédi’s regularity lemma, incurring a prohibitive dependence on e, while the class of
generalized partition properties proved testable in [11] have a mere polynomial dependence on
€ in the number of queries.

Links between features of properties and features of tests have been studied also in this
context of bounding query complexity: Specifically, the adaptivity of property tests — the
possibility of making different queries based on previous query results — has been shown to
offer a definite advantage in query complexity. Goldreich and Ron showed in [14] (following
the earlier work of Gonen and Ron in [17]) that some testable graph properties, exhibit a
polynomial gap between an upper bound on the query complexity of adaptive tests, and a lower
bound on the query complexity non-adaptive tests. In other testing models such gaps can be
even exponential.

Goldreich and Trevisan’s [15] includes two results tying several features of properties and
tests together. Their paper defined the ‘canonicality’ feature of property tests: A canonical
test uniformly samples a small induced subgraph, queries it entirely, and makes a deterministic
decision based on this subgraph. [15] proved that any test can be made canonical with at most
about a squaring of its number of queries, immediately implying that the gap between adaptive



and non-adaptive query complexity is at most quadratic. [15] also included a proposition com-
municated by Noga Alon: Testable hereditary properties can be tested by merely ensuring that
most small induced subgraphs themselves satisfy the property (with the same mild increase in
the number of queries for the switch to a canonical test). Unfortunately, it later turned out
that this second result only holds for tests which are natural: Tests acting independently of the
size of the input graph. This qualification, and the definition of a natural test, appear in the
errata [16].

It seems odd that properties which in many cases are highly ‘local’ in their definition should
have tests significantly benefitting somehow from basing their action on the order of the entire
input graph. If we constrain ourselves to properties with features preventing blatant ‘patholo-
gies’ which preclude natural tests (e.g. the property of graphs having an odd number of vertices)
— one tends to believe that property tests are ‘essentially natural’, so that perhaps one can
‘smooth out’ any non-natural artificial dependence of tests on n.

With regards to the relevant feature constraints, we have already mentioned a concept
relating a property to itself at different orders — heredity; but this only covers one direction of
change in n : As the input order increases, the set of forbidden subgraphs gains more and more
relevant elements, so in a sense one expects the the set of graphs accepted by a tester to shrink
gradually. The idea for the converse feature, implying a set of acceptable graphs shrinking as n
decreases, came to us from earlier works on lower bound results. The concept which springs to
mind is graph blowups: The dense model hierarchy theorem in [12] relies on the use of blowups;
and Alon’s triangle testing lower bound construction in [2] involves a blowup (more on this
below). The feature we define is being inflatable — being closed to blowups. This takes care,
specifically, of the pathology of graphs going from satisfying a property at order n to being very
far from it by merely adding a vertex.

With regards to the idea of ‘smoothing out’ non-naturality, a typical example would be a
test which arbitrarily rejects some specific queried subgraph at, say, even orders, and accepts it
at odd ones. If this subgraph is very unlikely to appear in graphs in the property, a natural test
could be ‘spoiled’ by adding this behavior to it, while still remaining a valid test. However, this
can only be done for a single possible queried subgraph, or a few of them — such behavior is
impossible with all acceptable graphs, nor in fact with any subset of them which has an overall
high probability of being sampled. This leads one to recall that, in [4], the characterization of
testability uses the set of all subgraphs of a fixed order accepted by a canonical test. Even more
relevant is Fischer and Newman’s [9] (proving that testable properties are also estimable, a key
result necessary for the characterization in [4]), where it is observed that if one has an estimate
of the subgraph distribution, one knows in particular whether a test querying subgraphs of this
order accepts with high probability or not. In fact, disregarding the heavy use of Szemerédi’s
regularity lemma in [9], its result is based on estimating the subgraph distribution up to a small
variation distance.

Relating to all of the above, in this paper we prove that, indeed, tests can be made natural,
with a polynomial penalty in the number of queries, under the constrains of heredity and
inflatability (even with a little relaxation), with the analysis focusing on the distribution of
subgraphs of a fixed order and its behavior in subgraphs and blowups.

An immediate noteworthy applications of our naturalization technique regards lower bounds
on the query complexity of testing triangle-freeness.

The question of whether a graphs contains a triangles (or more generally, whether it is free
of certain induced subgraphs) is a very basic question to ask when considering the queries one
can make in the dense model, and is perhaps the most studied property in this model. While
it is known to be testable, there is a vast gap between the lower and upper bounds for it. The



best upper bound until recently was obtained by Alon, applying Szemerédi’s regularity lemma
[1]; a proof sketch appears in Fischer’s survey [8], and a more general treatment covering any
induced subgraph is found in [3]. This construction yields a query complexity equal to a (single)
tower function of height polynomial in 1/e; recently, Fox has proven in [10] a tower function
upper bound for forbidden induced subgraphs, whose height is only logarithmic in 1/e, by a
technique similar to the one used for proving Szemerédi’s Regularity Lemma itself, customized
to the problem of subgraph-freeness.

It is the establishment of lower bounds for testing triangle-freeness, however, that has seen
use of relations between feature of properties and features of property tests, and which allows
us to apply our result regarding natural tests, as triangle-freeness is both a hereditary and an
inflatable property.

The standard approach for proving lower bounds on a property’s query complexity is a
principle observed by Yao in [19]: The average probability of success of a random algorithm
on an input from a certain distribution is no lower than the best probability of success of a
deterministic algorithm on the same input distribution. For a query complexity lower bound, one
generally devises two different distributions of input graphs, one supported on graphs satisfying
a property with high probability, and the other supported on graphs far from satisfying the
property with high probability: If these can be shown not to be distinguishable from each other
using a certain number of queries, then this number is insufficient for testing the property, since
a test will either accept far graphs, or reject satisfying graphs, with an overly high probability.
The requirements from the ‘adversarial’ distributions becomes more complex if the test is allowed
to be adaptive.

