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Abstract. In this survey, we look at kernelization: algorithms that
transform in polynomial time an input to a problem to an equivalent
input, whose size is bounded by a function of a parameter. Several re-
sults of recent research on kernelization are mentioned. This survey looks
at some recent results where a general technique shows the existence of
kernelization algorithms for large classes of problems, in particular for
planar graphs and generalizations of planar graphs, and recent lower
bound techniques that give evidence that certain types of kernelization
algorithms do not exist.
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1 Introduction

In many cases, combinatorial problems that arise in practical situations are
NP-hard. As we teach our students in algorithms class, there are a number of
approaches: we can give up optimality and design approximation algorithms
or heuristics; we can look at special cases or make assumptions about the input
that one or more variables are small; or we can design algorithms that sometimes
take exponential time, but are as fast as possible. In the latter case, a common
approach is to start the algorithm with preprocessing.

So, consider some hard (say, NP-hard) combinatorial problem. We start our
algorithm with a preprocessing or data reduction phase, in which we transform
the input I to an equivalent input I ′ that is (hopefully) smaller (but never
larger). Then, we solve the smaller input I ′ optimally, with some (exponential
time) algorithm. E.g., in practical settings, we can use an ILP-solver, branch
and bound or branch and reduce algorithm, or a satisfiability-solver. After
we obtained an optimal solution S′ for S, we transform this solution back to an
optimal solution for I.

In this overviewpaper, we want to focus on the following question for given com-
binatorial problems: suppose the preprocessing phase takes polynomial time; what
can we say about the size of the reduced instance, as a function of some parameter
of the input? This question is nowadays phrased as: does the problem we consider
have a kernel, and if so, how large is the kernel? So, kernelization gives us quanti-
tative insights in what can be achieved by polynomial time preprocessing. In this
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paper, we aim to first give a general introduction to the field of kernelization, and
then survey a number of very recent general techniques from the field.

As a simple example, let us look at the Vertex Cover problem. Here, we
are given a graph G = (V, E) and some integer k, and ask if there is a set W ⊆ V
of at most k vertices, such that for each edge {v, w} ∈ E at least one endpoint
belongs to W (v ∈ W or w ∈ W ). We can use the following ’kernelization’
algorithm, due to Buss, see [26]: while there is at least one vertex v ∈ V with
degree at least k + 1, remove v and its incident edges, and set k to k − 1. This
gives equivalent instances: v must belong to an optimal solution, because if we
do not take v, we must take all neighbors of v, which are more than k vertices.
Also, remove all vertices of degree 0, without changing k. If at some point, k < 0,
we can decide no: there clearly is no solution. Now, if we have more than k2

edges, we decide no. Each remaining vertex has degree at most k, so with k
vertices, we cannot cover more than k2 edges. If we did not return no, we end
with an equivalent instance with at most k2 edges (and less than k2 vertices).

The simple algorithm given above is not the best (in terms of ’kernel sizes’)
kernelization algorithm for Vertex Cover: a clever algorithm by Nemhauser
and Trotter [72] gives reduced instances with 2k vertices. The algorithm above,
however, does give a nice example of a methodology that is used in many ker-
nelization algorithms: we have a set of ’safe reduction rules’, i.e., rules that give
a smaller, equivalent instance, and we have a mathematical analysis on the size
of yes-instances when no rule applies. When our input is larger than this size,
we return no; otherwise, we have a small reduced instance.

For the analysis of kernels, we can fortunately make use of a large toolbox
from the field of fixed parameter algorithms, which was pioneered by Downey
and Fellows. For background in this field, we refer to [44,52,73]. We use a number
of definitions from this field in a form that is useful for this exposition.

A parameterized problem is a subset of Σ∗ × N for some fixed alphabet Σ.
I.e., we look at decision problems where some specific part of the input, called
the parameter, is an integer.

The theory of fixed parameter complexity is used to distinguish between the
running time for parameterized problem, where we pay attention how this time
depends on the parameter and on the input size. Three important types of
behavior can be seen:

– NP-complete: the problem is NP-complete for some fixed values of k. E.g.,
Graph Coloring is NP-complete, even when the number of colors is 3.

– XP: for every fixed k, there is a polynomial time algorithm, but the exponent
of the running time grows with k, i.e., the running time is Θ(nf(k)) for some
function f with limk→∞ f(k) = ∞.

– FPT: there is an algorithm, that solves the problem in time O(f(k)nc) for
some function f on inputs of size n with parameter k, with c a constant.
FPT is defined as the class of all parameterized problems that have such a
kernel. FPT is short for fixed parameter tractable.

A kernelization algorithm for a parameterized problem P is an algorithm A, that
transforms inputs (I, k) of P to inputs (I ′, k′) of P , such that
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1. the algorithm uses time polynomial in |I| + k;
2. the algorithm transforms inputs to equivalent inputs: (I, k) ∈ P ⇔ A(I, k) ∈

P ;
3. k′ ≤ k;
4. |I ′| ≤ f(k) for some function f : the value of the new parameter and the size

of the new input are bounded by a function of the value of the old parameter.

We say that P has a kernel of size f . Throughout this paper, we focus on the
question for given problems P : does it have a kernel, and if so, of what size. Of
course, we prefer kernels of small size, and asks ourselves for problems: do they
have polynomial kernels. A variant of the definition, giving a slightly different
notion of kernelization, has the condition k′ ≤ f(k) instead of k′ ≤ k.

