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Abstract. In this paper we study a subclass of pebble automata (PA)
for data languages for which the emptiness problem is decidable. Namely,
we show that the emptiness problem for weak 2-pebble automata is decid-
able, while the same problem for weak 3-pebble automata is undecidable.
We also introduce the so-called top view weak PA. Roughly speaking, top
view weak PA are weak PA where the equality test is performed only be-
tween the data values seen by the two most recently placed pebbles. The
emptiness problem for this model is still decidable.

1 Introduction

Logic and automata for words over finite alphabets are relatively well understood
and recently there is broad research activity on logic and automata for words and
trees over infinite alphabets. Partly, the study of infinite alphabets is motivated
by the need for formal verification and synthesis of infinite-state systems and
partly, by the search for automated reasoning techniques for XML. Recently,
there has been a significant progress in this field, see [1,2,4,5, 8, 10].

Roughly speaking, there are two approaches to studying data languages: logic
and automata. Below is a brief survey on both approaches. For a more compre-
hensive survey, we refer the reader to [10]. The study of data languages, which
can also be viewed as languages over infinite alphabets, starts with the introduc-
tion of finite-memory automata (FMA) in [5], which are also known as register
automata (RA). The study of RA was continued and extended in [8], in which
pebble automata (PA) were also introduced. Each of both models has its own
advantages and disadvantages. Languages accepted by FMA are closed under
standard language operations: intersection, union, concatenation, and Kleene
star. In addition, from the computational point of view, FMA are a much eas-
ier model to handle. Their emptiness problem is decidable, whereas the same
problem for PA is not. However, the PA languages possess a very nice logical
property: closure under all boolean operations, whereas FMA languages are not
closed under complementation.

Later in [2] first-order logic for data languages was considered, and, in par-
ticular, the so-called data automata was introduced. It was shown that data
automata define the fragment of existential monadic second order logic for data



languages in which the first order part is restricted to two variables only. An
important feature of data automata is that their emptiness problem is decid-
able, even for the infinite words, but is at least as hard as reachability for Petri
nets. The automata themselves always work nondeterministically and seemingly
cannot be determinized, see [1]. It was also shown that the satisfiability problem
for the three-variable first order logic is undecidable.

Another logical approach is via the so called linear temporal logic with n
register freeze quantifier over the labels X, denoted LTL! (X, X,U), see [4]. It was
shown that one way alternating n register automata accept all LTL!, (¥, X, U) lan-
guages and the emptiness problem for one way alternating one register automata
is decidable. Hence, the satisfiability problem for LTL%(E ,X,U) is decidable as
well. Adding one more register or past time operators to LTL{(Z ,X,U) makes
the satisfiability problem undecidable.

In this paper we continue the study of PA, which are finite state automata
with a finite number of pebbles. The pebbles are placed on/lifted from the input
word in the stack discipline — first in last out — and are intended to mark positions
in the input word. One pebble can only mark one position and the most recently
placed pebble serves as the head of the automaton. The automaton moves from
one state to another depending on the current label and the equality tests among
data values in the positions currently marked by the pebbles, as well as, the
equality tests among the positions of the pebbles.

Furthermore, as defined in [8], there are two types of PA, according to the
position of the new pebble placed. In the first type, the ordinary PA, also called
strong PA, the new pebbles are placed at the beginning of the string. In the
second type, called weak PA, the new pebbles are placed at the position of the
most recent pebble. Obviously, two-way weak PA is just as expressive as two-way
ordinary PA. However, it is known that one-way nondeterministic weak PA are
weaker than one-way ordinary PA, see [8, Theorem 4.5.].

In this paper we show that the emptiness problem for one-way weak 2-
pebble automata is decidable, while the same problem for one-way weak 3-pebble
automata is undecidable. We also introduce the so-called top view weak PA.
Roughly speaking, top view weak PA are one-way weak PA where the equality
test is performed only between the data values seen by the two most recently
placed pebbles. Top view weak PA are quite robust: alternating, nondeterminis-
tic and deterministic top view weak PA have the same recognition power. To the
best of our knowledge, this is the first model of computation for data language
with such robustness. It is also shown that top view weak PA can be simulated
by one-way alternating one-register RA. Therefore, their emptiness problem is
decidable. Another interesting feature is top view weak PA can simulate all
LTL%(E,X,U) languages.

