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Summary. This work examines the concept of swarm intelligence through three
examples of complex problems which are solved by a decentralized swarm of simple
agents. The protocols employed by these agents are presented, as well as various
analytic results for their performance and for the problems in general. The problems
examined are the problem of finding patterns within physical graphs (e.g. k-cliques),
the dynamic cooperative cleaners problem, and a problem concerning a swarm of
UAVs (unmanned air vehicles), hunting an evading target (or targets). In addition,
the work contains a discussion regarding open questions and ongoing and future
research in this field.

1 Introduction

Significant research effort has been invested during the last few years in design
and simulation of intelligent swarm systems. Such systems can generally be
defined as decentralized systems, comprising relatively simple agents which
are equipped with limited communication, computations and sensing abilities,
designed to accomplish a given task ([8, 9, 10, 11]).

However, much work is yet to be done for such systems to achieve sufficient
efficiency. This is caused, among others, by the fact that the geometrical
theory of such multi agent systems (which is used to tie geometric features
of the environments to the systems’ behaviors) is far from being satisfactory,
as pointed out in [12] and many others. Furthermore, while strong analysis
of a swarm protocol and its performance is crucial for the development of
stronger protocols and for overcoming the resource allocation problem users
of multi agent system often face, most of the works in the field present merely
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a superficial analysis of the protocols, often in the sole form of experimental
results.

This work introduces three complex problems which are to be solved by
such intelligent swarms, utilizing specially designed protocols. The protocols
and their performance are analyzed, and experimental results concerning the
actual performance of the protocols are presented.

A more elaborated overview of previous work which concerns swarm in-
telligence is presented in section 1.1 while details regarding the motivation
behind this research appears in section 1.2. A key element in design and anal-
ysis of swarm based systems and of swarm algorithms is the simplicity of the
agents (in means on sensing and computation capabilities, communication,
etc.). A discussion concerning this issue appears in section 1.3.

Several works considered multi agents robotics in static environments.
Such works can be found in [1], [2], [7] and elsewhere. These works present,
among other results, protocols that assume the only changes taking place in
the environment to be caused through the activity of the agents. The first
problem presented in this work is a problem in which the agents must work
in dynamic environments — an environment in which changes may take place
regardless of the agents’ activity. This problem is a dynamic variant of the
known Cooperative Cleaners problem (described and analyzed in [1]). This
problem assumes a grid, part of which is ‘dirty’, where the ‘dirty’ part is a
connected region of the grid. On this dirty grid region several agents move,
each having the ability to ‘clean’ the place (‘tile’, ‘pixel’ or ‘square’) it is lo-
cated in, while the goal of the agents is to clean all the dirty tiles (in the
shortest time possible). The dynamic variant of the problem (described in
section 2.1) involves a deterministic evolution of the environment, simulating
a spreading contamination (or spreading fire).

The Dynamic Cooperative Cleaners problem was first introduced in [3],
which also included a cleaning protocol for the problem, as well as several
analytic bounds for the time it takes agents which use this protocol to clean
the entire grid. A summary of those results appears in section 2.4, while
section 2.5 describes a method of using a prior knowledge concerning the
initial shape in order to improve its cleaning time.

The second problem presented is the Cooperative Hunters problem. This
problem examines a scenario in which one or more smart targets (i.e. a platoon
of T-72 tanks, a squad of soldiers, etc’) are moving in a predefined area, trying
to avoid detection by a swarm of UAVs (unmanned air vehicles). The UAV
swarm’s goal is to find the target (or targets) in the shortest time possible,
meaning, we must guarantee that there exists time t in which all the escaping
targets are detected, and that this t is minimal. While the swarm comprises
relatively simple UAVs, which lack prior knowledge of the initial positions
of the targets, the targets possess full knowledge of the whereabout of the
swarm’s agents, and are capable of intelligent evasive behavior.

A basic protocol for this problem and its analysis appears in [15]. However,
this protocol assumes that the area in which the targets can move is known
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to the UAVs. Furthermore, although trying to minimize the communication
between the swarm’s agents, the work in [15] still requires a relatively high
amount of explicit cooperation between the agents, which can be obtained
through the use of a relatively high amount of communication.

This work contains a protocol for the requested task, which assumes no
previous knowledge considering the area to be searched, and uses only a lim-
ited communication between the agents. The problem, the protocol and an
analysis of its performance are presented in section 3.

The third problem presented in this work is the Physical k-Clique problem,
where a swarm comprising n mobile agents travels along the vertices of a
physical graph G, searching for a clique of size k. A physical graph refers to a
graph whose edges require a certain amount of time (or resources) for traveling
along. Furthermore, information regarding the graph is available to the mobile
agents only locally (meaning that the agents gather information only regarding
the vertices they travel through). Thus, the complexity of the problem is
measured in the number of edges traveled along, and not in the computational
resources used by the agents. The work presents a search protocol for the
agents, as well as experimental results for its performance (section 4).

Section 5 contains a discussion regarding the problems, and details about
extended research, which is currently being performed by the authors.

1.1 Swarm Intelligence — Overview

The area of multi agents and multi robotics distributed systems has become
increasingly popular during the last two decades. Many applications, mainly
in the contexts of computer networks, distributed computing and robotics,
are nowadays being designed using techniques and schemes which are based
on concepts derived from multi agents, or swarms, research.

The basic paradigm behind multi agents based system is that many tasks
can be more efficiently completed by using multiple simple autonomous agents
(robot, software agents, etc.) instead of a single sophisticated one. Regardless
of the improvement in performance, such systems are usually much more
adaptive, scalable and robust than those based on a single, highly capable,
agent.

A multi agent system, or a swarm, can generally be defined as a decen-
tralized group of multiple autonomous agents, either homogenous or heteroge-
nous, such that those agents are simple and possess limited capabilities. Sec-
tion 1.3 discusses the various limitations expected from such agents, while a
commonly used taxonomy for multi agent robotics can be found in [47].

The inherent complexity of distributed multi agent systems, which is de-
rived from the multitude of free variables involved in the operation and the
decision process of such systems, makes their analysis extremely difficult. This
may explain the relatively small number of theoretical results in this field, and
the fact that most works in this field are justified through experimental re-
sults, or by analysis of simple cases only. Further hardness is derived from
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the fact that distributed multi agent systems are complex systems by nature,
with all the classical features of such systems. Thus, the field of multi agent
systems becomes an exciting and largely unexplored field for research and
development.

Furthermore, while many works have been done considering multi agents
in static environments (such as [1, 2, 7]), only a few works examined multi
agent systems that operate in environments that change not only through the
activity of the agents. As a results, the field of multi agent systems in dynamic
environments is an exceptionally fascinating aspect of multi agents research.

Many research efforts have examined distributed systems models inspired
by biology (see [55] or for behavior based control model — [64, 59], flocking
and dispersing models — [78, 67, 69] and predator-prey approach — [61, 73]),
physics [56], and economics [48, 49, 50, 51, 52, 53, 54].

Capabilities that have been of particular emphasis include task planning
[57], fault tolerance [82], swarm control [79], human design of mission plans
[77], role assignment [88, 65, 80], multi-robot path planning [89, 76, 70, 93],
traffic control [84], formation generation [58, 96, 97], formation keeping [60,
91], target tracking [83] and target search [75].

Another interesting field of research is that of the biology inspired ACO
metaheuristic for solving problems in dynamic environments. In [112], pheromones
are treated as a desirability feature and are placed by the agents on the graph’s
edges. The information stored in these pheromones is essentially an implicit
measurement of the probability of the edges to belong to the optimal solution
for the problem (TSP, in that case). Other applications are -

• Sequential ordering problem [113].
• Quadratic assignment problem [114].
• Vehicle routing problem [115].
• Scheduling problem [116].
• Graph colouring problem [117].
• Partitioning problems [118].
• Problems in telecommunications networks [119], [120].