The topic of kernelization has become a very active of research. An excellent
survey on the field was made by Guo and Niedermeier in 2007 [59]. In the past
two years, more work has been done, and this paper aims at focussing at some
recent developments, where general methods were obtained.

A little technical remark. In several cases, we can decide the problem directly.
Applying the notion of kernelization would require that we instead transform
the problem to an equivalent instance. This can be easily resolved as follows: we
take a yes-instance and a no-instance, both of small (constant bounded) size,
and instead of deciding, we transform the input to the yes- or no-instance of
constant bounded size. This little trick also shows that when a problem (seen as
decision problem, we take the parameter in unary) belongs to P , then it has a
kernel of O(1) size. Also, when a problem has an O(1) kernel, say of size at most
c, it belongs to P : we first make a kernel, and then check if this belongs to the
set Pc of yes-instances with size at most c. This latter set does not depend on
the input, and thus can be hardwired in our algorithm. Thus, when the problem
is NP-hard, then it does not have an O(1) kernel, unless P = NP .

The theory of fixed parameter complexity gives us an excellent tool to see
if a problem has a kernel (i.e., without considering its size.) First, consider the
following result, which is nowadays folklore. The main idea of the result is due to
Cai et al. [28], while its first statement is due to Neal Koblitz [47] and appeared
in [45] in 1997. In a few cases in the literature, the result or its proof are slightly
incorrectly stated, see the discussion below. The following proof is given by Flum
and Grohe [52] (for the variant of strongly uniformly FPT), see also [73].

Theorem 1. Let P be a parameterized problem. Then P belongs to the class
FPT, if and only if P is decidable and P has a kernel.

Proof. If P is decidable and has a kernel, then we can use the following algorithm
for P . If we have an input (I, k) of size n, then we can build in p(n+ k) time for
some polynomial p an equivalent instance (I ′, k′), with max(|I ′|, k′) ≤ f(k) for
some function f , by using the kernelization algorithm. Then, decide on (I ′, k′)
by any algorithm for P ; thus, for some function g, this costs in total O(p(n +
k) + g(f(k))) time.

Suppose P belongs to FPT. For some function f and constant c, we have an
algorithm A that solves instances of P in f(k)(n+k)c time. Now, run algorithm
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A for (n + k)c+1 steps. If the algorithm decides the problem in this time, we are
done: report an O(1) yes- or no-instance accordingly. Otherwise, we know that
n + k ≤ f(k): we return the original input, which is of the desired size. ��
The result and its proof are interesting for two reasons. First, we see how ker-
nels can be applied to obtain FPT-algorithms. Secondly, while the algorithm in
the other direction does not give an interesting kernelization algorithm, it does
give us a method to obtain negative evidence: if we have evidence that a problem
does not belong to the class FPT, then we also have evidence that there does not
exist a kernel. Such evidence is available. Downey and Fellows defined a number
of complexity classes of parameterized problems (see [42,43]), for which for our
exposition, W [1] is the most relevant. For the precise definition of W [1], see for
example [42,43,44]. It is widely believed that FPT 	= W [1], while FPT ⊆ W [1].
So, decidable problems that are hard for W [1] are believed to not belong to
FPT, and thus are believed not to have a kernel. Moreover, if FPT = W [1],
i.e., if a W [1]-hard decidable problem has a kernel, then the Exponential Time
Hypothesis does not hold, see [1,29]. There are many problems that are known
to be W [1]-hard. For example, Independent Set is W [1]-complete [42,43] and
Dominating Set is W [2]-complete and hence W [1]-hard [42]. (When not spec-
ified otherwise, the parameter of a problem is assumed to be the upper or lower
bound of the size of the set to be found.) Hence, these problems have no kernel,
unless the Exponential Time Hypothesis does not hold.

In the literature, the condition that the problem is decidable is sometimes
forgotten; however, the condition is necessary. Consider the following parame-
terized problem. Let X be some undecidable set of integers. Now, consider the
language {(I, k) | k ∈ X}, i.e., the first part of the input is ignored, and we just
ask if the parameter belongs to X . It has a trivial linear kernel: map each (I, k)
to (ε, k), ε the empty string. But, {(I, k) | k ∈ X} is also undecidable and hence
cannot belong to FPT.

FPT, as defined here, is also known as uniformly FPT. Different versions exist:
strongly uniformly FPT requires in addition that f is computable. A parameter-
ized problem L is nonuniformly FPT, if there is a constant c, such that for each
fixed k, there is an O(nc) algorithm that solves all instances of L with parame-
ter k. A typical example of proofs of membership in nonuniformly FPT comes
from the graph minor theorem of Robertson and Seymour [12,76,77]: for a graph
parameter f that does not increase when taking minors, this theory tells us that
the problem: ‘given a graph G and integer k, is f(G) ≤ k?’ is non-uniformly
FPT. The three classes are different, see the discussion in [44] Theorem 1 holds
for uniformly FPT. A variant of the proof of Theorem 1 shows that a problem
with a kernel belongs to nonuniformly FPT (build the kernel, and then we have
to check, for fixed k, a constant number of possibilities), and that a problem
belongs to strongly uniformly FPT, if and only if it is decidable and has a kernel
of size f for some recursive function f [52]. There are computable problems that
are nonuniformly FPT but not uniformly FPT [44]; by Theorem 1, these are
nonuniformly FPT problems that do not have a kernel.
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Besides an argument for the non-existence of kernels, W [1]-hardness proofs
give evidence for the non-existence of FPT-algorithms for the parameterized
problem at hand, i.e., assuming FPT 	= W [1], a W [1]-hard problem does not
have an algorithm with running time O(f(k)nc) for some function f and con-
stant c. Recently, stronger results have been obtained for several parameterized
problems. For a number of problems, it is shown that — under certain com-
plexity theoretic assumptions — the problems do not have algorithms that solve
them in O(no(k)) time, see [30,32,33,53].