There is challenge, however, even in the construction of a single graph, rather than a dis-
tribution, which is hard to distinguish as being far from a property — as such a construction
can yield lower bound results. This is the case for one-sided testing of triangle-freeness: A test
querying a subgraph which in itself contains no triangles would have to accept, as it is possible
that there are no edges in the graph except the queried ones. A bound therefore requires only
constructing a single graph (for every order n) which has very few triangles, but no small set of
edges intersecting all of them. Indeed, such a construction by Alon in [2] established the best
such bound known, a bound quasi-polynomial in 1/¢.

A one-sided query complexity lower bound can be converted into a two-sided lower bound,
provided one can show that any test for the property can be made one-sided. Indeed, this was to
be possible using Alon’s proposition appearing in [15] — but as mentioned above, the proof there
relied on the test being natural. Alon and Shapira worked in [5] around this issue, by proving
the same quasi-polynomial lower bound of the one-sided case for any triangle freeness test —
directly, using Yao’s method. Their proof, however, is tailored to the specific construction,
and may not be able to convert possible stronger one-sided lower bounds on triangle testing to
general two-sided bounds.

Using our naturalization technique, in this paper we restore in part the proposition testing
hereditary properties, thus proving that the query complexity of testing for triangle-freeness is
entirely determined by the one-sided-error query complexity, in general rather for the best lower
bound currently known.

The rest of this paper is organized as follows. Our main result regarding naturalization of
tests, as well as its significant implications, are stated in Section 3. This follows Section 2, which
includes the formal definitions of the testing models and of the various features of properties and
of tests, as well as a few technical lemmata regarding graph blowups and their effects on distances
and subgraph distributions. Proof of our main Theorem 1 regarding the naturalization of tests
constitutes Section 4. Following is Section 5, containing further discussion of inflatability and



natural testability, and proofs of additional results, including the weak reverse of Theorem 1.
We conclude by putting forward some open questions in Section 6.

2 Preliminaries

2.1 Graph properties and the dense model for property testing

Definition 2.1. The absolute distance between two graphs G, H of order n is the number of
edges one has to add and/or remove in G to make it into an isomorphic copy of H; in other
words, it is (72")71 times the minimum over all bijections ¢ : V(G)— V(H) of the number of
edge discrepancies — the number of elements in the symmetric difference between E(H) and
{{o), ¢(v")} | {/,v'} € E(G)}. The distance dist(G,H) between G and H is the absolute

distance between them normalized by a factor of (g)_l.
Two graphs are said to be e-far if their distance is at least €.

Definition 2.2. A property of graphs is a set II = (o7, II,, of graphs, closed under graph
isomorphism, where II,, is supported on graphs of order n.

A graph is set to satisfy a property II if it is an element of the set II; a graph G of order n is
said to be e-far from satisfying a property II if G is e-far from every graph H € II,,.

Definition 2.3. A property test for a graph property II is a probabilistic oracle machine which,
given the values (n,¢), as well oracle access to a graph G of order n, makes a certain number
of edge queries (“is there an edge between the vertices u and v?”), and distinguishes with
probability at least 2/3 between the case of G being in IT and the case of G being e-far from II.
The (possibly adaptive) number and and choice of queries, as well as the rest of the algorithm,
may in general depend on the value of n, as can the decision to accept or reject.

Note. Many results regard tests for specific values of €, rather than tests receiving ¢ as a
parameter (the difference between these settings regards the question of computability as a
function of ). The results in this paper hold for both settings.

The above, traditional, definition of a property test in the dense model includes an artificial
dependence of the query model on the value of n: Without utilizing this value it is not possible
to make any samples. The results and observations in [15, Section 4] emphasize the artifice of
this particular dependence, and lead to an alternative definition of a test avoiding it:

Definition 2.4 (Alternative to Definition 2.3). A property test for a graph property I graphs
is a probabilistic oracle machine which is given the values (n,¢), as well access to a graph G of
order n, through an oracle which takes two types of requests: A request to uniformly sample
an additional vertex out of the remaining vertices of G, and an edge query within the subgraph
induced by the sampled vertices (“is there an edge between the i*" and ;" sampled vertices?”).
The machine makes a sequence of requests to the oracle, and distinguishes with probability at
least 2/3 between the case of G being in II and the case of G being e-far from II. If the test has
sampled the entire input graph, additional requests to sample an additional vertex will indicate
that there are none left.

Definition 2.3 and Definition 2.4 are not equivalent as computational models in general. But
in the context of graph properties — which are closed under isomorphism — they are equivalent.
This is established, for all intents and purposes, in [15], albeit not formally stated there. We
shall not go into the details in this paper.



2.2 Features of property tests

Definition 2.5. A property test is said to be one-sided (or said to have one-sided error) if it
accepts all graphs in II with probability 1.

Definition 2.6. A property test is said to be adaptive if the queries it makes to the input
graph may depend in some way on the results of previous queries. If no query made by the test
depends on previous query results, the test is said to be non-adaptive.

Definition 2.7. A test for a graph property II is said to be canonical if, for some function
s : N— N and some sequence of properties (H(i))zl, the test operates as follows: on input n
and oracle access to an n-vertex graph G, the test samples uniformly a set of s(n,e) distinct
vertices of GG, queries the entire corresponding induced subgraph and accepts if and only if this
subgraph is in ™. If the graph has fewer than s(n,e) vertices, the test queries the entire
graph and accepts if it is in II.

Theorem ([15, Theorem 2|). If a graph property has a test with queries involving at most s(¢)
vertices, independently of the size of the input graph, then it has a canonical test with queried
subgraph order at most 9s(e). If the original test is one sided, this canonical test’s queried
subgraph order is s(¢) and it is also one-sided.