1.2 Swarm Intelligence — Motivation

The experience gained due to the growing demand for robotics solutions to
increasingly complex and varied challenges has dictated that a single robot is
no longer the best solution for many application domains. Instead, teams of
robots must coordinate intelligently for successful task execution.

[99] presents a detailed description of multi robots application domains,
and demonstrates how multi robots systems are more effective than a single
robot in many of these domains. However, when designing such systems it
should be notice that simply increasing the number of robots assigned to a
task does not necessarily improve the system’s performance — multiple robots
must cooperate intelligently to achieve efficiency.
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Following are the main inherent advantages of a multi agent robotics (note
that much of them hold for other multi agent systems, such as a distributed
anti-virus mechanism, for example) :

• The benefit of parallelism — in task-decomposable application domains,
robot teams can accomplish a given task more quickly than a single robot
by dividing the task into sub-tasks and executing them concurrently. In
certain domains, a single robot may simple no be able to accomplish the
task on its own (e.g. carrying a large and heavy object).

• Robustness — generally speaking, a team of robots provides a more robust
solution by introducing redundancy, and by eliminating any single point
of failure. While considering the alternative of using a single sophisticated
robot, we should note that even the most complex and reliable robot may
suffer an unexpected malfunction, which will prevent it from completing
its task. When using a multi agent system, on the other hand, even if a
large number of the agents stop working from some reason, the entire group
will often still be able to complete its task, albeit slower. For example, for
exploring a hazardous region (such as a minefield or the surface of Mars),
the benefit of redundancy and robustness offered by a multi agent system
is highly noticeable.

• Adaptivity and Locality — the unit of a multi agents based systems has the
ability of dynamically reallocating sub-tasks between the group of agents,
thus adapting to unexpected changes in the environment. Furthermore,
since the system is decentralized, it can respond relatively quickly to such
changes, due to the benefit of locality, meaning — the ability to perform
changes in the operation of a sub group of agents without the need to
notify or request approval from any centralized “leader”. Note that as the
system comprises more agents, this advantage becomes more and more
noticeable.

• Scalability — as in the previous section, as a multi agent system becomes
larger, its relative performance in comparison to a centralized system be-
comes better. The scalability of multi agent systems is derived from the low
overhead (both in communication and computation) such system possess.
As the tasks assigned nowadays to multi agents based systems become
increasingly complex, so does the importance of the high scalability of the
systems.

• Heterogeneousness — since a group of agents may be heterogenous, it can
utilize “specialists” — agents whose physical properties enable them to
perform efficiently certain well defined tasks.

• Flexibility — as multi agent systems possess a great deal of internal com-
plexity, such systems are capable of presenting a wide variety of behavior
patterns. As a result, many kinds of tasks can be carried out by the same
multi agent system. For example, a group of simple mobile robots can form
a rigid line in order to scan an area for evading target, traverse an area in
order to implement a “peeling” mechanism (such as [1] or [3]), or patrol
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an area in order to minimize the longest time between two visits in a cer-
tain point. This flexibility allows designers of such systems to use generic
components and thus design fast and cheap systems for a given problem,
whereas using a single robot requires designers to produce a special robot
for each task.

Following are several examples for typical applications for which multi
robotics system may fit successfully :

• Covering — in order to explore an enemy terrain, or clean a pre-defined
minefield. May also be used for virtual spaces, such as a distributed search
engine in a computer network [1, 3].

• Patrolling — for example, guarding a museum against thieves [121, 122].
• Cooperative attack, which require the cooperative and synchronized efforts

of a large number of autonomous robots [15].
• Construction of complex structures and self-assembling (for example, see

work on reconfigurable robots in [63, 62, 66, 86, 94, 72, 90, 95]).
• Missions which by nature require an extremely large number of extremely

small units. For example, nano-robots performing medical procedures in-
side a human body [123, 124].

• Mapping and localizing — one example of this work is given in [71], which
takes advantage of multiple robots to improve positioning accuracy beyond
what is possible with single robots. Another example for a heterogenous
localization system appears in [98].

• Environment manipulation — like a distributed system of transporting
heavy payloads (see [85, 87, 68, 74, 92]).

1.3 Swarm Intelligence — Simplicity

A key principal in the notion of swarms, or multi agent robotics is the sim-
plicity of the agents. Since “simplicity” is a relative description by its nature,
the meaning is that the agents should be “much simpler” than a “single so-
phisticated agent” which can be constructed.

For example, cheap unmanned air vehicles which can fly at the speed of
200 MPH and detect targets at radius of 2 miles, and are able to broadcast
to a range of 1 mile are “much simpler” than an F-16 airplane which can
fly at a top speed of 1500 MPH, equipped with a radar which can detect
targets at a range of 50 miles and use satellite based communication system.
As technology advances, the criteria for future “simple agents” may of course
be changed.

As a result, the resources of such simple agents are assumed to be limited,
with respect to the following aspects :

• Memory resources — basic agents should be assumed to contain only O(1)
memory resources. This usually impose many interesting limitation on the
agents. For example, agents can remember the history of their operation
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to only a certain extent. Thus, protocols designed for agents with such
limited memory resources are usually very simple and try to solve the given
problem by defining some (necessarily local) basic patterns. The task is
completed by repetition of this patterns by a large number of agents.
In several cases, stronger agents may be assumed, whose memory size is
proportional to the size on the problem (i.e. O(n)). Such models may be
used for example for problems when assuming that the agents are UAVs.

• Sensing capabilities — defined according to the specific nature of the prob-
lem. For example, for agents moving along a 100 × 100 grid, the sensing
radius of the agents may be assumed to be 3, but not 40.

• Computational resources — although agents are assumed to employ only
limited computational resources, a formal definition of such resources is
hard to define. In general, most of the polynomial algorithms may be used.

Another aspect of swarms’ and swarm algorithms’ simplicity is the use of
communication. The issue of communication in multi agent systems has been
extensively studied in recent years. Distinctions between implicit and explicit
communication are usually made, in which implicit communication occurs as
a side effect of other actions, or “through the world” (see, for example [81]),
whereas explicit communication is a specific act designed solely to convey
information to other robots on the team.

Explicit communication can be performed in several ways, such as a short
range point to point communication, a global broadcast, or by using some
sort of distributed shared memory. Such memory is often treated to as a
pheromone, used to convey small amounts of information between the agents
[100, 101, 102]. This approach is inspired from the coordination and communi-
cation methods used by many social insects — studies on ants (e.g. [103, 104])
show that the pheromone based search strategies used by ants in foraging for
food in unknown terrains tend to be very efficient.

Generally, we aspire that the agents will have as little communication ca-
pabilities as possible. Although a certain amount of implicit communication
can hardly be avoided (due to the simple fact that by changing the envi-
ronment, the agents are constantly generating some kind of implicit informa-
tion), explicit communication should be strongly limited or avoided altogether.
However, in several cases it can be shown that by adding a limited amount
of communication to the agents’ capabilities, much stronger systems can be
produced.

2 The Dynamic Cooperative Cleaners (DCC) Problem

2.1 The Problem’s Definition

Let us assume that the time is discrete. Let G be a two dimensional grid,
whose vertices have a binary property of ‘contamination’. Let contt(v) state
the contamination state of the vertex v in time t, taking either the value
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“on” or “off ”. Let Ft be the dirty sub-graph of G at time t, i.e. Ft = {v ∈
G | contt(v) = on}. We assume that F0 is a single connected component. Our
algorithm will preserve this property along its evolution.

Let a group of k agents that can move across the grid G (moving from
a vertex to one of its 4-Connected neighbors in one time step) be arbitrarily
placed in time t0 on the boundary of F0 (we focus on the cleaning problem,
and not on the discovery problem). 4-Connected vertices are a pair of vertices
who share a common border while 8-Connected vertices are vertices which
share either common border or a common corner.

Each agent is equipped with a sensor capable of telling the condition of
the square it is currently located in, as well as the condition of the squares
in the 8−Neighbors group of this square. An agent is also aware of other
agents which are located in its square, and all the agents agree on a common
“north”. Each square can contain any number of agents simultaneously.