It is desirable to have kernels of small size. Fortunately, many problems have
small kernels, and we tabulate a number of examples below in Tables 1 and 2. In
Table 2, sizes of kernels for several problems on planar graphs are given, but also
some negative results are mentioned. W means: No kernel unless the Exponential
Time Hypothesis fails. These problems are W [1]-hard. For problems, marked
X, there is evidence that these problems do not have a kernel of polynomial
size. Each of these belongs to FPT, so a kernel (usually of exponential size)
exists. More precisely, for each of the problems marked X in Table 2, we have
that they do not have a polynomial sized kernel, unless NP ⊆ coNP/poly,
which in its turn implies that the polynomial time hierarchy collapses to the
third level. For more details, see Section 3. The entry marked ? is open to my
knowledge. It is also open if Edge Clique Cover has a kernel of polynomial
size. The tables are incomplete, and often only list the smallest kernel known
to me.

In case of the positive results for planar graphs, there is a common underlying
methodology that allows to obtain kernels for many problems on planar graphs.

In the remainder of the paper, we will give an introduction to two develop-
ments in the theory of kernelization as discussed above: meta theorems that
allow us to obtain kernels for collections of problems, and techniques to show
that certain problems do not have a polynomial kernel. Several other impor-
tant topics on kernelization will not be covered here; more information can for
example be obtained from [59].

Table 1. Kernel sizes for various problems. For graph problems, the bounds express
the number of vertices.

Problem Kernel Reference

Cluster Editing 4k [58]
Convex Recoloring of Trees O(k2) [16]

Feedback Arc Set in Tournaments O(k) [10]

Edge Clique Cover 2k [57]
Kemeny Score 2k [11]

MaxExact-q-SAT O(k) [66]
Max Non-Leaf Out-Branching O(k2) [63]

Multicut in Trees O(k6) [25]
Nonblocker 5/3k + 3 [38]

Rooted k-Leaf-Out-Branching O(k2) [36]
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Table 2. Kernels for problems on general graphs and on planar graphs. Sizes are ex-
pressed in number of vertices. X = kernel, but unless NP ⊆ coNP/poly no polynomial
kernel; W = W [1]-hard: ‘no’ kernel (see text); ? = open.

Problem Kernel (all graphs) Kernel (planar) References

Connected Vertex Cover W O(k) [41,60]
Capacitated Vertex Cover X ? [41,62]
Capacitated Dominating Set W W [42,18]
Connected Dominating Set W O(k) [42,69]

Disjoint Cycles X O(k) [21,20]
Dominating Set W O(k) [42,6,31]

Edge Dominating Set 8k2 O(k) [49,60]
Feedback Vertex Set 4k2 O(k) [78,19]

Independent Set W 4k [43,7]
Long Cycle X X [15]
Long Path X X [15]

Max Leaf Spanning Tree 3.75k 3.75k [46]
Weighted Max Leaf Spanning Tree W 78k [65]

Triangle Packing O(k2) O(k) [70,60]

2 Upper Bounds: Meta Theorems

For many concrete problems, polynomial kernels have been found. Very recently,
results have been obtained that ‘go one step further’: they show that for certain
classes of problems, each problem in such a class has a polynomial kernel.

2.1 Meta Theorems for Approximation Classes

The first such result was obtained by Kratsch [67]. The classes MIN F+Π1 and
MAX NP are known from the field of approximation: each problem in these
classes contains a constant factor polynomial time approximation algorithm.
The subclass MAX SNP is well known. The result by Cai and Chen [27] that all
problems in these classes are in FPT is strengthened by Kratsch [67] as follows.

Theorem 2 (Kratsch [67]). For each problem in MIN F+Π1 and MAX NP,
its version where the parameter is the value to optimize has a polynomial kernel.

2.2 Meta Theorems for Graphs on Surfaces

Bodlaender et al. [17] consider problems on fixed surfaces with certain properties.
There is a large number of parameterized problems on planar graphs that have a
polynomial kernel. The first of these was the seminal result by Alber, Fellows, and
Niedermeier [6], who gave a linear kernel for Dominating Set on planar graphs.
More linear size kernels were obtained for a large number of other problems,
including Connected Vertex Cover, Cycle Packing, Efficient Edge

Dominating Set, Feedback Vertex Set, Full-Degree Spanning Tree,
Induced Matching, Maximum Triangle Packing, and Minimum Edge
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Dominating Set [19,20,31,60,61,69,71]. See also for example [55]. Guo and Nie-
dermeier [60] gave a general method to obtain such algorithms, based on decom-
positions of the planar input graph in ‘regions’ and rules that decrease the size
of such regions. Then, in [17] it is shown that general conditions on the problem
statement yield rules that always reduce regions to bounded size, and thus result
in kernels of either linear, quadratic, or cubic size on planar graphs for a large class
of problems. Also, these results are generalized to problems on other surfaces.