This paper is organized as follows. In Section 2 we review the models of
computations for data languages considered in this paper. Section 3 and Section 4
deals with the decidability and the complexity issues of weak PA, respectively.
In Section 5 we introduce top view weak PA. Finally, we end our paper with a
brief observation in Section 6.



2 Model of computations

In Subsection 2.1 we recall the definition of weak PA from [8]. We will use the
following notation. We always denote by X' a finite alphabet of labels and by
D an infinite set of data values. A ¥X-data word w = (gi) (g;) e (Z") is a finite
sequence over X x D, where o; € X and a; € ©. A Y-data language is a set of
XY)-data words.

We assume that neither of X’ and ® contain the left-end marker < or the right-
end marker >. The input word to the automaton is of the form <wr>, where < and
> mark the left-end and the right-end of the input word. Finally, the symbols
v,9,0,..., possibly indexed, denote labels in X' and the symbols a,b,c,d,...,
possibly indexed, denote data values in ©.

2.1 Pebble automata

Definition 1. (See [8, Definition 2.8]) A one-way alternating weak k-pebble
automaton (k-PA) over X is a system A = (X, Q, qo, F, u, U) whose components
are defined as follows.

— @, g0 € Q and F C Q are a finite set of states, the initial state, and the set
of final states, respectively;
— U C @ — F is the set of universal states; and
— i € C x D is the transition relation, where
o C is a set whose elements are of the form (i,0,V,q) where 1 < i < k,
ceX, VC{i+1,...,k} and ¢ € Q; and
e D is a set whose elements are of the form (q, act), where ¢ € Q and act
is either stay, right, place-pebble or lift-pebble.
Elements of p will be written as (i,0,V,q) — (p, act).

Given a word w = (gi) (gz) € (X x D)*, a configuration of A on <w>
is a triple [i,q,0], where i € {1,...,k}, ¢ € Q, and 0 : {i,i +1,...,k} —
{0,1,...,n,n+ 1}, where 0 and n + 1 are positions of the end markers < and >,
respectively. The function 6 defines the position of the pebbles and is called the
pebble assignment. The initial configuration is v9 = [k, qo, o], where 6y(k) = 0
is the initial pebble assignment. A configuration [i, g, ] with ¢ € F is called an
accepting configuration.

A transition (i,0,V,p) — B applies to a configuration [j,q, 0], if

(1) i=jandp=gq,
(2) V = {l >4 ag(y = ag(i)}, and
(3) Ug(i) = 0.

Note that in a configuration [i, g, 8], pebble i is in control, serving as the head
pebble.

Next, we define the transition relation 4 as follows: [i,q,0] b4 [/, ¢, 0], if
there is a transition o — (p,act) € u that applies to [i,q, 0] such that ¢ = p,
0'(5) = 0(y), for all j > i, and



- if act = stay, then i’ =i and 6'(i) = 0(4);
- if act = right, then ¢’ = ¢ and 0'(i) = 0(d) + 1;

- if act = lift-pebble, then i =i+ 1;

- if act = place-pebble, then i/ =i —1, §'(i — 1) = 6'(i) = 6(4).

As usual, we denote the reflexive transitive closure of -, by F*. When the
automaton A is clear from the context, we will omit the subscript .A.

Remark 1. Note the pebble numbering that differs from that in [8]. In the above
definition we adopt the pebble numbering from [3] in which the pebbles placed on
the input word are numbered from k to ¢ and not from 1 to i as in [8]. The reason
for this reverse numbering is that it allows us to view the computation between
placing and lifting pebble ¢ as a computation of an (i — 1)-pebble automaton.

Furthermore, the automaton is no longer equipped with the ability to com-
pare positional equality, in contrast with the ordinary PA introduced in [8]. Such
ability no longer makes any difference because of the “weak” manner in which
the new pebbles are placed.