Note. The theorem is not phrased in terms of the number of sampled vertices, but this is
evident from the proof of theorem: The original test is repeated 9 times and the majority-vote
is used, to amplify the probability of success from 1/3 to 1/6; see also [16, Page 2, Footnote
1]. If one wishes the canonical test to succeed with higher probability, this can be achieved by
repeating the original pre-canonized test additional times (and using a majority vote) before
applying canonization; the penalty is a constant-factor increase in the final order of the queried
subgraph.

A canonical test, which accepts a graph G when the queried subgraph on its sampled vertices
is G’, is said to accept G by sample G'.

Definition 2.8 (as appearing in [16]). A graph property test is said to be natural if its query
complexity is independent of the size of the tested graphs, and on input (n, ) and oracle access
to a graph of order n, the test’s output is based solely on the sequence of oracle answers it
receives [ not adding “and not on n”; while it makes things extra clear, it is implicit, plus, that's
how the definition appears originally. | (while possibly using more random bits, provided that
their number is also independent of n).

If our graph property tests are as defined traditionally (Definition 2.3), the above definition
of a natural test is flawed, and no test which makes any queries can be natural: A test cannot
make ¢(g) queries to an input graph with less than /q(e) vertices (this point is also mentioned
in [6]). Instead of amending the definition of naturality to avoid this semantic issue, it seems
more reasonable to use the alternative definition for the dense graph model, Definition 2.4, in
which the artificial dependence on n is removed. In this case, Definition 2.8 is valid: If the
test attempts to sample too many vertices, the oracle indicates its failure to do so and the
test proceeds accordingly. In fact, in this paper we will assume implicitly that whenever a test
attempts to sample more vertices than the input graph has, it proceeds to query the entire
graph and accept it deterministically if it satisfies the property being tested.

In this paper we will be dealing mostly with tests which combine both the above features,
or rather, we will focus on making canonical tests natural as well. In the context of a canonical
test, the naturalness means that the ‘internal’ property, the one for which the sampled subgraph
is checked for, does not depend on the size order of the input graph. This observation leads us
to use naturality to define several ‘levels’ of canonicality for a property test:



Definition 2.9. Consider a canonical test for graph property II, with (H(i))zl being the
sequence of properties the satisfaction of which the test checks for its sampled order-s subgraph.
The test is said to be

perfectly canonical when II(¥) = II The test does nothing but ensure that a small ran-
dom subgraph satisfies the same property the larger
input graph is being tested for.

strongly canonical when @ =1r The test ensures a small sampled subgraph satisfies

some fixed property, the same for any order of the

input graph, but not necessarily II itself.

It may be the case that 11 is different for different

values of i.

e}

weakly canonical for any (H(i))l_ )

Notes.

— Indeed, a test is strongly canonical if and only if it is both canonical and natural.

— In [6], the term oblivious is used for what we have defined as a strongly canonical test.

— There is only one perfectly canonical test for any queried subgraph order; of course, for
many properties this will not constitute a test, as it does not distinguish satisfying graphs
from far graphs with sufficient probability.

2.3 Features of graph properties

In this subsection we define strict and approximate notions of graph properties being hereditary
and inflatable.

Definition 2.10. A graph G’ = (V/, E’) is a (balanced) blowup of a graph G = (V, E) if V'
can be partitioned into |V| clusters of vertices, all of the same size up to a difference of at most
1, each corresponding to a vertex in V', where the edges in E’ between these clusters correspond
to the edges of E. In other words, if (u,v) € E then the bipartite graph between the clusters
corresponding to u and v is complete, and if (u,v) ¢ E then this bipartite graph is empty.
There are no edges inside each partition set.

Definition 2.11. If G’ = (V', F’) is a blowup of G, and the clusters in V' (corresponding to
the vertices of @) all have exactly the same size (and, in particular, |V| divides |V’|), then G’
is said to be an exactly-balanced blowup.

We will sometimes refer to a “random” or a “uniformly sampled” blowup of a graph from order
n to some order n'; this will mean that the n’ (mod n) vertices which have the larger clusters
in the blowup (clusters of size [ n//n | rather than |n'/n|) are chosen at random.

Lemma 2.12. Let G # H be graphs of order n, let n’ > n, and let ¢ : V(G)— V(H) be a
bijection achieving dist(G, H), i.e. exhibiting dist(G, H) . (g) discrepancies. If one uniformly
samples a blowup G’ of G to order n’, and applies the same blowup to H — 1in the sense that
for every v € G, the size of v’s cluster in G' is the same as the size of ¢p(v)’s cluster in the
blowup H' of H — then the expected distance between between the two blowups is strictly lower

than dist(G, H) .

Proof. We show that the expected number of discrepancies under a bijection mapping each
vertex v’s cluster to a vertex in the cluster of ¢(v) is less than dist(G, H ) (Z), implying the
claim. By the linearity of expectation, it suffices to show that for every pair of vertices u, v



which exhibit a discrepancy under ¢ before the blowup, the expected number of discrepancies
of the two corresponding clusters in G’ and H' is under (n//n)?.

Now, let k =n’ (mod n) and m = | n’/n|. The number of discrepancies due to {u, v} is the
product of the sizes of u and v’s clusters (denote their sizes cs(u), cs(v)). Each of these clusters
has size either m or m + 1; thus

Ex[cs(u) - cs(v)] =1 (m-m)+ Prles(u) =m+1] - (1-m)
+Prlcs(v) =m+1]- (m-1)

+ Prics(u) =cs(v) =m+1]-(1-1)

k
:m2+2-m-E+Pr[cs(u):cs(v):m+1]

) k <k k:—l) ( k>2 (n'>2
=m"+2-m-—+ (- < m+—-| = —
n n n—1 n n

This completes the proof. ]

Incidentally, Pikhurko has shown in [18, Lemma 14| that the distance between blowups
can’t be very far below the distance between the original graphs: dist(G’ JH' ) > %dist(G, H ),
for exactly-balanced blowups; this non-trivial direction of the distance bound, however, is not
used in our paper.

Definition 2.13. A property II is said to be inflatable if it is closed under blowups, i.e. if G
satisfies II, then so does any blowup of G.