Here, we will give an example of a very simplified version of the proof method
for a concrete problem, namely the Red-Blue Dominating Set problem on
planar graphs, and state the general theorems shown in [17].

In the Red-Blue Dominating Set problem, we are given a bipartite graph
G = (R ∪ B, E) and an integer k, and ask for a subset S ⊆ R of at most k ’red’
vertices from R, such that each ’blue’ vertex from B is adjacent to a vertex in
S. We consider this problem, restricted to planar graphs. See for example [51]
for an FPT algorithm.

A set of vertices S in a graph G is d-dominating, if each vertex in G is at
distance at most d from a vertex in S. We may assume there are no isolated
vertices. Now, each solution S is 2-dominating, as each red vertex is adjacent to
a blue vertex and each blue vertex is adjacent to a red vertex.

A t-boundaried graph is a graph G = (V, E) with t distinguished vertices
(called terminals, uniquely labeled from 1 to t, together called the boundary of
G) and a boundaried graph is a t-boundaried graph for some t. The following
result is a variant of a result, shown by Guo and Niedermeier [60].

Lemma 1. Let d be a positive integer. For all planar graphs G, given with a d-
dominating set S, there is a collection of O(|S|) boundaried graphs G1, . . . , Gr,
such that

– Each vertex belongs to at least one graph Gi, 1 ≤ i ≤ r.
– If a vertex belongs to more than one graph Gi, it belongs to the boundary of

all Gi’s it belongs to.
– Each Gi has diameter at most 2d and a boundary of size at most 4d.

Given S, this collection can be found in polynomial time.

This decomposition is called a region decomposition [60]; each region has a small
boundary and diameter.

Suppose we are given a planar graph G = (V, E). First, with a Baker-style
polynomial time approximation scheme for Red-Blue Dominating Set [9],
we either find a solution S of size at most 2k, or determine that G has no red-
blue dominating set of size at most k. (For other problems, we can approximate
the Minimum d-Dominating Set problem with a Baker-style PTAS.) In the
latter case, we are done. In the former case, we then find the collection of O(k)
boundaried graphs with diameter and boundary O(d).

What remains to be done to get a kernel of linear size is to have rules, that re-
place each boundaried graph by a new boundaried graph, with the same boundary,
such that the answer does not change. Doing so, we possibly update k. To describe
safety of such rules, we use the following definitions.
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If we have two t-boundaried graphs G and H , G⊕H is the t-boundaried graph,
obtained by taking the disjoint union of G and H while identifying, for i = 1 · · · t,
the ith terminal of G with the ith terminal of H , and then dropping parallel
edges. For a graph property P and integer t, we can define the equivalence re-
lation ∼t

P on t-boundaried graphs as follows: for t-boundaried graphs G and H ,
G ∼t

P H , if and only if for each t-boundaried graph K, P (G⊕K) ⇔ P (H ⊕K).
G ∼t

P H gives a ‘reduction rule’ for algorithms that want to test if P holds for
a given input graph. Suppose H is smaller than G. If we have a graph of the
form G ⊕ K for some K, we can replace the input by H ⊕ K. It was shown
by Arnborg et al. [8], that for each integer k and each graph property P that
is formulated in Monadic Second Order Logic, there is a finite set of such ‘safe’
reduction rules, such that each graph with treewidth at most k and with prop-
erty P can be reduced to a graph of size O(1). Moreover, the total time of the
reduction algorithm is linear (for fixed k). This gives a linear time algorithm for
testing P on graphs of bounded treewidth, based solely on reduction rules, i.e.,
no tree decomposition of the graph is needed. See also [2,24,35,48]. In particu-
lar, for each MSOL-expressible property P and t, the relation ∼t

P has a finite
number of equivalence classes [8]. We use this here for P the property of being
planar.

This idea was generalized to some optimization problems by Bodlaender and
van Antwerpen-de Fluiter [22,37]. Let f be a function, mapping graphs to inte-
gers. For t-boundaried graphs G and H , and integer i ∈ Z, we write G →f,i H ,
if for all t-boundaried graphs K, f(G ⊕ H) = f(G ⊕ K) + i.

Generalizing this in the natural way to colored graphs (for example, blue ter-
minals remain blue) and letting f be the minimum size of a red-blue dominating
set, we see two examples of →f,i in Figure 1. Terminal vertices are drawn with
a square. E.g., if we have a path of length 5 with only its two red endpoints
adjacent to other vertices, then, if we replace this by a path of length 2, the size
of a minimum red-blue dominating set in the graph drops by exactly one.