When an agent moves to a vertex v, it has the possibility of causing cont(v)
to become off. The agents do not have any prior knowledge of the shape or
size of the sub-graph F0 except that it is a single connected component.

Every d time steps the contamination spreads. That is, if t = nd for some
positive integer n, then (∀v ∈ Ft , ∀u ∈ 4−Neighbors(v) : contt+1(u) = on).

The agents’ goal is to clean G by eliminating the contamination entirely,
so that (∃tsuccess : Ftsuccess = ∅). In addition, it is desired that this tsuccess

will be minimal.
In this work we demand that there is no central control and that the

system is fully ‘de-centralized’ (i.e. all agents are identical and no explicit
communication is allowed).

2.2 Solving the Problem — Cleaning Protocol

For solving the Dynamic Cooperative Cleaners problem the SWEEP clean-
ing protocol was suggested [3]. This protocol can be described as follows.
Generalizing an idea from computer graphics (which is presented in [14]), the
connectivity of the contaminated region is preserved by preventing the agents
from cleaning what is called critical points — points which disconnect the
graph of contaminated grid points. This ensures that the agents stop only
upon completing their mission. An important advantage of this approach, in
addition to the simplicity of the agents, is fault-tolerance — even if almost all
the agents cease to work before completion, the remaining ones will eventually
complete the mission, if possible. The protocol appears in Figure 2.

In the spirit of [13] we consider simple robots with only a bounded amount
of memory (i.e. a finite-state-machine). At each time step, each agent cleans
its current location (assuming this is not a critical point), and moves to its
rightmost neighbor (starting from the agent’s previous location — a local
movement rule, creating the effect of a clockwise traversal of the contaminated
shape). As a result, the agents “peel” layers from the shape, while preserving
its connectivity, until the shape is cleaned entirely.
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Since we only allow agents to clean boundary points, we guarantee that
no new “holes” are created. The simple-connectivity of F , if such exists, is
thus kept. This however, does not hold for a certain family of initial shapes.
A complete discussion regarding a criteria for F0 which guarantees that new
holes will not be created can be found in [4] and a comprehensive work discus-
sion this issue is currently under preparation by the authors. In general, the
preservation of the simple-connectivity is rather easily guaranteed for digitally
convex shapes lacking areas which may turn into holes once F spreads. An
example of a shape in which the preservation of the simple-connectivity of the
shape cannot be guaranteed appears in Figure 1.

F
F

Fig. 1. A creation of a new hole around an agent. Notice that when the contami-
nation spreads, it might trap one or more agents (denoted by stars) inside a “hole”
that is created. In this case, the agents will continue cleaning the interior area of
the hole.

2.3 Cleaning protocol - definitions and requirements

Let r(t) = (τ1(t), τ2(t), . . . , τk(t)) denote the locations of the k agents at time
t. The requested cleaning protocol is therefore a rule f such that for ev-
ery agent i, f(τi(t), Neighborhood(τi(t)),Mi(t)) ∈ D, where for a square v,
Neighborhood(v) denotes the contamination states of v and its 8−Neighbors,
Mi is a finite amount of memory for agent i, containing information needed
for the protocol (e.g. the last move) and D = {‘left′, ‘right′, ‘up′, ‘down′}.

Let ∂Ft denote the boundary of Ft. A square is on the boundary if and only
if at least one of its 8−Neighbors is not in Ft, meaning ∂F = {(x, y) | (x, y) ∈
F ∧ 8−Neighbors(x, y) ∩ (G \ F ) 6= ∅}.

The requested rule f should meet the following goals :

• Full Cleanness : (∃tsuccess : Ftsuccess = ∅). Notice that this demand
is limited to cases where this is possible. Since we cannot know whether
completing the mission is possible, we can only demand that when d →∞
the agents should achieve this goal.
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• Agreement on Completion : within a finite time after completing the
mission, all the agents must halt.

• Efficiency : in time and in agents’ memory resources.

The requested rule should also be fault tolerant.

2.4 Dynamic Cooperative Cleaners — Results

Notice that analyzing the performance of the protocol is quite difficult. First,
due to the preservation of the critical points, such points can be visited many
times by the agents without being cleaned. Second, due to the dynamic nature
of the problem the shape of the contaminated region can dramatically change
during the cleaning process.

Another difficulty which arises is that of guaranteeing the completion of
the cleaning by the agents. We must show that the agents are cleaning the
contaminated region faster than the spreading of the last. Since given an
instance of the problem, we know no easy way of knowing the minimal time
it takes k agents to clean it, we cannot always foretell whether these k agents
will be able to complete the mission successfully.

Let d denote the number of time steps between two contamination spreads.
Then, for example, for any pair of values of d and k, let F0 be a straight
line of length d 1

8d2k2 + dk + 1
2e. Then, by applying the lower bound for the

cleaning time (which was shown in [3]), we can see that the size of the shape
is continually growing.

Thus, producing bounds for the proposed cleaning protocol is important
for estimating its efficiency. Following is a summery of the bounds which were
shown and proven in [3].

1. Given a contaminated shape F0 with initial area of S0, and k agents
employing any cleaning protocol, following is a lower bound for St (the
area of F in time t), and thus for the cleaning time of the agents :

St+d ≥ St − d · k +
√

8 · (St − d · k)− 4

where d is the number of time steps between spreads. Note that if S0 À d·k
then the sequence may be increasing and the agents cannot cease the
fire. In addition, note that the bound is generic and applies regardless
of the cleaning protocol used by the agents. The bound is based on the
calculation of the maximal area which can be cleaned by k agents in d
time steps, combined the minimal number of new contaminated squares
which can be created ones F spreads. Additional details can be obtained
in [3].

2. Following is an upper bound for tSUCCESS , the cleaning time of k agents,
using the SWEEP cleaning protocol, for a given contaminated shape F0 :

tquick clean , 8(|∂F0| − 1) · (W (F0) + k)
k

+ 2k
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Protocol SWEEP(x, y) :
If (not is-critical(x, y)) and ((x, y) ∈ ∂F ) and (there are no other agents in (x, y))
then

Set cont(x, y) to off ; /*Clean current position*/
If (x, y) has no contaminated neighbors then STOP;
If (there are no other agents in (x, y)) or (the agent has the highest priority among
agents in (x, y)) then

If ¬((x, y) ∈ ∂F ) and in the previous time step the
agent’s square was in ∂F then

/* Spread had occurred. Search for ∂F */
Move in 90◦ counterclockwise to the previous
movement and skip the rest of the protocol;

If ¬((x, y) ∈ ∂F ) and in the previous time step the
agent’s square was not in ∂F then

/* Keep seeking ∂F */
Move on the same direction as in the previous
movement and skip the rest of the protocol;

If (x, y) ∈ ∂F then
Go to the rightmost neighbor of (x, y);

End SWEEP;

Function is-critical(x, y) :
If (x, y) has two contaminated squares in its 4−Neighbors which are not connected
via a sequence of contaminated squares from its 8−Neighbors then

Return TRUE
Else

Return FALSE;
End is-critical;

Function priority(i) :
(x0, y0) = τi(t− 1);
(x1, y1) = τi(t);
Return (2 · (x0 − x1) + (y0 − y1));
End priority;

Procedure INITIALIZE() :
Choose a starting point on ∂F , p0;
Put all the agents in p0;
For (i = 1; i ≤ k; i + +) do

Start agent i according to the SWEEP protocol;
Wait 2 time steps;

End INITIALIZE;