Definition 2.14. A graph property II is said to be (s, §)-inflatable if for any graph G satisfying
II, of order at least s, all blowups of G are d-close to satisfying II. A property II is said to be
(s,0)-inflatable on the average if for any graph G satisfying II, of order at least s, the expected
distance from IT of blowups of G to any fixed order (a uniform sampling out of all possible
blowups to that order) is less than 4.

As noted above, blowups do not affect graph distances overmuch. This implies that taking
a blowup cannot drive you too far away from an inflatable property:

Proposition 2.15. Let property I1 be (s, )-inflatable on the average, let G be a graph of order
n > s, and let n' > n. The expected distance of a uniformly-sampled blowup of G to order n
from 11 is less than dist(G,H) +0.

Proof. Let H € 11 be a graph of the same order as G such that dist(G, H) = dist(G, H ) Let G’
and H' be corresponding random blowups of G and H respectively, as defined in the statement
of the Lemma 2.12. The lemma gives Ex¢ [dist(G’, H')] < dist(G, H); also, since II is (s, )-
inflatable on the average, and since H if of order at least s, and since H' is a also random
blowup, its own expected distance from II is less than §. We can now use the triangle inequality
to conclude that:
Ex|[dist(G', 1)] < Ex[dist(G', H') + dist(H', 1T
ox [dist(G,T1)] < Ex[dist(G', H') + dist(H', 1)
= Ex [dist(G', H') ] + Ex [dist(H',11)|
< dist(G, H) + 6 = dist(G, ) + &

as claimed. O



Definition 2.16. A graph property is said to be hereditary if it is closed under the taking of
induced subgraphs. A property is said to be hereditary down to order nyg if it is closed under
the taking of induced subgraphs of order no less than ng.

Observation 2.17. Hereditary properties can be characterized by a (possibly infinite) set of
forbidden induced subgraphs — a graph satisfies a hereditary property II if and only if it has
no induced subgraph from the forbidden set .

Definition 2.18. A property II is said to be (s, d)-hereditary if, for every graph in II, all of its
induced subgraphs of order at least s are d-close to II. A property II is said to be (s, d)-hereditary
on the average if, for every graph in II, the expected distance from II of a uniformly-sampled
subgraph of any fixed order s’ > s is less than §.

2.4 Fixed-order subgraph distributions of graphs

Definition 2.19. Given a graph G, consider the graph induced by a uniformly sampled subset
of s vertices. We denote the distribution of this induced subgraph by D¢, the order-s subgraph
distribution of G; D, (G’) is the relative frequency of a subgraph G’ of order s in G.

Note. In [9], this distribution is called the graph’s g-statistic.

Our analysis of property tests in this paper focuses on such distributions and their distances.

Definition 2.20. Let G° denote all graphs of order s. The distance between two distributions
D, D' over graphs of order s, denoted dist(D, D' ), is the variation distance between them, i.e.

dist(D, D') Z |D(G (@)
Gegg

The distance between two graphs’ order-s subgraph distributions cannot exceed the two
graphs’ relative distance overmuch:

Lemma 2.21. If two graphs G, H (of ordern > s) are 6(;)_1—010367 then their order-s subgraph
distributions are d-close, i.e. dist( SG,qu) <.

Proof. Let ¢ : V(G)— V(H) be a bijection achieving the minimum of the number of edge
discrepancies. The graphs’ being 6 (;)71—01086 means that there are at most ¢ (;)71 - (5) such
discrepancies. Now consider a uniformly-sampled set of s vertices in V(G), and the subgraph
they induce in G' and (through ¢) in H. Every pair of vertices in the subgraph is uniformly
distributed among the pairs of vertices of G or of H, so the probability of having any discrepant
edges between these two subgraphs under ¢ is at most §. When we condition on the sample not
containing any vertex pair discrepant under ¢, the distributions of such an order-s subgraph of
G and of H becomes identical; the variation distance between the unconditioned distributions

cannot, therefore, exceed 4. ]

Another feature of the the order-s subgraph distribution is that it does not change overmuch
when taking the blowup of a graph.

Lemma 2.22. Let § > 0, let G be a graph of order n > %(;), let G' be a random blowup of G
to order ' > n, and let H C G*. Then

Ex

G/

Pr [H € H]

— Pr [H € H]
H~D, H~D

/\JDG

<9




Proof. Let D%, denote the order-s subgraph distribution of G, conditioned on the event that
every vertex of the subgraph is in the cluster of a different vertex of G. For any fixed G’, we
have

Pr [HeH— Pr [HeH)

: s TS
HoDs i S dlSt( G’ G/)
~ G/ HNDG,

This variation distance is bounded by the probability p that multiple vertices in H sampled
uniformly from G’ are in the same cluster of vertex of G. For a given pair of vertices of H, the
probability of their being in the same cluster is at most the relative size of a large cluster, which
is bounded by 2/n; union-bounding over all pairs, we have, irrespective of G’,

r<(3) 2= () 5=

The claim can now be established if we show that

Ex

Pr [H € H]
G/

= Pr [H € H]
H~DE, H~Dg

NDG

For this purpose, let us analyze separately the various sets of s vertices in G (corresponding to
sets of s clusters in G’): The probability of sampling H in H is the probability of sampling a set
S of s vertices, such that the induced graph H = Hg on these vertices is in H; in G, it is the
probability of sampling vertices from the appropriate sets of s clusters. Let Sy be the family
of s-vertex sets S with Hg € H. Denote by pg(G’) the probability that a set S” of s vertices,
each from a different cluster of a G vertex, equals S. Now, by the linearity of expectation,