The acceptance criteria is based on the notion of leads to acceptance below.
For every configuration v = [i, g, 0],

— if ¢ € F, then ~ leads to acceptance;

— if ¢ € U, then v leads to acceptance if and only if for all configurations '
such that v F+/, v/ leads to acceptance;

— if ¢ ¢ FUU, then v leads to acceptance if and only if there is at least one
configuration 4 such that v+ +' and ' leads to acceptance.

A Y-data word w € (X x ©)* is accepted by A, if v leads to acceptance. The
language L(.A) consists of all data words accepted by .A.

The automaton A is nondeterministic, if the set U = (), and it is deterministic,
if there is exactly one transition that applies for each configuration. It turns out
that weak PA languages are quite robust.

Theorem 1. For all k > 1, alternating, non-deterministic and deterministic
weak k-PA have the same recognition power.

The proof is quite standard and the details will appear in the journal version
of this paper. In view of this, we will always assume that our weak k-PA is
deterministic.

We end this subsection with an example of language accepted by weak 2-PA.
This example will be useful in the subsequent section.

Ezxample 1. Consider a X-data language L., defined as follows. A Y-data word
w = (Zi) (Z:) € L. if and only if for all 4,5 = 1,...,n, if a; = aj, then
0; = 0. That is, w € L. if and only if whenever two positions in w carry the
same data value, their labels are the same.

The language L. is accepted by weak 2-PA which works in the following

manner. Pebbles 2 iterates through all possible positions in w. At each iteration,



the automaton stores the label seen by pebble 2 in the state and places pebble 1.
Then, pebble 1 scans through all the positions to the right of pebble 2, checking
whether there is a position with the same data value of pebble 2. If there is such
a position, then the labels seen by pebble 1 must be the same as the label seen
by pebble 2, which has been previously stored in the state.

3 Decidability and undecidability of weak PA

In this section we will discuss the decidability issue of weak PA. We show that
the emptiness problem for weak 3-PA is undecidable, while the same problem for
weak 2-PA is decidable. The proof of the decidability of the emptiness problem
for weak 2-PA will be the basis of the proof of the decidability of the same
problem for top view weak PA.

Theorem 2. The emptiness problem for weak 3-PA is undecidable.

The proof of Theorem 2 is similar to the proof of the undecidability of the
emptiness problem for weak 5-PA in [8]. The main technical step in the proof is
to show that the following X-data language

Lora = {<0> <0> ($>(J) <J) tay,...,a, are pairwise different}
ay an) \d/) \a1 an,

is accepted by weak 5-PA, where X' = {0, $}. We observe that weak 3-PA is suf-
ficient. From this step, the undecidability can be easily obtained via a reduction
from the Post Correspondence Problem (PCP).

Now we are going to show that the emptiness problem for weak 2-PA is
decidable. The proof is by simulating weak 2-PA by one-way alternating one
register automata (1-RA). See [4] for the definition of alternating RA.

In fact, the simulation can be easily generalized to arbitrary number of peb-
bles. That is, weak k-PA can be simulated by one-way alternating (k — 1)-RA.
(Here (k — 1)-RA stands for (k — 1)-register automata.) This result settles a
question left open in [8]: Can weak PA be simulated by alternating RA?

Theorem 3. For every weak k-PA A, there exists a one-way alternating (k—1)-
RA A’ such that L(A) = L(A"). Moreover, the construction of A" from A is
effective.

Now, by Theorem 3, we immediately obtain the decidability of the emptiness
problem for weak 2-PA because the same problem for one-way alternating 1-RA
is decidable [4, Theorem 4.4].

Corollary 1. The emptiness problem for weak 2-PA is decidable.

We devote the rest of this section to the proof of Theorem 3 for k = 2. Its
generalization to arbitrary k > 3 is pretty straightforward.

Recall that we always assume that weak PA is deterministic. Let A =
(X,Q, qo, v, F) be a weak 2-PA. We normalize the behavior of A as follows.



Pebble 1 is lifted only after it reads the right-end marker .

Only pebble 2 can enter a final state and it does so after it reads the right-end
marker .

Immediately after pebble 2 moves right, pebble 1 is placed.

Immediately after pebble 1 is lifted, pebble 2 moves right.