Fig. 2. The SWEEP cleaning protocol. The protocol is used by agent i which is
located in square(x, y). The term rightmost is defined as “starting from the previous
boundary point scan the neighbors of (x, y) in a clockwise order until you find
another boundary point”
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If tquick clean ≤ d then tSUCCESS = dtquick cleane. Otherwise (t > d) :
If F0 is convex3, find the minimal t for which :

t∑

i=d+1

1
S0 − 1 + 2b i

dc2 + (c0 + 2)b i
dc
≥ γ +

8
k
·
⌊ t

d

⌋

where

γ , 8(k + W (F0))
k

− d− 2k

|∂F0| − 1

Otherwise (t > d, F0 is not convex), find the minimal t for which :

t∑

i=d+1

1
S0 − 1 + 2b i

dc2 + (c0 + 2)b i
dc
≥

≥ α +
8
2k

√
β + 4

(⌊ t

d

⌋2

+
⌊ t

d

⌋)

where
α , 8 +

8
2k
− d− 2k

|∂F0| − 1
and β , 2S0 + 2c0 − 1

In both cases tSUCCESS = t.
In the above, d is the number of time steps between contamination spreads,
c0 is the circumference of F0, S0 is the area of F0 and W (F0) denotes the
maximal of the shortest distances between an internal square of F0 and a
non-critical square of ∂F0.
This bound is produced by defining a “depth” of a shape as the maximal
shortest path between an internal point of F and a non-critical point on
the boundary of F . By showing that once an agent traverses F using the
SWEEP protocol the depth of F is decreased, and by limiting the increase
the the depth of F due to contamination spreads, an upper bound over
the cleaning time is produced. Additional details can be obtained in [3].

3. For a given contaminated shape F0, an upper bound for the number of
agents needed to apply the SWEEP protocol, for a successful cleaning of
the shape, is derived from the cleaning time bound above.

A computer simulation, implementing the SWEEP cleaning protocol, was
constructed. The simulation examined shapes of various geometric features,
and tracked the cleaning time of k agents (k ∈ [1, 100]) which used the
SWEEP protocol. Following is a sample of the results, including the pre-
dictions of the lower and upper bounds. The sample includes a “cross” of size
2960, “rooms” of size 3959, and a random, semi-convex, shape of size 5000,
where d = 1000 :
3 Meaning that for every two squares in F0 there is a 4−Neighbors “shortest path”

between them, which is entirely in F0.
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The lower curves represent the results predicted by the lower bound, while
the upper curves represent the actual cleaning time, produced by the simu-
lations performed (the graphs present the cleaning time as a function of the
number of agents). The left graph presents the results that were produced by
the “cross”, etc’.
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The following graph contains the upper bound for the “cross”. Notice that
the lower, tighter, curve was produced when taking into account that the
“cross” shape is “convex”:
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2.5 Dynamic Cooperative Cleaners — Convex Transformation

While [3] presented analytic upper bounds for the cleaning time of agents
using the SWEEP protocol, assuming no prior knowledge concerning F0 by
the agents, in many cases such agents may indeed possess such information.
Should this information be available to the agents, a method of employing it
in order to improve the cleaning time should be devised.

While examining the simulation results, it can easily be seen that since
the circumference of F0 is rarely convex, valuable time is lost on cleaning
the concave parts of it. Since our goal should be to minimize the size of
the bounding sphere of the contaminated shape rather than the size of the
contaminated shape itself, had the agents been aware of the existence of such
parts, they shouldn’t have bothered cleaning them. In order to satisfy this
goal, when given information about F0 the agents can calculate its convex hull
(for example, using Graham scan) C0 , ConvexHull(F0). Then, by using the
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SWEEP protocol over C0 (instead of F0) the agents are able to speed up the
cleaning (since when C0 is clean, so must be F0). Using the upper bound of
[3] allows us to predict this improvement.

Figure 3 contains the results of the proposed transformation, for the rooms
shape (size = 3959, circumference = 716) and the random semi convex shape
(size = 5000, circumference = 654) of [3]. Since the cross which is presented
in [3] is convex, the transformation will not change its cleaning time. The
value of d for both shapes was chosen to be 1000. As can be seen, the use of
convex transformation improved the performance of the agents by an average
of approximately 35%.

10 20 30 40 50 60 70 80 90 100
0

2000

4000

6000

8000

10000

12000

Dynamic Cooperative Cleaners
Convex Transformation

Rooms

Number of Agents

T
im

e−
st

ep
s

Original shape

Convex Hull

Lower bound

10 20 30 40 50 60 70 80 90 100
0

1000

2000

3000

4000

5000

6000

7000

Dynamic Cooperative Cleaners
Convex Transformation
Random Semi−Convex

Number of Agents

T
im

e−
st

ep
s

Original shape

Convex Hull

Lower bound

Fig. 3. Improvement in cleaning time of Convex-hull.

3 Cooperative Hunters

Significant research effort has been invested during the last few years in de-
sign, analysis and simulation of multi-agent systems design for searching areas
(either known or unknown) [107, 108, 109, 110, 111]. While in most works the
targets are assumed to be idle, recent works consider dynamic targets, mean-
ing — target which by detecting the searching agents from a long distance,
try to avoid detection by evading the agents.

Such problem is presented in [15], where a swarm of UAVs (unmanned
aerial vehicles) is used for searching after one or more evading “smart targets”.
The UAVs swarm’s goal is to guarantee that there exists time t in which all
the escaping targets are detected, and that this t is minimal. In the current
work, the problem described above will be denoted as the Cooperative Hunters
problem.

3.1 Problem

Let us assume the time is discrete, while every time step lasts ctime seconds.
Let G be a two dimensional grid, such that every vertex corresponds to an
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area in the map of size csize × csize square meters. Let us assume that each
UAV moves at speed 1 · csize meters per time step. Let us assume that the
targets move at speed vtarget · csize meters per time step (thus, ctime can be
adjusted accordingly).

We assume that each UAV is equipped with sensors able of detecting
the targets within its current vertex of G. The targets however, can spot
the searcher from a great distance (considered to be infinite, and beyond
the searcher’s sensors range) and subsequently, manoeuver in order to evade
detection. Once the searcher detects the target, it intercepts it.

Each UAV is aware of its current location (using a GPS receiver) and while
flying over vertex v, can identify whether or not vertex v and its 8−Neighbors
are part of the area to be searched. There is no limitation over the shape of
the area to be searched, although it is assumed to be simply connected.

The UAV’s communicate by using a wireless channel, while the information
transmitted over this channel should be kept to a minimum.

The number of hiding targets can be either known to the swarms, or al-
ternatively, the UAVs might not know the exact number of hiding targets (in
which case the swarm will continue searching until guaranteeing that there is
no longer a place in which the targets can hide). The goal of the swarm is to
detect all hiding targets, in a minimal amount of time.

3.2 Motivation

The search strategy suggested in [15] for solving this problem defines flying
patterns that the UAVs follow, which are designed for scanning the (rectan-
gular) area in such a way that the targets cannot re-enter sub-areas which
were already scanned by the swarm, without being detected by some UAV.
Note that this protocol assumes that the area in which the targets can move
is known to the UAVs in advance, and must be rectangular in shape.

However, this may not always be the case — a swarm of UAVs may be
launched into an area whose shape and size is unknown to the UAVs prior to
the beginning of the operation. For example, a swarm of UAVs might be used
in order to hunt guerrilla forces, hiding in a city. These forces can be identified
by the UAVs, since they use certain vehicles, or carrying certain electronic
equipment or weapons, which can be identified by the UAVs’ sensors. In this
example, the targets can move only in the boundaries of the city, but the
operators of the system may lack information regarding the exact boundaries
of the city (since they may have only old and outdated satellite images of the
area, or since large portions of the area was destroyed during recent fights).
Thus, a method for searching without relying on previous knowledge of the
searched area must be obtained.

The searching protocol presented in this work uses no prior knowledge of
the area. The only assumption made is that the swarm’s agents are capable of
identifying the boundaries of the searched area, as they pass over them. In the
previous example this means that once a UAV passes over the boundary of the
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city it can detect it. Therefore, a swarm whose agents contains no knowledge
regarding the area to be searched, can still perform the searching task, by
employing this protocol.