Ex

Pr [H € H]
G/

H~DS,,

:%}/( Z ps(Gl) = Z %}/([ps(G,)J

SeSy SeSy

The expectation Exq[ps(G’)] is the same, by symmetry, for all s-subsets S, as the blowup G’
is sarlnpled uniformly. It must therefore be equal to the inverse of the number of sets S, i.e.
(") . Thus

s

Ex

x| Pr [Hew]| = Y Bx[ps(@)] = Y (Z)_ = Pr[Hew

HNDE" ] SeSy SeSy

as claimed. O

[ following is a proposition we don't use. |

Note that while any single event (or single order-s subgraph or set of s clusters) has the
same expected probability, in specific blowups this may very well not be the case, even for
n > s, as one may choose to have, say, the higher-degree vertices have bigger clusters, and the
lower-degree vertices in smaller clusters. The following proposition gives a deterministic bound
on the distance between the subgraph distributions using both the order of the pre-blowup
graph n and the ‘imbalance’ of the blowup:

Proposition 2.23. Let G be a graph of order n > s and G’ a blowu {) of G to order n' > n,
and let k = n/ (mod n). Then dist(Df,,D&) < (5) - 2 +s- min{kn—k} () t+s 2%, and
dist(Dg,, D) < (5) - = if n divides n/.

n’



Proof. Let us first analyze the case of the blowup G’ being exactly-balanced, i.e. n’ = n -k
for some k € N. Consider a sample of an s-vertex subgraph of G’. Conditioning on the event
of every vertex being sampled from the cluster of a different vertex of G, the distribution of
order-s subgraphs of G’ is exactly DZ,. Thus the unconditioned distance dist(DE,,D‘é) is at
most the probability of sampling at least two of the s vertices from the same cluster. Since
G’ is an exactly-balanced blowup, this probability is less than 1/n for a single pair of vertices.
Applying a union bound over the (;) pairs of vertices yields dist(Df;,, DSG) < %(;)

In the general case, G’ is not necessarily exactly-balanced. However, let us choose one vertex
from each of the n’ (mod n) larger clusters to form a set U. the subgraph of G’ induced by
V(G')\ U is an exactly-balanced blowup of G; and with probability at least 1 —s- #, a sample
of s vertices from V(G) is in fact sampled from V(G’) \ U only, conditioning on which event
the above distance bound holds. Alternatively, think of an exactly-balanced blowup G” of G,
to order n’ +n — k. The exactly-balanced distance holds for G”, but when conditioning on the
event of no vertices being sampled out of the n — k additional vertices in G”, it has the same
order-s subgraph distribution as G’; this event’s probability is at least 1 — s - ”n_,k

In the general case, therefore, we have dist( SG,,Dsc) < min{%(g) + %, %(;) + ”;,k} as
claimed. O

3 Our results

We first state our our main result in a simplified manner, for motivation and clarity:

Theorem 1. If a hereditary, inflatable graph property has a test making q(g) queries, regardless
of the size of the input graph, then it has a strongly canonical test — specifically, a natural test
— making O(q(€)4) queries.

We will in fact prove a mildly stronger version, with the above being a special case:

Theorem 1 (exact version). Let IT be a graph property has a test with queries involving at

most s(e€) distinct vertices, regardless of the size of the input graph, and let s; = 12(358). If 11

18 (51, é(?)_l)—hereditary on the average and (51, 51_1)—inﬂatable on the average, then it has a
strongly canonical test whose queried subgraph order is s = 0(3(5)2).

Note. This theorem should also hold also for properties with weaker inflatability — a higher
threshold value than stated above for e-inflatability on the average — with some modifications
of our proof, and with a worse dependence of the queried subgraph order on s.

We also prove a weak inverse of Theorem 1:

Theorem 2. If a graph property I1 has a natural (not necessarily canonical) test with queries
involving s(g) distinct vertices, then for every e’ > e, Il is (sh, 6/) -hereditary on the average and

L)) and s; = O(s? - (¢/ — a)fllog( L))

el—e

(si, E/) -inflatable on the average, for sp = O(s : log(
respectively.

5/

Let us now recall the proposition from Goldreich and Trevisan discussed in the introduction:
[ I'm not numbering this one. I'm only numbering propositions and theorems which we're proving
in this paper; this one already has a number - D.2 ... |

Proposition ([15, proposition D.2], corrected as per [16]). Let IT be a hereditary graph property,
with a natural test making q(e) queries. Then II has a perfectly canonical test with queried
subgraph order O(q(a)).

10



Originally, this proposition was stated without requiring that the test be natural (merely that
the number of queries be independent of the order of the input graph).
Combining this corrected, qualified version above with Theorem 1, one obtains:

Corollary 3. If a hereditary inflatable property I has a test making q(g) queries, it has a
perfectly canonical test with queried subgraph order poly(q()).

The converse of this corollary, useful for proving lower bounds, is that if a hereditary inflat-
able property has no perfectly canonical test with queried subgraph order poly(g(¢)), then it
has no test whatsoever whose number of queries is polynomial in ¢ (natural or otherwise, with
one-sided or two-sided error). For triangle-freeness specifically, combining Corollary 3 with [2,
Lemma 3.1], and the fact that the property of triangle-freeness is inflatable, one obtains an
alternative, ‘generic’ proof of the following;:

Corollary 4 (first proven as [5, Theorem 1]). The query complexity of any e-test — natural or
otherwise, with one-sided or two-sided error — for the property of being triangle-free makes is
at least (¢/e)18 %) | for some global constant c.

As mentioned in the introduction, the proof in [5] uses a construction specific to the details
of the (c/e)¢1°8.%/%) one-sided lower bound. The construction we will be utilizing in the proof
of Theorem 1 applies to any test for triangle-freeness, so a proposition similar to the above
corollary would hold for any possible lower bound on the query complexity of testing triangle-
freeness. It will similarly hold for the property of being free of any single non-bipartite graph
which is not a blowup of a smaller graph.

Returning to [15, proposition D.2|, while for hereditary inflatable properties we have es-
tablished it holds with a power-of-four penalty on the number of queries, for properties with
one-sided tests it can be shown to hold as stated:

Proposition 3.1. If a hereditary inflatable property I1 has a one-sided (not necessarily natural)
test making q(g) queries, then I has a perfectly canonical test with queried subgraph order at
most 2q.