Such normalization can be obtained in a pretty standard manner. The details
will appear in the journal version of this paper.

On input word w = (‘;i) e (Z"), the run of A on <w> can be depicted as a

tree shown in Figure 1.
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Fig. 1. The tree representation of a run of A on the data word w = (”1) e (‘7").

dy dn

The meaning of the tree is as follows.

q0sq1,- - -, qn,qn+1 are the states of A when pebble 2 is the head pebble
reading the positions 0,1,...,n,n + 1, respectively, that is, the symbols
<, (;i), cee (g’t) ,b>, respectively.

qr is the state of A after pebble 2 reads the symbol .

For 1 <14 < j <, p;; is the state of A when pebble 1 is the head pebble
reading the position j, while pebble 2 is above the position 1.

For 1 < i < n, the state p; is the state of A immediately after pebble 1 is
lifted and pebble 2 is above the position 3.



It must be noted that there is a transition (2,0;,0,p;) — (gi+1,right) ap-
plied by A that is not depicted in the figure.
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Fig. 2. The corresponding run of A’ the data word w = (‘71) e (o
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Figure 1.

Now the simulation of A by a one-way alternating 1-RA A" becomes straight-
forward if we view the tree in Figure 1 as a tree depicting the computation of A’
on the same word w. Figure 2 shows the corresponding run of A’ on the same
word. Roughly, the automaton A’ is defined as follows.

— The states of A" are elements of Q U (Q x Q);
— the initial state is qg; and
— the set of final states is F U {(p,p) : p € Q}.

For each placement of pebble 1 on position 7, the automaton performs the fol-
lowing “Guess—Split—Verify” procedure which consists of the following steps.

1. From the state ¢;, A" “guesses” (by disjunctive branching) the state in which
pebble 1 is eventually lifted, i.e. the state p;. It stores p; in its internal state



and simulates the transition (2,0;,0,0,q;) — (pi.i, place-pebble) € u to
enter into the state (p; i, p;)-
2. A" “splits” its computation (by conjunctive branching) into two branches.

— In one branch, assuming that the guess p; is correct, A’ moves right
and enters into the state g;y1, simulating the transition (2,0,p;) —
(gi+1,Tight). After this, it recursively performs the Guess—Split—Verify
procedure for the next placement of pebble 1 on position (i + 1).

— In the other branch A’ stores the data value d; in its register and simu-
lates the run of pebble 1 on (;z) e (Zj), starting from the state p; ;, to
“verify” that the guess p; is correct.

During the simulation, to remember the guess p;, the states of A" are
(PiisPi),- - s (Din+1,pi). A" accepts when the simulation ends in the state
(pi, pi), that is, when the guess p; is “correct.”

4 Complexity of weak 2-PA

In this subsection we are going to study the time complexity of three specific
problems related to weak 2-PA.

Emptiness problem. The emptiness problem for weak 2-PA. That is, given a
weak 2-PA A, is L(A) = 0?7

Labelling problem. Given a deterministic weak 2-PA A over the labels X
and a sequence of data values dy ---d,, € D", is there a sequence of labels
o1+ 0, € X7 such that (gi) e (Z:) € L(A)?

Data value membership problem. Given a deterministic weak 2-PA A over
the labels X' and a sequence of finite labels o1 - - - 0, € X", is there a sequence
of data values d; - - - d,, € ®" such that (‘;i) e (3’;) € L(A)?

The emptiness problem, as we have seen in the previous section, is decidable. The
labelling and data value membership problem are in NP. To solve the labelling
problem, one simply guesses a sequence oy ---0, € X" and runs A to check
whether (gi) (Zn) € L(A). Similarly, to solve the data value membership
problem, one can guess a sequence of data values d; - - - d,, and run A to check

whether (‘;i) (Z:) € L(A).
We will show that the emptiness problem is not primitive recursive, while
both the labelling and data value membership problems are NP-complete.

Theorem 4. The emptiness problem for weak 2-PA is not primitive recursive.