Furthermore, the presented protocol is very efficient in means of the sim-
plicity of the agents, and the low communication between them. This makes
the use of a simple protocol a notable advantage. While the protocol of [15]
requires a relatively high amount of explicit cooperation between the UAVs
(which can be obtained through the use of a relatively high amount of com-
munication), the communication between the agents which is needed for a
swarm using the presented protocol is extremely limited, and is bounded by
6 · k bits per time step (k being the number of agents). Another advantage of
the presented protocol is its fault tolerance, meaning — even if many UAVs
malfunction or be shot down, the swarm will still be able to complete the
task, albeit slower.

3.3 General Principle

Although the initial problem is that of searching for hiding targets within a
given area, we shall consider an alternative, yet equivalent problem — the
dynamic cooperative cleaners problem, presented in section 2.1.

Notice that from a cleaning protocol which is used by agents in order to
solve the DCC problem, a protocol for the cooperative hunters problem can be
derived. This is done by defining the entire area G as ‘contaminated’. A ‘clean’
square (either a square which has not been contaminated yet, or a square
which was cleaned by the UAVs) represents an area which is guaranteed not to
contain any targets. By using the fact that the contamination is spreading, we
simulate the fact that the targets may manoeuver around the UAVs, in order
to avoid detection — if vertex v is contaminated then it may contain a target,
thus, after 1

vtarget
seconds, this target could have moved from v to one of its

neighbors, had it been in v. As result, after 1
vtarget

seconds all the neighbors of v

become contaminated. In other words, the spreading contaminated simulates
a danger diffusion that represents the capability of a square to contain a
target.

The agents’ goal is to eliminate the contaminated area — eliminate the
places which the targets may be hiding in. Once there are no longer squares
in which the targets may be hiding, the swarm is guaranteed to have detected
all evading targets. Note that our demands regarding no prior knowledge of
the search area are met, since the cooperative cleaners problem do not assume
such knowledge.

3.4 Search Protocol

Let each UAV i hold Gi — a bitmap of G. Let every Gi be initialized to zeros
(e.g. “clean”). Let each UAV i contain a hash table of vertices — fi which
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for every vertex can return on or off . The default for all the vertices is off .
The list fi represents the vertices which are known to be within the area to
be searched.

Every time a UAV flying over vertex v identifies v or one of its neighbors
to be a part of the area to be searched, if fi(v) = off it sets the corresponding
vertices of Gi to 1, sets fi(v) to be on, and broadcasts this information to the
other UAVs. Once a UAV receives a transmission that vertex v is part of the
area to be searched, it sets fi(v) to on and sets the corresponding vertex in
Gi to 1. Every time a UAV moves it broadcasts the direction of its movement
to the rest of the UAVs (north, south, west or east).

Notice that every time step each UAV broadcasts the new squares which
are parts of G (which are set to 1 in Gi), and the squares it “cleaned” by
flying over them (which are set to 0). Thus, the Gi and fi of all UAVs are
kept synchronized. Since vtarget is known to the UAVs, they can simulate the
spreading contamination, by performing (∀v ∈ Gi , ∀u ∈ Neighbors(v) :
state(u) = 1) every 1

vtarget
time steps. Thus, the bitmaps Gi always represent

the correct representation of the area still to be cleaned.
The direction of movement and the decision whether or not to clean a ver-

tex are determined using some cleaning protocol (for example, the SWEEP
protocol of [3]). Notice that all the analytic bounds over the cleaning time
of a cleaning protocol are immediately applicable for our hunting protocol.
Whenever a UAV cleans a certain vertex, it sets this vertex in Gi to be 0, and
broadcasts this information. Once a UAV receives such a transmission, it sets
the vertex corresponding to the new location of the transmitting UAV to 0.

The UAVs are assume to be placed on the boundary of the area to be
searched. Thus, each Gi immediately contains at least one vertex whose value
is 1. As a result, for Gi to contains only zeros, the UAVs must have visited all
the vertices of G and had made sure that no target could have escaped and
“re-contaminated” a clean square. When Gi becomes all zeros UAV i knows
that the targets have been found, and stops searching.

Since each time step, each UAV can move in at most 4 directions (i.e. 2
bits of information), clean at most a single vertex (i.e. 1 bit of information),
and broadcast the status of 8 neighbor vertices (i.e. 3 bits of information), the
communication is limited to 6 bits of information per UAV per time step.

3.5 Results

As mentioned in previous sections, by showing that any “cleaning protocol”
may be used as the core component of a “hunting protocol” for the prob-
lem, all the analytic results concerning this cleaning protocol are immediately
applicable. Specifically, by using the SWEEP cleaning protocol, all of the an-
alytic bounds for its cleaning time (i.e. those mentioned in section 2.4 or in
[3]) be utilized.
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4 Physical k-Clique

4.1 Physical Graphs

The term physical graph denotes a graph G(V, E) in which information re-
garding its vertices and edges is extracted using I/O heads, or mobile agents,
instead of the “random access I/O” usually assumed in graph theory. These
agents can physically move between the vertices of V along the edges of E,
according to a predefined, or an on-line algorithm or protocol.

Moving along an edge e however, requires a certain amount of travel efforts
(which may represent time, fuel, etc’). Thus, the complexity of algorithms
which work on physical graphs is measured by the total travel efforts required,
which equals the number of edges traveled by the agents. We assume that each
edge requires exactly one unit of travel effort.

Physical graphs are conveniently used in order to represent many “real
world problems”, in which the most efficient algorithm is not necessarily the
one whose computational complexity is the minimal, but rather one in which
the agents travel along the minimal number edges. For example, the Virtual
Path Layout problem, concerning the finding of a virtual graph of a given
diameter, and its embedding in the physical graph such that the maximum
load is minimized (see [36] and [37]).

Problems in physical graphs are thus variants of “regular” graph problems,
such as finding a k-clique in a graph (description and algorithms can be found
in [29]), graph and subgraph isomorphism (description and algorithms can be
found in [17, 18, 19, 20, 21]), exploration problems (solved for example by
Breadth First Search (BFS) and Depth First Search (DFS) algorithms [34]),
etc., whose input graph is a physical graph. Thus, the complexity of these
problems is measured as the number of edges an agent (or agents) solving the
problem will travel along.

There is a special type of graph problems which can also be ideally de-
scribed as physical graph problems. Such problems are those in which a prob-
abilistic, or real time algorithm is used to return a solution which is not
necessarily optimal. While a probabilistic algorithm returns a solution which
is correct in a probability of (1− ε) (for as small ε as we require), a real time
algorithm can be asked at any stage to return a solution, whereas the quality
of the solutions provided by the algorithm improves as time passes. Using
such probabilistic or real time algorithms, the computational complexity of
many problems can often be reduced from exponential to polynomial (albeit
we are not guaranteed of finding the optimal solution). Such algorithms can
be found for example in [22, 23, 24] (graph isomorphism) and [25, 31, 26]
(distributed search algorithms such as RTA*, PBA*, WS PBA*, SSC PBA*
and BSA* ). The physical variants of such problems can be thought of as a
swarm of mobile agents, traveling the graph and collecting new information
during this process. As time advances, more information is gathered by the
agents, causing the quality of the solutions provided by the agents to improve.
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Notice that while an algorithm which assumes a random access I/O model
(from now on be referred to as random access algorithm) may read and write
to the vertices of G at any order, an algorithm which assumes a physical data
extraction (referred to as a physical algorithm) must take into account the
distance between two sequential operations. The reason for this is that the use
of a random access algorithm is performed using a processing unit and random
access memory, whereas the use of a physical algorithm is actually done in the
physical environment (or a simulated physical environment, which maintains
the information access paradigm). Thus, a random access algorithm can access
any vertex of the graph in O(1), while a physical algorithm is confined to the
distances imposed by the physical metric.