Let ∼t
f be the equivalence relation on t-boundaried graphs, defined by G ∼t

f H
iff there is an i with G →f,i H . We say that f is finite integer index, if for each
fixed t, ∼t

f has a finite number of equivalence classes. Similar to [22], one can show
that Red-Blue Dominating Set is finite integer index. Let for t-boundaried
graphs G and H hold G ∼t

planar,rbds H , if there exists an integer i, such that
for all t-boundaried graphs K: the size of the minimum red-blue dominating set
in G ⊕ K is exactly the size of the minimum red-blue dominating set in H ⊕ K
plus i, and G ⊕ K is planar, if and only if H ⊕ K is planar.

f, 0

f, 1

Fig. 1. Example reductions for Red-Blue Dominating Set
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The discussion above shows that for each i, the relation ∼t
planar,rbds has a

finite number of equivalence classes. For each t ≤ 4d and each equivalence class,
we select a representative. We can do this such that, whenever G →planar,rbds,i H
for a representative H , i ≥ 0. This ensures that the parameter does not increase
when we carry out a reduction. As these representatives and d are only problem
dependent, we can assume that the largest representative has size O(1).

The main step of the kernelization algorithm is the following: we replace each
of the O(k) boundaried graphs Gi in the decomposition, implied by Lemma 1
by its representative for the relation ∼t

planar,rbds, and update the parameter
k accordingly. That is, if we replace t-boundaried subgraph H by K, and
H →rbds,i K, then we subtract i from k. Now, each of these reductions keep
the graph planar. They are also ‘safe’ with respect to the answer to the Red-

Blue Dominating Set problem.
As each of the graphs Gi has bounded diameter, it also has bounded treewidth

(see for example [14, Theorem 83] or [75]), and thus, we can compute its equiv-
alence class for ∼t

planar,rbds. After transforming each Gi in the decomposition to
the representative of its equivalence class, we have a partition of the input graph in
O(k) parts, each of size O(1), and thus obtained an equivalent input of size O(k).

The sketch above does neither give the most efficient, nor the simplest ker-
nelization algorithm for Red-Blue Dominating Set on planar graphs, but
it illustrates an approach that works for a large collection of problems, as was
shown in [17]. Several other techniques and generalizations are used to obtain
the following results.

For a fixed g, we consider parameterized problems on graphs that can be
embedded into a surface of Euler-genus at most g. For a graph G = (V, E) given
with an embedding, the radial distance for two vertices v, w ∈ V is the minimum
length of a sequence of vertices, starting with v and ending with w, where each
two successive vertices share a face. A parameterized problem is compact, if for
each yes-instance (G, k), we can embed G on a surface of Euler-genus g and
select a set S of O(k) vertices, such that each vertex in G is at radial distance
at most r, for some fixed r that only depends on the problem. An additional
technical (and in all relevant cases trivially fulfilled) condition is that k ≤ |V |r.
For example, the Feedback Vertex Set problem is compact: if S is a set of
vertices such that each cycle contains a vertex in S, then each vertex in G shares
a face with a vertex in S so is at radial distance at most 1.

A generalization of compactness is quasi-compactness: now, we are allowed to
split the vertices in two sets, one inducing a subgraph of bounded treewidth,
and one that are at bounded radial distance to a set of size O(k); and again,
k ≤ |V |r.

Theorem 3 (Bodlaender et al. [17]). Let g be a fixed integer. Every param-
eterized problem on graphs of Euler-genus g that is finite integer index and that
is quasi-compact or whose complement is quasi-compact has a linear kernel.

So, e.g., Feedback Vertex Set restricted to graphs of Euler-genus g has a
linear kernel for all g. (This generalizes the result of [19].)
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A weaker result was obtained in [17] for compact optimization problems that
can be formulated with Counting Monadic Second Order Logic (CMSO). Con-
sider a predicate expressed in CMSO that formulates a property of graphs and
vertex sets P (G, S). E.g., S is a dominating set in G can be expressed as:

∀v ∈ V : ∃w ∈ V : w ∈ S ∧ ({v, w} ∈ E ∨ v = w)

We formulate Theorem 1 from [17] in a slightly weaker but easier to understand
form.

Theorem 4 (Bodlaender et al. [17]). Let g be a fixed integer. Let P be a
CMSO-expressible property of graphs and vertex sets. Consider a problem Q,
whose input consists of a graph G = (V, E) of Euler-genus at most g, a set of
vertices Y ⊆ V , and an integer k. Suppose Q is compact or the complement of
G is compact.

1. If Q is of the form: ∃S ⊆ Y : |S| ≤ k ∧ P (G, S), then Q has a kernel of size
O(k2).

2. If Q is of the form: ∃S ⊆ Y : |S| = k ∧ P (G, S), then Q has a kernel of size
O(k3).

3. If Q is of the form: ∃S ⊆ V : |S ∩ Y | ≥ k ∧ P (G, S), then Q has a kernel of
size O(k2).

The set Y plays the role of annotations, e.g., in parts 1 and 2 of Theorem 4, ver-
tices in V −Y are ‘annotated’ in the sense that they cannot belong to the solution.
The theorem leaves room for improvement: can we get rid of these annotations,
and can we obtain linear kernels for these problems? These are important, but
probably not easy, open problems. Several applications of Theorems 3 and 4 can
be found in [17].

2.3 Meta Theorems for Graphs Avoiding a Minor

Fomin et al. [54] obtained a characterization of a large collection of problems that
have a small kernel on graphs that avoid a minor. A central tool in their results
is the notion of bidimensionality: a notion that has played an important role in
several important meta-results for problems on graphs avoiding a minor, both
with respect to parameterized algorithms and with respect to approximation
algorithms. See the overview paper by Demaine and Hajiaghayi [40].