The proof of theorem 4 is by simulation of incrementing counter automata
and follows closely the proof of similar lower bound for one-way alternating
1-RA [4, Theorem 2.9]. In short, the main technical step is to show that the
following X-data language L;,. which consists of the data words of the form:

(o) () () o (i) where
- X= {a’6}§

— the data values aq, ..., a,, are pairwise different;



— the data values bq,...,b, are pairwise different;
— each a; appears among by, ..., by,;

is accepted by weak 2-PA. The intuition of this language is to represent the
inequality m < n, which is important in the simulation of incrementing counter
automata, of which the emptiness problem is known to be decidable [9], but not
primitive recursice [7].

Now we are going to show the NP-hardness of the labelling problem. It is by
a reduction from graph 3-colorability problem which states as follows. Given an
undirected graph G = (V| E), is G is 3-colorable?

Let V ={1,...,n} and E = {(i1,1),-- -, (¢m, jm)}- Assuming that D con-
tains the natural numbers, we take 411 - - -t Jm as the sequence of data values.
Then, we construct a weak 2-PA A over the alphabet X = {¥r, Vg, 95} that
accepts data words of even length in which the following hold.

— For all odd position z, the label on position x is different from the label on
position x + 1.

— For every two positions x and y, if they have the same data value, then they
have the same label. (See Example 1.)

Thus, the graph G is 3-colorable if and only if there exists oy - - - 02, € {9r, V¢, V5 }
such that (‘1711) (‘;12) e (”22.’:1) (“ﬁ:’) € L(A), and the NP-hardness, hence the NP-
completeness, of the labelling problem follows.

The NP-hardness of data value membership problem can established in a
similar spirit. The reduction is from the following variant of graph 3-colorability,
called 3-colorability with constraint. Given a graph G = (V, E') and three integers
Ny, Ng, My, is the graph G 3-colorable with the colors R, G’ and B such that the
numbers of vertices colored with R, G and B are n,, ny and ny, respectively?

The polynomial time reduction to data value membership problem is as fol-
lows. Let V. ={1,...,n} and E = {(i1,71),-- - (i, Jm) }-

We define X' = {9y, d¢, V5,11, ...,v,} and take

Vi Vi, Vi Vi VR Ur Vg -V VB - UB

n, times ng4 times np times

as the sequence of finite labels. Then, we construct a weak 2-PA over X that
accepts data words of the form

) C) - Co) G Gy ) G o)~ ()

where

— Uiy Vjys ey Vi s Vi € {01, U0}
— in the sub-word (”011) (2;11) e (”C:nn) (VJM), every two positions with the same
labels have the same data value (see Example 1);

"

/ / 1 3 3 3 .
— the data values ay,...,an,,a},..., Up,> 075,y are pairwise different;



— For each i = 1,...,m, the data values ¢;,d; appear among ai,...,a,,,

li / 1 " : .
Wpyooey Oy s A5y A, such that the following holds: / /
e if ¢; appears among ai,...,a,,, then d; appears among a’,...,a;, or
" . g
ay,...,a,;
e if ¢; appears among a’,...,a’ ,then d; appears either among aq,...,a,
1 » Pngo ) ) r
oraf,...,ay ; and
o if ¢; appears among a/,...,a” , then d; appears among aq,...,a,. or
1> s Ymy o ) I r
/ /
Aseees iy

Note that we can store the integers r, g, b and m in the internal states of A,
thus, enable A to “count” up to n,,ng,n, and m. We have each state for the
numbers 1,...,n,, 1,...,n4, 1,...,np and 1,...,m. The number of states in A
is still polynomial on n.

Now the graph G is 3-colorable with the constraints n,,ng,n, if and only if

: / / " "
there exits c1d; - - cmdmar -+ - apn.af - - Ay, O - Oy, such that

o) Co) G G G ) G ) o) - ()

is accepted by A. The NP-hardness, hence the NP-completeness, of the data
value membership problem then follows.

5 Top view weak k-PA

In this section we are going to define top view weak PA. Roughly speaking, top
view weak PA are weak PA where the equality test is performed only between
the data values seen by the last and the second last placed pebbles. That is, if
pebble 7 is the head pebble, then it can only compare the data value it reads
with the data value read by pebble (i +1). It is not allowed to compare its data
value with those read by pebble (i + 2), (i + 3),..., k.