For example, for u, v ∈ V , let us assume that the distance between v and u
in G is 5. Then if after a ‘read’ request from u, the algorithm orders a ‘write’
request to v, this process will take at least 5 time steps, and will therefore
consume at least 5 fuel units. Furthermore, depending on the model assumed
for the mobile agents knowledge base, this operation may take even longer, if,
for example, the agents are not familiar with the shortest path from u to v,
but rather know of a much longer path connecting the two vertices.

As can easily be seen from the previous example, while designing physical
swarm algorithms, one must take into account an entire set of considerations
which are often disregarded, while designing random access swarm algorithms.

4.2 The Problem — Pattern Matching by a Swarm of Mobile
Agents

Pattern matching in graphs is the following problem: Given a graph G on n
vertices and a graph H on h vertices, find whether G has an induced subgraph
isomorphic to H. Many applications of pattern matching can be found in
theory and practice of computer science, see e.g. [38] for more details. It is
well known that this problem is computationally hard whenever H (and also
h) is not constant, but rather a part of the input (a subgraph isomorphism
problem), while it has a trivial solution of polynomial complexity if H is a
constant graph. Note that the subgraph isomorphism problem is reducible to
the Max-Clique problem.

This work considers dense physical graphs (graphs which contain many
subgraphs isomorphic to the desired pattern) while the goal is to find one
of them within as minimal moves on the graph as possible. A graph G on
n vertices is called dense if the average degree of a vertex in G is Ω(n2).
Alternatively, we can slightly weaken this condition by requiring that the
number of edges in G is Ω(n), as long as the existence of a large number of
the requested patterns can be ensured. The vertices of G are indexed from 1
to n, and the edges of G are indexed from 1 to m, where m ≤ (

n
2

)
.

We assume that whenever a vertex v ∈ V (G) is visited, all edges incident
with v are revealed (i.e. their indices are revealed), and naturally v’s index is
also revealed. Hence, if an edge e = (u, v) exists in G, and some agent visited
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u and v (in any order), then it can deduce that v is a neighbor of u, even if
the agent did not travel on e. If there is a communication between the agents,
it is enough that one of the agents visited u and some other agent visited v
for this information to be deduced.

One of the artificial examples of a similar model might be an unknown
terrain with indexed cities and roads, where the roads are signed with their
indices (say with road signs), but their end points’ indices are not mentioned.
However, we do not assume that the graph is planar (i.e. there might be roads,
bridges and tunnels, crossing each other in any way).

Similar to ordinary navigation tasks (for example [30, 31, 32, 33]), the
purpose of each agent employing the search protocol is to reach the “goal
vertex” as soon as possible. However, since the goal of the agents is to detect
a k-clique, the goal vertex is in fact the vertex which when discovered com-
pletes a k-clique in the agent’s knowledge base. Thus, there is no specific goal
vertex, but rather several floating goal vertices, whose identities depends on
the following elements :

• The structure of G (namely, V and E).
• The information the agent had collected thus far.
• The information sharing model of the problem (be it a distributed memory,

centralized memory, etc’).

Note also that this problem is not an ordinary exploration problem (see
[16]), where the entire graph should be explored in order for it to be mapped
out. Once a requested k-clique is found by one of the agents, the problem is
terminated successfully. This often occurs while only a small portion of the
graph’s vertices have been visited.

Another distinction should be made between the problem that is pre-
sented in this work and those examined in the field of multi agents routing
(see [39, 40]). While multi agents routing mainly deals with the problem of
finding paths in dynamic networks where the structure of the environment
is dynamically changing due to load balancing and congestion, the physical
k-clique problem considers a stable physical environment (somewhat similar
to the work of [7] and [2]).

4.3 Motivation

It is our belief that work on swarm protocols for physical graphs is strongly
required since physical graphs and networks, which have an essential role in
nowadays research and industry application, are becoming more and more
complex, and thus new techniques for such graphs must be composed. Several
examples for such networks are the world wide web [35, 28, 27], the physical
and logical infrastructure of the internet [28], power grids, electronic circuits
[28] — all of which are complex physical environments.

The physical k-clique problem has several “real world” applications. For
example, tracking the connectivity of a computer or telephone network, which
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can be utilized in order to improve routing schemes within this network.
Another example may be a distributed mechanism which searches many
databases containing transactions and email correspondences, in order to iden-
tify a group of people who maintain tight connections between the group’s
members (a possible indicator of a potential terrorists group).

Another reason the physical k-clique problem was selected for this research
is that the k-clique problem, on which the physical k-clique problem is based, is
known to be a significantly hard problem. While most of known NP-complete
problems can be approximated quite well in polynomial (and sometimes even
linear) time (as shown in [125]), this is not the case for the k-clique problem.
An explanation of why there are no “semi-efficient” algorithms for the k-
clique problem (and thus, that the best solution for it is an exhaustive search)
and why the k-clique problem can not be approximated in any way, unless
P = NP , can be found in [126]. Additional details regarding NP-Complete
problems can be found in [127].

Since the physical k-Clique problem is in fact an instance of the physical
pattern matching problem, solving it can serve as a first step towards a general
pattern matching swarm algorithm. In future works we intend to show that
the algorithm presented in this work can be applied to any pattern with few
modifications.

4.4 Physical Clique Finding Protocol

Let r(t) = (τ1(t), τ2(t), . . . , τn(t)) denote the locations of the n agents at time
t. The requested search protocol is therefore a movement rule f such that for
every agent i, f(τi(t), N(τi(t)),Mi(t)) ∈ N(τi(t)), where for a vertex v, N(v)
denotes the neighbors of v, (e.g. N(v) , {u ∈ V | (v, u) ∈ E}).

Mi is the memory for agent i, containing information gathered by it
through movement along G and by reading information from the shared mem-
ory. The requested rule f should meet the following goals :

• Finding a k-Clique : (∃tsuccess | k−clique ∈Mi(tsuccess)) such that this
tsuccess is minimal.

• Agreement on Completion : within a finite time after the completion
of the mission, all the mobile agents must be aware that the mission was
completed, and come to a halt.

• Efficiency : in time, agents’ memory and the size of the shared memory.

The requested rule should also be fault tolerant, meaning that even if some
of the agents malfunction, the remaining ones will eventually find the target
clique, albeit somewhat slower.

For solving the Physical k-Clique problem a search protocol named PCF
is suggested. This protocol can be described as follows: each agent holds a
knowledge base which contains some information regarding G. Every time
an agent enters a vertex v, it performs a data merge process, in which the
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knowledge base of the agent updates and is updated by the central knowledge
base.

The main idea of the search protocol is exploring the graph in directions
that have the highest potential for discovering the desired pattern. Considering
only cliques simplifies the arguments because of the clique’s perfect symmetry.

All potential sets of vertices are sorted according to the largest clique
which is contained in the set. Sets containing the same size of maximal clique
are sorted according to the total number of unexplored edges which touch the
vertices of the set (unexplored edges are edges e(v, u) whereas at least one the
identities of v and u is yet unknown) . As large the number of such edges is,
the more likely it is for the set to be expandable to a k-clique. In addition, if a
k-clique was found, the sort criteria places it on the top of the list, hence the
agents are immediately aware of it. The algorithm uses a job list, containing
the sets described above.

Generally, when looking for a pattern H of size h in graph G, every set
of m,m < h visited vertices in G that might be completed to a subgraph of
G isomorphic to H (i.e. there are enough unexplored edges for every vertex)
forms a potential sub-H of size m. While considering cliques as the patterns,
we only need to verify that the m vertices of the set form a clique and that
every vertex in the set has at least h− (m+1) unexplored edges (which is the
minimal requirement in order for this set to be expendable to an h− clique.
Sets which do not meet this demand are deleted from the job list. The job list
is updated (if needed) after every move of the agents.

If there are α available agents in a turn, the algorithm assigns the top α
jobs in the sorted job list to the agents, where the assignments are made in
a way that minimizes the total travel distance in L∞ norm. This is done in
order to minimize the travel efforts of the agents. This is an example of a
difference between physical problems and “regular” problems — whereas in
conventional complexity scheme all the ways of dispersing the jobs among the
agents are identical, in the complexity scheme of physical problems we would
like to assign jobs to the nearest agents.