We sketch a few notions used for stating the meta-theorem from [54]. A graph
H is a minor of a graph G = (V, E) if H can be obtained from G by a series
of zero or more vertex deletions, edge deletions and edge contractions. Consider
graph parameter f that maps each graph to an integer, and the corresponding
parameterized problem Pf to determine for a given graph G and parameter value
k, if f(G) ≤ k. We say that Pf is minor-bidimensional, if for any minor H of G,
f(H) ≤ f(G) (i.e., f cannot increase when taking minors), and there is some δ >
0, such that for the r by r grid GRr, f(GRr) ≥ δr2. The notion of contraction-
bidimensional is defined similarly. Now f does not increase when contracting
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edges, and instead of a grid, a grid with additional triangulation edges is used.
For precise definitions, see for example [53]. The separation property is a technical
condition, that holds for several problems, and is often easy to verify; for the
precise definition, we refer again to [53]. A graph G = (V, E) is an apex graph,
if there is a vertex v ∈ V , such that the graph, obtained by removing v from G
and its incident edges is planar. Theorem 5 also uses the notion of finite integer
index, which was explained above.

Theorem 5 (Fomin et al [54]). (i) Let H be a graph, and P be a parame-
terized problem, that is minor-bidimensional, has the separation property, and is
finite integer index. Then P , restricted to graphs that do not have H as minor,
has a quadratic kernel.
(ii) Let H be an apex graph, and P be a parameterized problem, that is
contraction-bidimensional, has the separation property, and is finite integer in-
dex. Then P , restricted to graphs that do not have H as minor, has a quadratic
kernel.

Theorem 5 proves the existence of quadratic kernels for several problems, e.g.,
a quadratic kernel for Disjoint Cycles on H-minor free graphs for any fixed
graph H , and a quadratic kernel for Dominating Set on H-minor free graphs
for any fixed apex graph H . See also [74,64] for related results.

It would be very interesting to try to obtain more general meta-kernelization
results, with simpler or less conditions on the problem, and with linear kernels.

3 Lower Bounds: No Polynomial Kernels

In this section, we discuss lower bounds techniques for kernels. A number of
linear lower bounds for kernel sizes were found by Chen et al. [31]; recent tech-
niques allow to show larger lower bounds, building upon complexity theoretic
assumptions.

In this section, we will sometimes view a problem as a parameterized prob-
lem, and sometimes as a ‘classic’ decision problem. To a parameterized problem
P , we can associate the decision problem P c, where we assume the parameter
to be given in unary, and which has the same set of yes-instances. So, to the
parameterized Vertex Cover problem, we can associate the ‘classic’ Vertex

Cover problem with the output size k given in unary.
Showing for parameterized problems whose classic variant is NP-complete that

they do not have a kernel of polynomial size is very hard, as such a proof would
imply that P 	= NP . However, we have proofs for several concrete problems that
they do not have a kernel of polynomial size, unless NP ⊆ coNP/poly, or, in
a few cases, a weaker condition. As a first example, consider the Long Path

problem:

Long Path

Instance: undirected graph G = (V, E), integer k
Parameter: k
Question: Does G have a simple path with at least k edges?
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The classic variant of this problem is NP-complete (containing Hamiltonian

Path as a special case), and the parameterized variant belongs to FPT. Much
study has been done on parameterized algorithms for this problem; recently, an
algorithm with O(4k+o(k)m) time algorithm for the problem was found by Chen
et al. [34]. While using Theorem 1 gives us a kernel whose size is exponential in
k, it is unlikely that there exists a kernel whose size is polynomial in k.

One can have the following intuition. Suppose there would be a kernelization
algorithm, giving kernels to Long Path with at most kc vertices and edges,
for some constant c. Now, take a graph G with, say, k2c connected components.
There is a long path with k edges in G if and only if at least one of the connected
components of G has a path with k edges. A solution in one connected compo-
nent in G does not seem to have impact on a solution for another connected
component. Thus, as we have much more connected components than the kernel
size, it seems that we must solve some connected components to get this small
kernel. But solving the Long Path problem for a connected component cannot
be done in polynomial time, unless P = NP .

With the present state of theory, we need an assumption, different from P 	=
NP , namely NP 	⊆ coNP/poly. Still, for many problems we can show, under
this assumption, that they do not have a kernel of polynomial size. Central in
the theory is the notion of compositionality, which states thet, given several
instances with the same parameter, we can build one instance of polynomial size
with bounded parameter. More formally, we have the following definition.

Definition 1. An or-composition algorithm for a parameterized problem Q ⊆
Σ∗ ×N is an algorithm, that gets as input a sequence ((x1, k), . . . , (xr, k)), with
each (xi, ki) ∈ Σ∗ × N, and outputs a pair (x′, k′), such that

– the algorithm uses time polynomial in
∑

1≤i≤r |xi| + k;
– k′ is bounded by a polynomial in k
– (x′, k′) ∈ Q, if and only if there exists an i, 1 ≤ i ≤ r, with (xi, k) ∈ Q.

We have a similar definition for and-compositionality; the last condition is
replaced by

– (x′, k′) ∈ Q, if and only if (xi, k) ∈ Q for all i, 1 ≤ i ≤ r.