Formally, top view weak k-PA is a tuple A = (X, Q, qo, 4, F') where Q, qo, F'
are as usual and p consists of transitions of the form: (i,0,V,q) — (¢/,act),
where V is either ) or {i + 1}.

The criteria for the application of transitions of top view weak k-PA is defined
by setting

Vo {(Z),. if ag(i1) 7 ag(i)
{i 41}, if apiig1) = asg)
in the definition of transition relation in Subsection 2.1. Note that top view weak
2-PA and weak 2-PA are the same.

Remark 2. We can also define the alternating version of top view weak k-PA.
However, just like in the case of weak k-PA, alternating, nondeterministic and
deterministic top view weak k-PA have the same recognition power. Furthermore,
by using the same proof presented in Section 4, it is straightforward to show that
the emptiness problem, the labelling problem, and the data value membership
problem have the same complexity lower bound for top view weak k-PA, for each
k=2,3,....



The following theorem is a stronger version of Theorem 3.

Theorem 5. For every top view weak k-PA A, there is a one-way alternating
1-RA A’ such that L(A") = L(A). Moreover, the construction of A’ is effective.

Proof. The proof is a straightforward generalization of the proof of Theorem 3.
Each placement of a pebble is simulated by “Guess—Split—Verify” procedure.
Since each pebble ¢ can only compare its data value with the one seen by peb-
ble (i+1), A" does not need to store the data values seen by pebbles (i+2),..., k.
It only needs to store the data value seen by pebble (i + 1), thus, one register is
sufficient for the simulation.

Following Theorem 5, we immediately obtain the decidability of the empti-
ness problem for top view weak k-PA.

Corollary 2. The emptiness problem for top view weak k-PA is decidable.

Since the emptiness problem for ordinary 2-PA (See [6, Theorem 4]) and for
weak 3-PA is already undecidable, it seems that top view weak PA is a tight
boundary of a subclass of PA languages for which the emptiness problem is
decidable.

Remark 3. In [11] it is shown that for every sentence v € LTL%(E,X,U), there
exists a weak k-PA Ay, where k = fqr(y) + 1, such that L(A,) = L(y). We
remark that the proof actually shows that the automaton Ay, is top view weak
k-PA. Thus, it shows that the class of top view weak k-PA languages contains
the languages definable by LTL%(E , X, 0).

6 Concluding remark

We end this paper with a quick observation on top view weak PA. We note that
the finiteness of the number of pebbles for top view weak PA is not necessary. In
fact, we can just define top view weak PA with unbounded number of pebbles,
which we call top view weak unbounded PA.

We elaborate on it in the following paragraphs. Let A = (X, Q, qo, u, F') be
top view weak unbounded PA. The pebbles are numbered with the numbers
1,2,3,.... The automaton A starts the computation with only pebble 1 on the
input word. The transitions are of the form: (o, x, ¢) — (p,act), where x € {0, 1}
and o, q,p,act are as in the ordinary weak PA.

Let w = (Zi) (Z:) be an input word. A configuration of A on <w> is a
triple [i,q,0], where i € N, ¢ € Q, and 6 : N — {0,1,...,n,n + 1}. The indtial
configuration is [1, qo, fp], where 6y(1) = 0. The accepting configurations are
defined similarly as in ordinary weak PA.

A transition (o, x,p) — 3 applies to a configuration [i, q, 0], if

(1) p=gq, and og(;y = o,
(2) x =1if ag(i—1) = agg), and x = 0 if ag_1) # ag(),



The transition relation - and the acceptance criteria can be defined in a similar
manner as in Section 2.1.

It is straightforward to show that 1-way deterministic 1-RA can be simulated
by top view weak unbounded PA. Each time the register automaton change the
content of the register, the top view weak unbounded PA places a new pebble.

Furthermore, top view weak unbounded PA can be simulated by 1-way alter-
nating 1-RA. Each time a pebble is placed, the register automaton performs
“Guess—Split—Verify” procedure described in Section 3. Thus, the emptiness
problem for top view unbounded weak PA is still decidable.
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