Once an agent reaches its goal (the closest vertex of the job assigned to
the agent), it writes the new discovered information in the adjacency matrix
and becomes available. At the beginning of each turn, if the first job in the
list is associated to a list of k vertices the algorithm declares that a clique has
been found, and terminates. Notice that all the agents use a common job list.
In addition, the agents are assumed to broadcast every new information they
encounter, creating a common shared memory.

We assume that all distances (i.e. graph edges) are equal to one unit,
and that the agents have sufficient memory and computational power. In
addition, we assume that that there are many cliques of the required size in
G (otherwise, if the number of cliques is too small (e.g. o

(
n
k

)
), the optimal

algorithm for discovering them would be the exhaustive exploration of G).
The algorithm, used by each agent i appears in Figure 4.
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Algorithm PCF :
While the first job in the common job list is not associated to a set of
k vertices

Assign top job in jobs list to the agent;
Perform the job;
Update the agent’s data structures;
Update the agent’s jobs list (or the common list);
Update the list of available agents;
If (all vertices explored) then

STOP;
End PCF;

Procedure CREATE DATA STRUCTURES(i) :
Create an n× n matrix with entries of type integer;
// Represents edge indices according to vertex adjacency of G,
// as discovered by the agents.
Create a sorted list of jobs;
// Each job is associated with one potential clique.
// The job list is sorted according to the following criteria :
// (a) Size of the potential sub clique
// (b) Number of still unexplored edges
// (c) The distance of the job from the agents
// The distance is computed according to L∞ norm, that is the
// min—max on the travel distance.
End CREATE DATA STRUCTURES;

Procedure INITIALIZE() :
Initialize the agents’ jobs lists;
// Note that the common job list may contain large potential
// sub-cliques, immediately upon initialization.
CREATE DATA STRUCTURES(i);
Choose random starting points on G for the agents;
Place the agents in these starting points;
Start the agents according to the PCF algorithm;
End INITIALIZE;

Fig. 4. The PCF search algorithm for the centralized shared memory model.

4.5 Results

The algorithm was tested on Erdös-Renyi random graphs G ∼ G(n, p) where
G has n vertices, and each pair of vertices forms an edge in G with proba-
bility p independently of each other. In order to ensure that G has enough
clique sub-graphs of size k, the value of p should be chosen wisely. Formally,
the probability that k vertices of G form a clique is pk, thus by linearity of
expectation and the second moment, G will have at least 1

4

(
n
k

)
pk cliques of

size k with probability 1− o(1) (for further background on probabilistic argu-
ments see e.g. [46]). Since we require that G will contain a sufficient number
of k-clique (namely, O(

√
n) k-cliques), we choose the value of p with respect

to the formula above, and specifically :
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p =

( √
16n · k!∏k−1

i=0 n− i

) 1
k

Figure 5 contains experimental results of the search algorithm for cliques
of size 10 in graphs of sizes 500 and 2000. The number of agents searching
the graphs is 5 through 50 agents. It can be seen that while adding more
agents dramatically improves the search time, the system reach a state of
saturation, after which adding more agents yields only mild contribution to
the performance of the swarm, if any. This can be best observed in the smaller
graph, where enlarging the number of agents from 15 to 50 decreases the search
time by less than 30%, where as increasing the number of agents from 5 to 15
decreases the search time by 70%.
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Fig. 5. Results of the Physical 10-Clique problem. Notice how the performance of
the swarm increases while adding more agents, until it reaches a state of saturation.

Figure 7 examines the increase in the swarm’s search time for larger graphs.
Notice that unlike the regular k-clique problem, in which the search time
equals O(nk), the results are almost linear in n. This demonstrates the basic
claim that once computation resources are disregarded in comparison of travel
effort, the complexity of many central problems in computer science change
dramatically.

In addition, note that the search time for 20 agents is consistently smaller
than for 10 agents. However, while in smaller graphs the difference is ap-
proximately 50%, for larger graphs it shrinks down to 25% for a graph of
4500 vertices. Interestingly, when increasing the number of agents to 30, the
performance almost does not improve at all (meaning that the system had
reached a state of saturation).
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Fig. 6. A comparison between the results of the Physical 10-Clique problem in a
graph of 500 vertices as a function of the number of agents, and the behavior of
the y = 1

x
function. The blue dotted curve presents the y = 1

x
function where y(5)

equals the experimental solving time of 5 agents. The red dashed curve presents
the instance of y = 1

x
function which obtains the minimal distance from the entire

set of experimental results, in L2 norm. The proximity of the curves indicates that
the system operates as expected. Observe how the later points of the experimental
results are located above the y = 1

x
curve, which can be expected since the utilization

of the system is likely to be smaller than 100%.
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Fig. 7. Results of the Physical 10-Clique problem. Notice how the performance of
the swarm increases while increasing the number of agents from 20 to 30, whereas
this number is increased to 30, the performance almost never changed. In addition,
observe the linearity of the graph, whereas the complexity of the problem in orthodox
graph theory scheme is O(nk).
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4.6 Exploration In Physical Environments

While considering the physical k-clique problem, an interesting discussion can
take place considering the comparison between this problem and the prob-
lem of physical exploration by a swarm of mobile agents. The exploration
problem for a decentralized group of mobile agents is merely the problem of
achieving a complete knowledge of the graph under investigation by one of
the agents. This comparison is indeed interesting since under the assumptions
of a physical environment (namely, that computation resources can be disre-
garded in comparison to travel efforts) once an exploration of the environment
is completed, all cliques contained in the world are revealed. As a result, up-
per bounds for the exploration problem serve also as upper bounds for the
physical k-clique problem.

Let G be a physical graph over n vertices. We assume that our physical
environments are Erdös-Renyi random graphs G ∼ G(n, p) where G has n
vertices, and each pair of vertices form an edge in G with probability p inde-
pendently of each other. The edge density parameter of G, p may be either
a constant or a function of n. We also assume that the agents are spread
uniformly at random over the nodes of G. We shall assume without loss of
generality, that the agents move according to the random walk algorithm.
This type of behavior simulates the weakest model of agents, and hence time
bounds here may impose similar time bounds for other essential behaviors of
agents (since an agent can always act according to the random walk algorithm,
and achieve its exploration time).

Under the above settings, we are interested in examining the number of
required steps on the physical graph G, after which the whole graph G is
known to some agent (or similarly, the complete information regarding the
graph G is stored in one of its nodes). Let m denote the number of agents.

In order to obtain an upper bound for the exploration time of a random
walkers swarm in G let us use the following bound of [129] :

E(exG) = O
( |E|2log3(|V |)

m2

)

Results of this bound for graphs used by the k-clique search protocol ap-
pears in Figures 8 and 9.

4.7 Swarm Intelligence for Physical Environments — Related
Work

Hitherto, there have been various works which examine problems in physical
graphs, as well as the use of swarm based systems for such problems. For
example, [40, 41] use mobile agents in order to find shortest paths in (dy-
namically changing) telecom networks, where the load balancing on the edges
of the graph is unstable. Similarly, several widely used Internet routing algo-
rithms (such as BGP [42], RIP [43] etc’) propagate shortest path information



Swarm Intelligence — Searchers, Cleaners and Hunters 27

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

10
4

10
6

10
8

10
10

10
12

10
14

Number of mobile agents (random walkers)

Ex
pl

or
at

io
n 

tim
e

2000 vertices, p = 0.5

500 vertices, p = 0.5

Exploration using a swarm of random walkers

Fig. 8. Results predicted by the bound of [129] regarding exploration of general
graphs using a swarm of mobile agents which use the random walk algorithm. The
graph shows the mission completion time as a function of the number of agents.

around the network and cache it at local vertices by storing routing tables
with information about the next hop. Another known routing system which
uses “ants” and “pheromonoes” is the AntNet system [39]. In AntNet, ants
randomly move around the network and modify the routing tables to be as
accurate as possible.