Long Path is or-compositional: a series of inputs to Long Path with the same
parameter (G1, k), . . . , (Gr, k) can be mapped to (G1 ∪ · · ·Gr, k), i.e., we just
take the disjoint union of the graphs. It is easy to see that the conditions of
or-compositionality are fulfilled. Actually, the same proof can be used for all
problems where we want to maximize a graph parameter for which the value
of a graph is the maximum value of its connected components. If we want to
minimize a variable where the value of a graph is the maximum value of its
connected components, like for Treewidth, then we have and-compositionality.
One further ingredient are two conjectures, by Bodlaender et al. [15].

Conjecture 1 (Or-distillation conjecture [15]). Let R be an NP-complete prob-
lem. There is no algorithm D, that gets as input a series of m instances of R,
and outputs one instance of R, such that
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– If D has as input m instances, each of size at most n, then D uses time
polynomial in m and n, and its output size is bounded by a function that is
polynomial in n.

– If D has as input instances x1, . . . , xm, then D(x1, . . . , xm) ∈ R, if and only
if ∃1≤i≤mxi ∈ R.

Conjecture 2 (And-distillation conjecture [15]). Let R be an NP-complete prob-
lem. There is no algorithm D, that gets as input a series of m instances of R,
and outputs one instance of R, such that

– If D has as input m instances, each of size at most n, then D uses time
polynomial in m and n, and its output size is bounded by a function that is
polynomial in n.

– If D has as input instances x1, . . . , xm, then D(x1, . . . , xm) ∈ R, if and only
if ∀1≤i≤mxi ∈ R.

The relation between the existence of polynomial kernels, compositionality, and
these conjectures is given by the following theorem.

Theorem 6 (Bodlaender et al. [15]). Let P be a parameterized problem with
P c its corresponding classic decision variant.

1. If P is or-compositional and P c is NP-complete, then P has no kernel of
polynomial size, unless the or-distillation conjecture does not hold.

2. If P is and-compositional and P c is NP-complete, then P has no kernel of
polynomial size, unless the and-distillation conjecture does not hold.

We can sharpen Theorem 6(i), by using a result by Fortnow and Santhaman [56].

Theorem 7 (Fortnow and Santhaman [56]). If the or-distillation conjecture
does not hold, then NP ⊆ coNP/poly.

Corollary 1 (Bodlaender et al. [15], Fortnow and Santhaman [56]).
Let P be a parameterized problem with P c its corresponding classic decision
variant. If P is or-compositional and P c is NP-complete, then P has no kernel
of polynomial size, unless NP ⊆ coNP/poly.

Corollary 1 can frequently be used to obtain evidence that problems have no
polynomial kernel: we need a proof that the problem is or-compositional (which,
in several cases, is not hard to establish), and a proof of NP-completeness. Note
that we do not have a variant of the Theorem 7 for and-compositionality; this is
an important open problem. Thus, for and-compositional problems, the evidence
of non-existence of polynomial kernels is weaker.

There also exist several problems that cannot be easily seen to be composi-
tional, but for which we can still derive evidence for non-existence of polynomial
kernels, using transformations. The arguments are a variant of the theory of
NP-completeness.
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Definition 2. Let P and Q be parameterized problems. We say that P is poly-
nomial time and parameter reducible to Q, written P ≤Ptp Q, if there exists
a polynomial time computable function f : {0, 1}∗ × N → {0, 1}∗ × N, and a
polynomial p : N → N, and for all x ∈ {0, 1}∗ and k ∈ N, if f((x, k)) = (x′, k′),
then the following hold:

– (x, k) ∈ P , if and only if (x′, k′) ∈ Q, and
– k′ ≤ p(k).

We call f a polynomial time and parameter transformation from P to Q.

The main difference between the ‘usual’ polynomial time transformations from
the theory of NP-completeness is that now, in addition, we demand that the
parameter is mapped to a parameter whose value is bounded by a polynomial
of the old parameter. Also, note that the fixed parameter transformations as
introduced by Downey and Fellows (see [42,43,44]) are similar, except that these
allow non-polynomial growth of the parameter. Also, fixed parameter transfor-
mations are used in general to show hardness for W [1] or a related class, and
thus are used for problems of which we expect that there exist no kernel at all;
while polynomial time and parameter transformations are used to for problems
to show that we do not expect the existence of a polynomial kernel. The following
result is a ‘folklore’ theorem.

Theorem 8. Let P and Q be parameterized problems, and suppose that P c and
Qc are the derived classical problems. Suppose that P c is NP-complete, and Qc ∈
NP . Suppose P is polynomial time and parameter reducible to Q. If Q has a
polynomial kernel, then P has a polynomial kernel.