Finally, putting inflatability in the context of proximity-oblivious testing, we prove the
following partial characterization:

Proposition 3.2. Let II be an inflatable hereditary graph property. II has a constant-query
prozimity-oblivious test if and only if there exists a constant s such that, for n > s, I1,, consists
exactly of those graphs of order n, which are free of order-s graphs outside of 11,.

4 Naturalizing tests — proof of Theorem 1

Let II be a property meeting the conditions of Theorem 1. As II has a test with queries involving
at most s(e) vertices (independently of n), by [15, Theorem 2] it has a canonical test, querying a
uniformly sampled subgraph of order at most 9s, in its entirety. As discussed in Subsection 2.2,
we may assume that the canonical test’s probability of error is at most % rather than %, at the
cost of increasing the queried subgraph order to so = 31s.

One may think of the existence of such a canonical test as meaning that the membership
of a graph in II is essentially determined by its distribution of (induced) subgraphs of order s.
This being the case, let us consider a (canonical) ‘meta-test’ for II, which estimates whether
the subgraph distribution leads to acceptance: This meta-test is listed as Algorithm 1.

11



Note. The order s; of the larger subgraph used for this estimate is chosen so as to ensure the
stability of the distribution under blowups — a consideration which will become relevant later
in this section. On the other hand, s; is not high enough to properly estimate the distribution,
i.e. estimate the frequency of specific order-sy subgraphs (there are exp (Q(soz)) of them) in G.

Algorithm 1 A Meta-Test for 11

1: Uniformly query a subgraph Gsample of order s; = 12(520) = 12(3152(5)).
2: If at least a %—fraction of the order-sg subgraphs G’ of Gsample are such that the (canonical)
so-test accepts G by sample G’, accept. Otherwise reject.

Lemma 4.1. Algorithm 1 is a valid test for property I1, with probability of failure at most 1/6.

Proof. Suppose the input graph G either satisfies II or is e-far from satisfying II. Let G’ be one
of the (zé) order-sg subgraphs of Ggample. Let X be the indicator for the sp-test erring (that
is, rejecting G in case G satisfies I1, or accepting G in case G is far from IT) by sample G’. Every
order-sg subgraph of Gsample is in fact uniformly sampled from the input graph, thus Ex[X¢] is
the probability of the sp-test erring — at most %. The expected fraction of order-s subgraphs
of Gsample by which the sp-test errs is therefore also at most 3—16. Considering the meta-test’s
behavior again, it only errs if at least a %—fraction of the subgraphs of Gample cause the so-test

to err. by Markov’s inequality the probability of this occurring is at most % % = é. ]

Let us now modify Algorithm 1 to reject samples which are themselves not in the property
at order si1; the result is listed as Algorithm 2.

Algorithm 2 Modified Meta-Test for I1

1: Uniformly query a subgraph Ggample of order s; = 12(%) = 12(3152(5)).

2: If Gsample 1s not in 1I, reject.

3: If at least a %—fraction of the order-sy subgraphs G’ of Gsample are such that the so-test
accepts G by sample G’, then accept. Otherwise reject.

Lemma 4.2. Algorithm 2 is a valid test for property II.

Proof. The additional check only increases the probability of rejection of any input graph, so
it does not adversely affect the soundness of the modified test (that is, a graph e-far from II is
still rejected by Algorithm 2 with probability at least % > %)

As for the modified test’s completeness, we recall that II is (51, %(521)_1)—hereditary on the
average. This implies that, for an input graph in II, the average distance of subgraphs of order
s1 from II is %(521)71; as each order-s; subgraph not in II is at least (521)71—far from II, the
fraction of order-s; subgraphs of G which aren’t in II is at most %. Regardless of these, at most
a %—fraction of the order-s; subgraphs of a satisfying graph cause Algorithm 1 to reject. Union
bounding over these two sets of subgraphs causing rejection we find that the probability of the

1

modified meta-test rejecting a graph in II is less than 2 - % =3 O

If Algorithm 2 were somehow also natural, this would complete the proof of Theorem 1, as
it otherwise meets its requirements. Interestingly enough, our modification has indeed made it
natural, as implied by the following final element of our proof:

Lemma 4.3. Let H be a graph of order s1 by which sample Algorithm 2 accepts for at least
some input graph order n. Algorithm 2 cannot reject for any input graph order n’ > s1 by
sample H.

12



Proof. Assume on the contrary that Algorithm 2 rejects by sample H for some n’ > s;. We
first note that Algorithm 2 does not reject by H at order n’ on account of H not being in II (as
samples which aren’t in II are rejected at all input orders). We will show that this invariably
implies that the original test is unsound.

Let II/, denote the set of order-sy subgraphs by which sample the so-test accepts an input
graph G at order n/. Our assumption is that the probability of the sp-test accepting a subgraph
of H is less than %, or in terms of the subgraph distribution, PrHsNDE) [H;,] < %. [ | don't like
the notation Hs; but Hsymple Would be too long; and | can't really start using a capital letter other
than G and H. |

Now, consider a random blowup H’ of H to order n’. II is (31, %(Sg)_l)—inﬂa‘cable on the
average, and H is in II, so

. 1 (s0\ "
/
%}Ic[dwt(H,H)] < 12<2>

and by Markov’s inequality,

Pr
H/

dist(H/,11) > ~( %0 NPE
=6\ 2 2

Also, let 6 = %. Since 1 > %(520), we may apply Lemma 2.22 (substituting H and H' for G and
G', sg for s, s1 for n) for the event of the sp-test accepting at order n':

ol P [As e, ]| < Res [Hs €11,] + |Bx R [Hoet,]| - A [H, €11
/ r,1 1
<H51:]ID‘Z?[HS€H”,] FO<GT573

and again by Markov’s inequality

Pr
Hl

2 1
Pr (HcIll,|>=| <=
HSNDSO,[ S n :| - 3] 2

H
Combining these two facts, we conclude that with positive probability, H' is a graph which is
both very close to II and is accepted by the sp-test with probability at most %

Now, let H' be a graph in II at distance at most %(520)_1 from H'. By Lemma 2.21, these
two graphs’ order-sg subgraph distributions are %-close, implying that

H ° !