While these approaches seem similar, there is a great difference between
these works and one presented here, both concerning the environment in which
the agent operate, the data that is stored at each vertex and the problem to
be solved.

First, most of the works mentioned above which concern routing problems,
assume that the environment is a telecom network of some sort, which changes
dynamically over time. In this work, we assume the graph to be fixed and
corresponds to a real physical environment (with Euclidean distances or some
other metric), while the difficulty is derived from fact that the graph is not
known to the agents.

Another difference is that these algorithms try to help a mobile agent
(which for example, represents a phone conversation) to navigate to a certain
goal. In other words, given the destination vertex (which could be any vertex
of the environment) and the knowledge written in the current vertex, these
algorithms try to locally decide where should the agent go to next, while the
goal of each agent is merely to minimize the time it takes this particular agent
to reach its destination. In the physical k-clique problem, on the other hand,
the agents’ goal is to find k vertices which form a k-clique, while the goal of
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the agent is to minimize the time it takes the entire swarm to find such a
clique.

Essentially, the approach presented in this work can be seen as a general-
ization of the next hop lookup tables mentioned earlier, since according to the
partial knowledge of the graph, an agent decides on its next move, when this
process is continually advancing, until a clique is found.
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Similar to this approach, the works of [44] and [45] present a mechanism
which find the shortest path within a physical graph, while assuming several
communication mechanism.

5 Discussion and Conclusion

In this work three problems in the field of swarm intelligence were presented.
These problems have several “real world” applications. While the Cooperative
Hunters problem is already formulated in the form of such a problem, the
Cooperative Cleaners problem may be used, for example, for a coordinating
fire-fighting units, or an implementation of a distributed anti-virus system for
computer networks. Additional applications are distributed search engines,
and various military applications (such as a basis for UAV swarm systems,
as offered in section 3.3). Regarding the physical k-Clique problem, many of
its applications were discussed in section 4.3. Protocols for the problems were
presented and analyzed, and several results were shown.

In addition, one of the major principles considering works in physical en-
vironments was shown (in Figure 6 of section 4.5), in which a problem whose
time complexity (according to orthodox complexity principles) equals O(nk)
presented a physical complexity of only O(n), demonstrating a basic difference
between the two complexity schemes.

While examining these problems, new interesting opportunities for an ex-
tended research have emerged. We have already started investigating some of
the above, producing more valuable results. Following are various aspects of
this ongoing and future research :

5.1 Cooperative Cleaners

One of the important features of the SWEEP cleaning protocol is its simplic-
ity. As mentioned in great length in section 1.3, our paradigm assumes the use
of highly simple agents, and thus derives designs of highly simple protocols.
While examining the performance of this protocol, one may wonder what is the
price which we pay by adopting such simple protocols instead of other more
complex and resource demanding protocols. In order to answer this question,
the authors have been experiencing with an A∗ based mechanism (see [106])
which (after much centralized and highly computation demanding exhaustive
processes) is able of producing optimal solutions for cleaning problems (mean-
ing, solutions which are guaranteed to produce cleaning within the shortest
time possible). Surprisingly, the results of these experiments have shown that
the performance of the SWEEP protocol are only roughly 30%–50% slower
than the optimal solutions. These amazing results successfully demonstrate
that a fully decentralized simple swarm protocol, assuming no communication
or global knowledge, can produce results which are extremely close to the op-
timal solutions of the problem under investigation. This is possible thanks
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to the swarm behavior which emerges through the use of such protocol. The
results of these experiments were published in [6] and an example appears in
Figures 10 and 11.
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Fig. 10. Comparison of sub optimal and optimal algorithms. The lower and ticker
three lines represent the cleaning time of the optimal algorithm whereas the upper
lines represents the SWEEP cleaning protocol. In the right chart on the bottom,
the lower three lines represent the lower bound of the optimal solution, as appears
in section 2.4.

Another interesting aspect is the feasibility question, i.e. foretelling the
minimal number of agents required to clean a given shape (regardless of the
cleaning time). In addition, developing new cleaning protocols for the prob-
lem and producing tighter bounds are also of interest to us. The authors
are currently in the stages of developing improved cleaning protocols for the
problem.

An explicit upper bound for the cleaning time of agents using the SWEEP
protocol has been derived by the authors, using the Ψ function (see for example
[105]). Another important result is the discovery of new geometric features,
which are invariants with respect to the agents’ activity and the spreading
contamination. Their relevance to the problem was demonstrated by devel-
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oping an improved upper bound for the cleaning time of the agents. Both
results, including several other analytic results for the problem are presented
in a paper which is currently under preparation.

Since many of the interesting “real world” applications take place in envi-
ronments not easily reduced to lattices (for example, a distributed anti-virus
mechanism for computer networks), additional analytic work should be per-
formed concerning the dynamic cooperative cleaners problem in non-planar
graphs. Although some of the existing work can immediately be applicable for
such environments (for example, the generic lower bound, mentioned in sec-
tion 2.4), while trying to reconstruct other elements, one may face interesting
new challenges.

5.2 Cooperative Hunters

While a flexible and fault-tolerant protocol for solving the problem, based on
the dynamic cleaning problem was presented, there is still room for protocols,
which will present enhanced performances. The authors are currently con-
structing hunting protocols which are not “cleaning protocols based” in hope
of demonstrating improved results. One such protocol, which was shown to
produce near-optimal results was recently constructed, and can be seen in [5].

In addition, there arises the question of robustness, meaning — given a
swarm comprised of UAVs which are slightly slower than the minimal speed
required by various hunting protocols, what is the average decrease in hunting
performance of such swarm ? Thus, the quality of a hunting protocol is derived
not only by the minimal speed limit it enforces on the UAVs or by the number
of UAVs required, but also by its sensitivity to deviation from these values.
A paper discussing the above is currently under preparation by the authors.
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5.3 Physical k-Clique

While this work had assumed a centralized shared memory for the agents’ com-
munication, a second variant of the protocol, assuming a distributed shared
memory model, in which the mobile agents can store and extract information
using the graph’s vertices is described by the authors in in[128]. This version
is also much more similar to other common models of “real world” problems,
since assuming storage of small portion of data in the graph nodes is con-
sidered much more easy assumption than assuming that the agents has the
ability of broadcasting throughout the entire swarm. Surprisingly, our experi-
mental results show that the performance of the special swarm search protocol
designed for this problem is very close to the performance of the decentralized
protocol. Again, this is a successful demonstration that the power of swarm
intelligence may often compensate for shortage of sensing or communication
capabilities.

In addition, since the protocol was designed to be employed by a swarm
of mobile agents, it is highly dependent on the information gathered by the
agents. In order to increase robustness, a special kind of exploratory agents
were introduced to the system. A paper discussing the distributed swarm
model as well as various enhancements (such as exploratory agents) and a
many experimental results is currently under preparation.

As mentioned earlier, although the protocol described in this work was
designed for the physical k-clique problem, we believe that by minor adjust-
ments a generic protocol for finding a given pattern in a physical graph may be
composed. The main difference between cliques and graph patterns in general
is that cliques (or alternatively independent sets) have a perfect symmetry
between their vertices. In other words, every pair of vertices in a clique has
equivalent elements under some automorphism. The notion of “potential” is
also naturally extensible to the general case. For example, given a pattern H
on h vertices and a subset C of c vertices from the graph G, we say that C is
potentially expandable to H if :

1. c < h.
2. There exists an assignment π to the unknown pairs of vertices.
3. There exists a set C ′ of (h − c) vertices such that the induced subgraph

on C ∪ C ′ under the assignment π is isomorphic to H.

To scale the potential of a certain subset C, a good estimation of the amount
of possible assignments under which C is expandable to a set of vertices that
induce a subgraph isomorphic to H must be produced.

In addition, it is our intention to devise such a protocol, as well as a
protocol for the pattern matching problem in dynamic physical graphs, a
problem which also bears a great deal of interest.
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