Proof. We sketch the proof. Suppose Q has a polynomial kernel. We build a
polynomial kernel for P as follows. Take an input (I, k) to P . Apply the polyno-
mial time and parameter reduction to this input, and obtain (I ′, k′) as equivalent
input to Q. Apply the kernelization algorithm for Q to this input, and we ob-
tain an input (I ′′, k′′) to Q. |I ′′| and k′′ are polynomially bounded in k′, and k′

is polynomially bounded in k. Now, NP-completeness of P c shows that we can
transform (I ′′, k′′) to an equivalent input (I ′′′, k′′′) to P , whose size is polynomi-
ally bounded in |I ′′|+k′′, and hence polynomially bounded in k. One easily sees
that this input is also equivalent. Here we use that the parameter is encoded in
unary in the derived classical problems. ��

The technique is used in several recent papers to obtain non-trivial proofs of
the non-existence of polynomial kernels, under the usual assumption NP 	⊆
coNP/poly. Fernau et al. [50] apply this technique to the k-Leaf-Out-

Branching problem: given a digraph, give a rooted oriented spanning tree
with at least k leaves. Curiously, the variant Rooted k-Leaf-Out-Branching

does have a kernel of size O(k2), as was shown very recently by Daligault and
Thomassé [36] improving upon an O(k3) kernel by Fernau et al. [50]. Thus, k-

Leaf-Out-Branching has something what is called a “cheat kernelization” in
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[50]: we can transform the input to O(n) inputs, each of size at most O(k2), by
building a kernel for each of the n choices of a root.

An interesting open problem is to find techniques to give evidence of the
non-existence of such “cheat kernels”, i.e., transformations to a polynomial (in
the input size n) number of inputs of size polynomial in the parameter k, for
problems in FPT.

Dom, Lokshtanov and Saurahb [41] obtain results for the non-existence of
polynomial kernels (unless NP ⊆ coNP/poly) for a large number of problems,
where involved reduction techniques, based on colored versions of problems and
identifications of vertices are used. These include natural parameterized versions
of Connected Vertex Cover, Capacitated Vertex Cover, Steiner

Tree, Red-Blue Dominating Set, Dominating Set, Unique Coverage,
and Small Subset Sum. Bodlaender, Thomassé and Yeo [21] apply the tech-
niques to get non-polynomial kernel-results for Disjoint Cycles and Disjoint

Paths. Kratsch and Wahlstrom [68], answering an open problem by Cai at IW-
PEC 2006, show that there exists a graph H on seven vertices such that the
H-Free Edge Deletion and H-Free Edge Editing problems do not have
polynomial kernels, unless NP ⊆ coNP/poly.

A very interesting and very recent development is work by Dell and van Melke-
beek [39], who obtained lower bounds for compressibility of instances for vertex
cover problems, satisfiability problems, and subgraph-deletion type problems.

Theorem 9 (Dell and van Melkebeek [39]). Let d ≥ 2 be an integer and
ε > 0 a real number. If NP 	⊆ coNP/poly, then there is no polynomial-time
mapping reduction from Vertex Cover for d-uniform hypergraphs to any lan-
guage such that instances with n vertices are mapped to instances of bitlength at
most O(nd−ε).

Note that the result is more general than kernel lower bounds in two ways: lower
bounds are given also for reductions to other problems and not only reductions
to the problem itself, and the bound is expressed as function of the input size
n. The bound is essentially tight, as an input for Vertex Cover for d-uniform
hypergraphs has size at most O(nd).

For appreciation of the result, let us briefly look at what it implies for ker-
nelization for Vertex Cover on undirected graphs. The Nemhauser-Trotter
kernel [72] gives a kernel with at most 2k vertices, but it can have Θ(n2) edges.
Theorem 9 with d = 2 shows that we should also expect this many edges for
such a kernel: we cannot expect a kernel with O(n2−ε) edges for any ε > 0.

Dell and van Melkebeek use Theorem 9 to obtain lower bounds for compress-
ibility of several other problems, including Satisfiability for d-CNF formulas
and a large class of subgraph deletion problems. For example, they show:

Theorem 10 (Dell and van Melkebeek [39]). If NP 	⊆ coNP/poly, then
there is no polynomial-time mapping reduction from Feedback Vertex Set

to any language instances with parameter k are mapped to instances of bitlength
at most O(k2−ε).
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The kernelization algorithm for Feedback Vertex Set given by Thomassé
[78] gives reduced instances with O(k2) vertices and O(k2) edges. Thus, by The-
orem 10, Thomassé’s algorithm is asymptotically optimal with respect to the
number of edges.

4 Conclusions

Kernelization is a very interesting modern topic of algorithm design and analysis,
giving new insights to the ancient techniques of preprocessing, simplification and
data reduction. In this overview paper, a few of the new theoretical methods were
discussed; in particular, we looked at meta-theorems that imply the existence
of small kernels for various problems on planar graphs and generalizations of
planar graphs, and at lower bound techniques, i.e., methods that give evidence
for various problems that they do not have kernels of polynomial size.

Besides a theoretical analysis of kernelization algorithms, it is also very in-
teresting to experimentally evaluate kernelization algorithms. Experiments on
kernelization have been carried out for several important problems, e.g., for
Clique Cover [57], Cluster Editing [13], Dominating Set [5], Feedback

Vertex Set [23], and Vertex Cover [3,4].
The topic of kernelization is a relatively new area, with a lot of new develop-

ments and techniques. Fellows calls the area in his invited talk the lost continent
of polynomial time. Indeed, there remains a lot to explore. Let me end with an-
other metaphor. In the family of algorithmics, kernelization is a new member.
As a child of fixed parameter tractability theory, she is getting a life of her own.
While still dependent on her parent, she also often is of help to her parent. At
what life stage would she be? Rapid growth and still sometimes with problems
to understand herself, the life stage would be infancy or adolescence. However,
the prospects for her future are great, and I hope that the reader will contribute
to this future with new results, insights, techniques, and applications.
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