[ N

We now use the triangle inequality to bound the probability of the sg-test accepting H':

Pr [Hoell,] < Pr [Hyelll,]+| Pr [Hyelll)| - Pr [HeIl]

Hy~D%0 Hs~D3Y, Hs~D, HSND%Q,
< 2 n 1 5
3 6 6

This contradicts the original test’s probability of error — it must accept 2 , a graph in II, with
probability at least 1 — 3—16 > %. It can therefore not be the case that Algorithm 2 rejects H at
order n’. O
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Proof of Theorem 1. Given a property I satisfying the conditions, we have devised Algorithm 2:
This is a canonical test for II, with queried subgraph order s; = 12(355); by Lemma 4.3, it
accepts and rejects the same set of queried subgraphs for all graph orders n > s; — that is, it
is a natural test. O

5 Natural testability and inflatability — further discussion

5.1 One-sidedness and Proposition 3.1

Observation 5.1. If a hereditary property has a strongly canonical test, this test must be
one-sided.

Proof. If the test for the hereditary property II (deterministically) rejects any sampled subgraph
G’ of a graph G € II, the test also rejects G’ when it is the entire graph. But when G’ is the
entire graph, it will always be the sampled subgraph, i.e. the test rejects G’ with probability 1.
G’ can therefore not be in IT — a contradiction to II being hereditary. O

The implication in Observation 5.1 can be reversed, in a way — weak approximate heredity
as a consequence of one-sided testability:

Lemma 5.2. If a property Il has a one-sided strongly canonical test with queried subgraph order
s(e) for some €, then 11 is (s(e), €)-hereditary.

Proof. Let G € II,, for n > s(e), and let G’ be a subgraph of G of order at least s(g). If G’ is
e-far from II, then it must have an order-s subgraph G” by which sample the test rejects G.
But the test also rejects G by sample G”, in contradiction to its one-sidedness. 0

Note. This lemma is somewhat similar to the second direction of [6, Theorem 2], in which the
existence of a one-sided natural test is shown to imply ‘semi-heredity’.

One would hope to somehow get rid of the dependence on € and find conditions under which the
property is hereditary, at least down to some ng; this becomes possible if the test is proximity-
oblivious, but note that if a property II has a natural proximity-oblivious test, then II is simply
the property of being free of subgraphs by which this test rejects (at least for n > s; see
discussion in Subsection 5.3, and specifically Proposition 3.2).

In the proof of Lemma 5.2, we used the one-sidedness of the test to obtain deterministic ap-
proximate heredity; Subsection 5.2 below deals with the general, two-sided case, and establishes
approximate heredity only on the average. Deterministic approximate heredity may indeed re-
quire the test to be one-sided. For example, the property Il ¢, containing those graphs with at
most %(g) edges, is (O(%),&)—hereditary on the average, has a two-sided natural test (in fact,
its query complexity can be shown to be O( 1/5)), but it is not (s, % — 6)—hereditary for any s
and 6 > 0 (there are satisfying graphs with arbitrarily large complete subgraphs).

Returning again to the direction of Theorem 1, let us follow an alternate line of argumen-
tation than the one used to prove Theorem 1, this time for the case of one-sided tests.

Lemma 5.3. Let II be an inflatable property. A one-sided canonical test for I1 can only reject
an input graph when it samples a subgraph which is not itself in II.

Proof. Suppose for some input graph G of order n the test samples a subgraph G’ € II. Since
IT is inflatable, the exists a blowup G” of G’ to order n such that G” € II. Now, G’ is an
induced subgraph of G”, so it is possible for the test to sample G’ when G” is the input graph.
Since the test is one-sided, it can not, therefore, reject an input graph of order n with G’ as the
sample. ]
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Proof of Proposition 3.1. By [15, Theorem 2|, II has a canonical one-sided test with queried
subgraph order s(e) < 2¢(g), which is also one-sided. By Lemma 5.3, this test only rejects
sampled subgraphs which aren’t themselves in II. Now suppose we modify the test so as to
reject all sampled subgraphs not in II. As we are only rejecting additional subgraphs, the test’s
soundness can only improve. As for its completeness, we note that since II is hereditary, no
graph in II has any subgraphs outside of 11, so the test still accepts graphs in II with probability
1. The resulting test is indeed perfectly canonical. O

5.2 Reversing the direction of Theorem 1

Lemma 5.4. If a property I1 has a strong canonical test with queried subgraph order s(€), with
probability of error § < L, then II is (%(;),6 + 35) -inflatable on the average.

Proof. Let G be a graph in II,, for n > %(;) and let G’ be a uniformly sampled blowup of G to

some higher order. Let II' be as in Definition 2.9 (the set of order-s subgraphs by which sample
the test accepts an input graph). By Lemma 2.22, we have

Ex| Pr [H¢I]| - H¢ll'l| <6

Pr [
S H~Dg,

so Bxg | Pry~ps, [H ¢ H’]} < 260. By Markov’s inequality

Pr
G’l

) 26
_5l <« 22«
HFDrg/ [He¢ll'] >1 5] 5 30

Now, if G’ is rejected by the test with probability at most 1 — 4, it cannot be e-far from II; if it
is rejected with higher probability, we can’t make any assumptions regarding its distance. Thus

Ex|dist(G,1T)] < Pr [H¢ll'|<1-9¢

!

e+ Pr [H¢l'] >1-06|-1<e+38

!

Pr Pr
S S
H~DS, H~DS,

O]

Lemma 5.5. If a property 11 has a strongly canonical test, with queried subgraph order s(e),
with probability of error § < L, then II is (3,5 + %5) -hereditary on the average.

Proof. Let G be a graph in II of order at least s, let G’ a uniformly-sampled subgraph of G of
order s > s, and let per denote the probability of the test rejecting with G’ rather than G as
its input graph. The expectation of pgr is exactly §, the probability of the test rejecting G —
as the process of sampling an order-s’ subgraph, then sampling an order-s subgraph out of it,
is the same as just sampling an order-s subgraph of G. We can apply Markov’s inequality and
bound the probability of pgr being too high: Prg/[pgr > 1 — 6] < %{5. Since the test is sound,
we know that if pg is lower than 1 — §, G’ cannot be e-far from II; if pg is higher, we don’t
assume anything about G’’s distance from II. Thus

%}/c[dist(G', )] < %/I‘[pG/ <1—90]-e+ %y[pg >1-4]-1

) ) 3
< 1 — 1= — < )
< 5+1_5 €—|—1_6_6+2
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Proof of Theorem 2. Let § = %(e’ — ). Our first step is the same as in the proof of Theorem 1 —
pre-amplifying the probability of success of the natural test and canonicalizing it. Our modified
test remains natural (thus being strongly canonical), with probability of failure at most 9,
and its queried subgraph size is s, = O(s - log (5_1)), as per the discussion of canonization
in Subsection 2.2. Now, by Lemma 5.5, II is (sh,&? + %5)—hereditary on the average, and by
Lemma 5.4, II is (%(32}‘),5 + 35)-inﬂatable on the average. This meets the claim. O

5.3 Natural testability and proximity-oblivious testing

In most works regarding property testing, tests are devised based on a foreknowledge of the
proximity parameter : Either the test is given € as input, or € is fixed globally. Goldreich and
Ron explore an alternative approach in [13], studying one-sided tests which act irrespectively of
€. Characterizing the probability of rejection p as a function of an input graph’s distance from
the property, one then obtains an e-test by invoking the proximity-oblivious test @(1 / p(s))
times. A proximity oblivious test has query complexity which may depend on n, but not on ¢.

Lemma 5.6. If a hereditary, inflatable graph property has a proximity-oblivious test with making
¢ queries (using s sampled vertices), then it has a perfectly canonical proximity-oblivious test
with queried subgraph order s (making at most (;) queries).

The proof of this lemma is exactly the proof of Proposition 3.1, which applies regardless of
whether the test depends on the proximity parameter € or not.

The general results of [13] regarding the dense graph model include a characterization of the
properties admitting a constant-query proximity-oblivious test:

Theorem ([13, Theorem 4.7]). A property II has a constant-query proximity-oblivious test if
and only if there exists a constant ¢ and a finite sequence F = (Fy),cn of sets of graphs, such
that each JF,, contains graphs of size at most ¢, and 11, is the set of order-n F,-free graphs.

When limiting our focus to properties which we know to be naturally testable, we can tighten
the characterization:

Proof of Proposition 3.2. If 11 is the property of being F-free for F = (I,)¢, II is proximity-
oblivious testable with a constant number of queries: By [3], either the graph is close to being
F-free, or it has () - n® induced copies of this forbidden subgraph (with § being a double-
tower function of (1/¢), as this fact is established using a version of Szemerédi’s regularity
lemma). In this direction, the argument is the same as for the general characterization theorem
of proximity-oblivious-testable properties [13, Theorem 4.7].

The other direction follows from Lemma 5.6: The existence of a proximity-oblivious test
implies the existence of a perfectly canonical test querying a subgraph of order s and rejecting
if it isn’t in II,. This test accepts, with probability 1, exactly those graphs which are free of
induced subgraphs outside Il;; as it is one-sided, this implies that II, at order s and above, is
the set of (II,)°-free graphs. O

6 Open questions

Naturalization without canonization This paper can in fact be said not to be concerned
with natural tests per se, but rather with a further development of the concept of canonical
tests, with naturalization being a ‘strengthening’ of the degree of canonicality. What can be
said regarding the naturality of non-canonical, or even non-adaptive, tests? Can such tests be
made natural without incurring the penalty for making them non-adaptive and canonical?
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Testing a large graph by testing small subgraphs Goldreich and Trevisan posed in
[16] the question of whether any test for a hereditary properties can be replaced with merely
ensuring that a random small induced subgraph (not much larger than the subgraph queried by
the original test) has the property — as was originally claimed in [15, Proposition D.2]. We’ve
shown that being hereditary and inflatable, or one-sided-testable, is a sufficient condition for
this to hold. Are these conditions, or similar ones, also necessary?

The benefit of non-natural testing Some testable properties have a non-constant-factor
gap in query complexity between their adaptive and non-adaptive tests; Such a gap may also
exist between natural and n-dependent tests. As with adaptivity, it will be bounded by the
penalty of naturalizing the test when at all possible. Can one find specific properties exhibiting
such a gap, or ‘non-contrived’ properties for which there is no gap (similarly to Goldreich and
Ron’s [14])?

A more appropriate notion of inflatability Our choices for the definition of a blowup
and of (perfect) inflatability are somewhat arbitrary. For example, the property of being the
empty graph is inflatable, but the property of being the complete graph is not — since the
clusters in a blowup are empty rather than, say, supporting a clique. Also, the property of
being H-free, when H itself is a blowup of a smaller graph, is not inflatable, and not even
(s,9)-inflatable, for any s. However, these properties are inflatable on the average (even though
for the case of subgraph freeness the known threshold s is exceedingly high). Can one devise a
more appropriate, perhaps more relaxed notion of inflatability, which covers such properties as
well, while still allowing for naturalization with the same polynomial penalty as in Theorem 17
We are uncertain whether one could devise a useful notion of graph blowup under which all such
properties would be considered ‘perfectly’ inflatable. Of course, this is not much of an issue
with regard to (s, d)-inflatability, as at high orders the edges within the clusters are immaterial
to the distance.
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